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PREFACE

We are very pleased to introduce the abstracts of the 7th International 1FS and Contemporary
Mathematics Conference (1IFSCOM2021).

As previous conferences, the theme was the link between the Mathematics by many valued logics
and its applications.

In this context, there is a need to discuss the relationships and interactions between many valued

logics and contemporary mathematics.

Finally,in the previous conference, it made suceessful activities to communicate with scientists
working in similar fields and relations between the different disciplines.

This conference has papers in different areas; multi-valued logic, geometry, algebra, applied
mathematics, theory of fuzzy sets, intuitionistic fuzzy set theory, mathematical physics,

mathematics applications, etc.

Thank you to all paticipants scientists offering the most significant contribution to this
conference.

Thank you to Scientific Committee Members, Referee Committee Members, Local Committee
Members and MAJOR TEAM supporting this conference.

Assoc. Prof. GOKITAN (CUVALCIOGLU
EDITOR
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B-CONVEXITY AND B-CONCAVITY PRESERVING PROPERTY
OF TWO-DIMENSIONAL BERNSTEIN OPERATORS

M. UZUN AND T. TUNC

0000-0003-3727-9116, 0000-0002-3061-7197

ABSTRACT. In this study, we present some properties regarding B-convex and
B-concave functions. Also, it has been determined whether the convexity prop-
erties of these functions are preserved by Bernstein operators of two variables.
Consequently, we give some examples of which Bernstein polynomials of two
variables do not preserve convexity properties of these functions. In addition,
of these convexities, results are given regarding conditions it will be preserved.

1. INTRODUCTION

Let f:[0,1] — R and n € N. The n. Bernstein polynomial related to f is defined
by

n
B =3 (1 )ar - oyt (2).
k=0
For f € C[0,1], the sequence {B,(f)}>2, uniformly converges to f [5]. Also, vari-
ous convexities which functions have are provided by Bernstein polynomials. Some
of them can be found in [4]. In addition, the Bernstein polynomials do not pre-
serve B-convexity but preserve the property B-concavity of functions [6]. Similarly,
in this work we study same argument regarding B-convexity and B-concavity for
Bernstein poylnomials of two variables.

For n,m € N and f : [0,1] x [0,1] — R, two-dimensional generalization of the
Bernstein polynomial of degree (n,m) related to f is defined by

B f(@,9) =Y pok(@)pm.i y)f(iy;)
k=0 i=0
where p,, x(t) = (7)t"(1 —t)"~* [2].

Date: May 25, 2021.
Key words and phrases. Bernstein operators, B-convex function, B-concave function, Shape
preserving approximation.
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2. PRELIMINARIES

We use the notations R} := {(z1,...,2n) : &y > 0, i = 1,..,n} and for z =
(@150 @),y = (Y1, -, Yn) € R,

x Vy = (max{zy,y }, max{zs, ya}, ..., max{x,, yn})-
Definition 2.1. [3] A function f : [0,1] — R is called a starshaped function if
Ff(Az) < Af(x) for all x € [0,1] and X € [0, 1].
Definition 2.2. [7] Let U C R;. U is B-convex iff \x Vy € U for all z,y € U and
A€ 0,1].

Definition 2.3. [1] A function, f : U C R? — R, is said to be a B-convex function
iff U is B-convex and the inequality f(Az Vy) < Af(z)V f(y) holds for all z,y € U
and X € [0, 1].

If U is B-convex and the inequality f(Az Vy) > Af(x)V f(y) holds for all z,y € U
and A € [0, 1] then f is called a B-concave function.

Lemma 2.4. [6] If f:[0,1] — Ry is a starshaped function, then f is a B-convex
function.

Theorem 2.5. [6] Let f : [0,1] — Ry. Then f is a B-concave function iff f is
increasing and f(Ax) > \f(x) for all z € [0,1] and X € [0,1].

Definition 2.6. [4] Let f : [0,1] x [0,1] — R. Then partial derivatives of By, y, f
are given by

%ﬁ:(%y) — nnzl ipnfl,k(x)pm,i(y) [f(k;:l’ 7;) B f(:’ le)}

k=0 i=0
OBymf(2,y) o= koi+1 ko
ay - mk:O ;) pn,k(x)pm,—l,z(y) f nv m f ’I’L7 m
where p, ,(t) = (Z)tk(l —t)» % and n,m € N.

3. MAIN RESULTS

In this section, we consider the set U C Ri as any B-convex set and V' C Ri as
B-convex set such that (0,0) € V.

Theorem 3.1. Let f:[0,1] — Ry be a B-concave function. Then f is continuous
on [0,1] iff f is right continuous at 0.

Proof. If f is continuous on [0,1] then it is right continuous at 0. Conversely,
suppose that f is discontinuous at a € (0,1]. Since f is increasing on [0, 1] (Teorem
2.5), then f has jump discontinuity at a. Therefore, following situations are valid:
Ifa e (0,1) then f(at) # f(a~) and f(a~) < f(a) < f(a®).
(i) Let f(a™) < f(a) < f(a™). Then for A = (f(a) + f(a™))/2f(a) < 1, we
have Aa < a and f(Aa) < f(a) < Af(a) < f(a).
(i) Let f(a™) = f(a). Then for A = (f(a™)+ f(a™))/2f(a™) < 1 and ¢ € (a,1)
such that Ac = a, we have

_ (f(a*)+ f(a™)
f(Ae) = f(a) < o)

(f(a®) + fa”)

f(a+) < 2f(a+)

fle) = Af(e).
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If a =1, then f(17) < f(1). For A = (f(1) + f(17))/2f(1) < 1, we have f(\) <
f(1) and f(A) < Af(1). Since, in each case A € [0,1] can be found such that
f(Az) < Af(x), this contradicts with B-concavity of f. O

Using the term of strictly increasing instead of increasing, we correct the Lemma
2.3. in [6] as following:

Lemma 3.2. Let f : [0,1] — Ry be a strictly increasing function. Then f is a
B-convex function iff f is a starshaped function.

Proof. If f is a B-convex function then we have the inequality f(AzVy) < Af(z)V
fly) for all z,y € [0,1] and A € [0,1]. Firstly, for A # 0, x # 0, let us take y = 0.
Then

FO v 0) = F(A) < Af(2) V £(0).
Also, considering f(Az) > f(0), we get the inequality f(Az) < Af(x) for all z,\ €
(0,1]. Finally, let (A,) be a sequence in (0,1] such that lim, . A, = 0. Since
Ff(nz) < Apf(z) for all n € N and = € (0,1] then we have

Tim f(A) = £(0) <0.

This inequality shows that f(0) = 0 because of f(x) > 0. Consequently f(A\x) <
Af(z) holds for all z € [0,1] and A € [0, 1].

Conversely, if f is a starshaped function then f is a B-convex function from Lemma
2.4. (I

Lemma 3.3. If f : U — Ry is decreasing with respect to x and y, then f is a
B-convex function.

Proof. Let (z1,y1), (z2,y2) € U and A € [0,1]. Then we have following inequalities:
(i) If Mx1,y1) V (z2,y2) = (Az1, Ay1), then
FAz1, Ay1) < f(x2,y2) < Af(21,91) V f(22,92)
(ii) If Mz1,91) V (z2,92) = (Az1,¥2), then
FAz1,y2) < f(w2,y2) < Af(z1,91) V f(22,y2)
(iil) If Az1,91) V (22,92) = (22, Ay1), then
f(z2, Ay1) < fwa,y2) S Af(z1,91) V f22,y2)
(iv) If AMz1,91) V (22,92) = (22, ¥2), then
f(x2,y2) < Af(@1,91) V f(22,92).

Consequently, from above four cases, the inequality f(A(z1,y1)V (22, y2)) < Af(x1,y1)V
f(z2,y2) is provided for all (z1,y1), (z2,y2) € U and X € [0,1]. O

Theorem 3.4. If f :[0,1] x [0,1] — Ry is decreasing with respect to x and y, then
By f(x,y) is B-convex for all n,m € N.

Proof. From Definition 2.6 it is clear that if f : [0,1] x [0,1] — Ry is decreasing
with respect to « and y, then for all (z,y) € [0,1] x [0,1]

8Bn,'mf('ra y)
ox

aBn,mf(xv y)
dy

<0

<0.
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Since the Bernstein polynomials of functions which are decreasing with respect to
x,y are also decreasing with respect to x,y, now the proof is clear from Lemma
3.3. O

Remark 3.5. The Bernstein operators B, ,,, do not preserve the property B-convexity
of functions.

Example

Let f:[0,1] x [0,1] — R be defined by f(z) = (z —y)?/(1+y). This function
provides the inequality f(A(z1, 1)V (22,y2)) < Af(x1,y1)V f(22,y2) for all (x1,y1),
(x2,y2) € U and X € [0,1]. But By 1f do not provide the inequality. For example,
if we take (z1,y1) = (1,1), (z2,y2) = (0,0) and A = 1/2 then

1 1

i i + 2z — 3z
Biaf(w,y) =Y Y a* (1 —a) Fy' (1 —y) 7 f (ki) = y72y,
k=0 =0
11 3
Biaf(Mz1,91)) = B 1f< > 3’

Bi1f(z2,y2) = B11f(0,0) =0,

1
ABiif(zi,y1) = 531,1f(17 1)=0.

From above equalities we get following inequality

11 3
Biaf(Mw1,y1) V (22,92)) = By 1f<2 2) 3 > 0= ABy,1f(z1,51)V B1,1(72,92).

Consequently, for n = 1, m = 1, Bernstein polynomial B ; f related to the function
f is not B-convex.

Theorem 3.6. Let f : V — Ry. Then f is a B-concave function iff it has the
following properties:

(i) f is increasing with respect to x and y,

(i) the inequality f(Ax, \y) > Mf(x,y) is provided for all (z,y) € V and X €

[0,1].

Proof. Let f be a B-concave function. So, the inequality f(A(x1,y1), (22,¥y2)) >
M(x1,11) V f(z2,y2) holds for all (x1,y1), (x2,92) € V and A € [0,1]. if we take
A = 1, then for all h > 0 providing (x + h,y),(x,y) € V and k > 0 providing
(x,y + k), (z,y) € V, we have

f((x—|—h,y)v(x,y)) :f($+hay) Zf(x—l—h,y)\/f(x,y) Zf(xay)

[y +k)V(zy) = flay+k) =2 fzy+k)V f(z,y) 2 fz,y)
From these inequalities we get (i) . Also for all (z,y) € V and A € [0, 1], we have
(ii), from the following inequality:

(@, y) v (0,0)) = f(Az, \y) = Af(x,y) v £(0,0) > £(0,0)

For second part of proof, let f holds (i) and (ii). Let (x1,%1),(22,92) € V and
A€ 0,1];
If Ma1,y1) V (x2,y2) = (Az1, Ay1), then we get f(Ax1, Ay1) > Af(x1,y1) from (ii)
and f(Az1,A\y1) > f(22,y2) from (i). Therefore, the following inequality is true:

FAz1, Ay1) > Af(@1,91) V fw2,92).
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If Mz1,y1) V (z2,92) = (Az1,y2), then we get f(Ax1,y2) > f(x2,y2) from (i) and
fQz1,y2) > f(Ax1, Ay1) > Af(z1,y1) from (i),(ii). Then, we have

fQz1,y2) = Af(@1,91) V f(22,92).
If Ma1,y1) V (22,y2) = (22, A\y1), then we get f(x2, Ay1) > f(x2,y2) from (i) and
flxa, Ay1) > f(Ax1, Ay1) > Af(z1,y1) from (i),(ii). Then, we have

J(x2, A1) > Af(z1,91) V (2, 92)-
If Mz1,91) V (22,2) = (22,92), then we get f(za,y2) > f(Az1, Ay1) > Af(x1, 1)
from (i),(ii). Then, we have

f(xa,y2) > Mf(x1,y1) V f(22,42)-

Consequently, these inequalities show that f is B-concave on V.
O

Proposition 1. The finite sum of nonnegative B-concave functions defined on
V C Ry is also B-concave function.

Proof. Let n > 1 be an integer and f1,...f, are nonnegative B-concave functions
defined on V. Thus, for all i = 1,...,n, f; is increasing and satisfies the inequality
fi(Az, Ay) > Mfi(z,y) where z,y € V, A € [0,1]. It is clear that the function
f 'V — Ry defined by f(z,y) = fi(z,y) + ... + fu(z,y) is also increasing and
satisfies the inequality f(Az, Ay) > Af(z,y) for all z,y € V, A € [0,1]. O

Remark 3.7. The Bernstein operators B,, ,,, do not preserve the property B-concavity
of functions.

Example
Let f:]0,1] x [0,1] — R be defined by

2 @) £ 0.0
f(”g’y){o,+ (2,1) = (0,0)

From Theorem 3.6, this function is B-concave. For n = 1 and m = 1, we have

11
. . €T
Biif(z,y) = Zkal—xl k’(l—y)l_’f(k,z):%/.

=0 1=0

In this case for all z,y, A € (0,1), the inequality

A2 A
Biaf(Az, \y) = % < % = AB11f(z,y)

holds. Therefore, the condition (ii) in Theorem 3.6 fails for B; ; f. Consequently,
B .1 f do not provide the property of B-concavity of function f.

We are to use the following lemmas to give B-concave function examples pre-
served by Bernstein polynomials of two variables.

Lemma 3.8. Let g : [0,1] — R be any nonnegative function and f :

[
Ry be defined by f(x,y) = g(x). If fo 2 0 and xfo(z,y) — fz,y
(z,y) € [0,1] x [0,1] then f is a B-concave function.

0,1]x[0,1] —
) < 0 for all
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Proof. Because of f,(x,y) > 0 and f,(x,y) = 0, f is increasing with respect to z
and y. Also, from the following inequality

(fﬁw)

T

) — efuley) — fla,y) <0,

f(z,y)/x is decreasing. For this reason, we have
fQz,Ny) _ [Qa,y) _ fzy)
Az e T o

This shows that f(Az,\y) > Af(z,y). Therefore, f is B-concave from Teorem
3.6. O

Lemma 3.9. Let h : [0,1] — Ry be any nonnegative function and f : [0,1]x[0,1] —
)

Ry be defined by f(x,y) = My). If fy > 0 and yfy(z,y) — f(z,y) < 0 for all
(x,y) € [0,1] x [0,1], then f is a B-concave function..

Proof. The proof is similar to the proof of Lemma 3.8. O
Theorem 3.10. Let f : [0,1] x [0,1] — Ry be given by f(x,y) = g(x). If [ is a

B-concave function then the Bernstein polynomial By, f is also B-concave for all
n,m € N.

Proof. Let n,m € N and T, = (Bumf(®,9))s — (Bnmf(z,y)/x). Due to B-
concavity of f, f is increasing and satisfies the inequality f(Az, \y) = f(A\z,y) >
A (z,y) for all (x,y) € [0,1] x [0,1] and A € [0, 1]. Therefore,

n—1 m ) .
Bun ) 55 st L) (B 2] 20

k=0 1=0

and considering the following equality:

ki n—
7zzpnk pmz f<n77:’l>:kz].z

k=1 i=0 k=0 1=0
then we get
n—1 m . .
k+1 1 k 1
Tn,m, == nzzpn—l,k(z)pm,i(y) |:f< n am) - f(n7m>:|
k=0 i=0
o i ki
- Zzpn,k pmz f nam
k=0 i=0
n—1 m . .
k+1 1 k 1
< IR I
>~ n ngn lk pml(y) |:f( n am> f<n7m>:|
PR ki
-z Zzpn,k(x)pm,i(y)f wm
k=11i=0
n—1
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From the last equality, we have

k k+1 1 k i k k+1 1 k i
ALY L N Y A 1RO J (AN S I Y (AN g
k+1 < n ’m) f<n’m)_f<k:+1 n ’m) f(n’m) 0

and considering p, x(t) > 0, we get the following inequality:

Bn,mf z,y
(Bn,mf(xa y))x - %
Thus, the conditions in Lemma 3.8 are provided. (]

Theorem 3.11. Let f : [0,1] x [0,1] — Ry given by f(x,y) = h(y). If f is a
B-concave function then the Bernstein polynomial By, f is also B-concave for all
n,m € N.

<0.

Proof. The proof is similar to the proof of Theorem 3.10. (]
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ABSTRACT. We study a system of viscoelastic plate equations with degenerate
damping and source terms under Dirichlet boundary condition. We obtain the
blow up of solutions.

1. INTRODUCTION

In this work, we consider the following system of viscoelastic plate equations
with degenerate damping terms:

Uy + A%u— [ A (= 8)A%u(s)ds + (Jul” + |v]?) Ju|* ™
= f1(u,v), (x,t) € Q2x(0,T),

)
vy + A%v — fot Ao (t — 5)A%v(s)ds + <|v\l + \u|v) \vt|“1 vy
(1.1) = fa (u,v), (x,t) € Qx (0,T),
u(z,t) =v(z,t) =0, (x,t) € 092 x (0,T),
w(z,0) =ug (), us (x,0) =u (x), T €,
v(x,0) =wvo (x), v (2,0) = vy (), x €9,

where 2 is a bounded domain with a sufficiently smooth boundary in R™ (n > 1), d,r >
1, p,q,l,v>0; \i(.) : R — RT (i = 1,2) are positive relaxation functions.

For the last several decades, the mathematical analysis of plate equations has
attracted a lot of attention. For example, Lagnese [1], Rivera et al. [2] and Alabau-
Boussouira et al. [3] investigated plate equation. Messaoudi [4] considered the
following problem

U + A%+ ug | g = JufP
He obtained an existence result and studied global solution in case d > p. Then,
blow-up of solutions with nonpositive initial energy and d < p was obtained.

The evolution equations with degenerate damping are of much interest in ma-
terial science and physics. Now, we state some present results in the literature:

Date: May 25, 2021.
Key words and phrases. general decay, parabolic equation.
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Rammaha and Sakuntasathien [5] firstly study system with degenerate damping
terms and they considered the following system

d—1
(1.2) e = B (Jul” + o) Jue| " g = fi (),
. l -1
v — Av + (|U| + |u|v> loe|" " vg = fo (u,v).
They considered the global well posedness of the solution under some restriction
on the parameters. In [6, 7], authors studied the same problem treated in [5], and
they investigated the growth and blow up properties. In addition, some authors
studied the system with degenerate damping terms [8, 9, 10, 11, 12].
The outline of the paper is as follows: In Section 2, as preliminaries, we give
necessary assumptions, lemma that will be used later and Local existence theorem.
The blow up of solution is presented in last section.

2. PRELIMINARIES

In this section, we will present some assumptions, notations, and lemma that will
be used later for our main results. Throughout this paper, we denote the standart
L2 (Q) norm by ||| = |-l 12y and L? (2) norm ||.[[, = [[-]| 1» (o -

To state and prove our result, we need some assumptions:

(A1) Regarding \; : RT — RT, (i =1,2) are C'— nonincreasing functions
satisfying

i) >0, MN(a)<0, 1 —/ Ni(a)da=p; >0, a>0.
0

(A2) For the nonlinearity, we assume that

1<d,r ifn=1,2,
1<d,r <22 ifn>3.

We take f; (u,v) (¢ = 1,2) function such that

filu,v) = alu+ U\Q(QH) (u+v) +blu|* ulv]*"?,

folu,v) = alu+v ™ (w+v) + b vu/*,
where a > 0, b > 0 and

-1<a« ifn=1,2,
(2.1) { “l<a<22ifn >3,
It is easy to show that
(2.2) ufy (u,v) +vfo (u,v) =2 (a4 2) F (u,v), V(u,v) € R%,
where
1 a a

(2.3) F(w0) = 50 [a|u+v|2< 2 4 9buw]*+?] .

In addition, we will use the following notation:

(AioAﬁ)(t):/o Nt — ) [|AD(s) — AD(t)|| ds.
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Lemma 2.1. [13]. Assume that

n—1

s <2 ,

T on—2

holds. Then, there exists a positive constant C' > 1 depending on §2 only such that

k< € (I7ull® + full})

for anyu € HE (Q), 2<a<s.

n>3

We define the energy function as follows
1 1
E@) = 5 (Il + o)) + 5 [ o Au)(t) + (A2 0 Av)(®)]

(2.4 {1_/& \ds) || Au(t ||+1—//\2 Vds) || Av(t ||] /Fuv

By computation, we get

9B < 10%eauD)+ (o A)n)] — 5 (M) [ 8ul? + Xa(t) 2]

=+t o= [ (o )
Q Q
(2.5) < o

Now, we complete this section by giving a local existence results of (1.1), which can
be established by combinining arguments of [4, 5, 14].

Theorem 2.2. (Local existence). Assume assumptions (Al), (A2), (A3) and (2.1)-
(2.8) hold if ug,vo € HZ (Q) and uy,v1 € L* () .Then, for some T > 0 problem
(1.1) has a unique local solution (u,v) which satisfies

)
u,vGC(OT HO )

uy € C[0,T); L2 (Q) N LT (Q x [0,T))),
v € C([0,T);L* () NLT (Qx[0,T))).

3. BLow up

In this part, we shall state and obtain the blow up result.

Theorem 3.1. Suppose that the initial energy E(0) < 0 and

2(a+2)>max{p+d+1q+d+1l+r+1v+r+1 f o }
L=’ 1= po
Then, the solution of problem (1.1) blows up in finite time T*, and
* < 17p
= 66T (0)

where G(t) and p are given in (3.2) and (3.3), respectively.
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Proof. We assume that the solution exists for all time and we arrive to a contra-
diction. We get

2 2 2 2 2(a+2 2(a+2
(8.1) e+ loell® + H (1) + | Aull® + | A0 ]2 + ul 22 + 02072 < ¢, vt > 0.

We define
H(t) = —E(),

then since E(0) < 0, and (2.5) gives H(t) > H(0) > 0. Set

(3.2) Gt)=H"*(t)+¢ (/Q wpuds + /Q vwdx)

where £ > 0 small to chosen later and

a+l 2a+3—-(p+d)

20+2)  2d(a+2)

204+3—(¢+d) 2a+3—(v+7r) 2a+3—(1+7r)
2d(a+2) 7 2r(a+2) 7 2r(a+2) }

0 < pgmin{

(3.3)

Differentiating (3.2) and using Eq.(1.1), we have\
G = (1—p)H‘p(t)H’(t)+5(/ |ut|2d:1c—|—/ vt|2dx)
Q Q
+e (/ uttudx—k/ vm;dx)
Q Q
= (=) H () H 1)+ (Jul + or]*) = (| au)® + | Av]?)
+2E(0¢+2)/F(u,u)dm
Q
t t
—|—€// Al(t—s)Au(s)Au(t)dsdx—Fa// Aa(t — s)Av(s)Av(t)dsdx
2 Jo e Jo
B4) - (/ u (jul” + ol ") u |ut|‘“d“/ o (ol + Jul”) Ivtl”‘”)'
Q Q

Now, the ninth term in the right hand side of (3.4) can be estimated, as follows
(see [15]):

/QAu(t) /Ot A1(t — s)Au(s)dsdx

1 5 1 ¢
(3.5) < §||Au|| +2/Q</O Al(ts)(|Au(s)Au(t)|+|Au(t))ds> dz.

By using Young’s inequality and since

t o]
/ A1(s)ds < / A1(s)ds <1 —py
0 0
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we have, for any n; > 0,

2

t 1 , 1 t
/QAu(t)/O AL(t — s)Au(s)dsdx < 3 [[Au||” + 5(1 +771)/Q (/0 Al(t—s)Au(s)ds) dx
1 1 t ?
+§ <1 + 771) /Q (/0 ALt — s) |Au(s) — Au(t)] ds> dx
_ 1+(1+n;)(1fu1)2 1A
1 _
(3.6) +(1+’“)2(1“1)(A1 o Au)(t).
Similar calculations also yield, for any ns > 0,
/ Av(t) /t Nolt — $)Au(s)dsde < LEATRIA—m)®
Q 0 2

(3.7) +w0\2 o Av)(#).

A substitution of (3.5)-(3.7) into (3.4) leads to

G'(t) < (1—p)H"’(t)H’(t)+E(||ut||2—|—Hvt||2>+25(a+2) F(u,v)dz

Q
2 L M
e ((EMU =) a2 4 EEA0E I 00
. ((1 + 772)(12— p2)® — 1) 1Av|? + EW(AQ o Au)(t)
(3.8) —e (/Q w(fuf? + o]7) we | da + /Q o (Jof' + ful”) eeforl ™ dx)

From the definition of H (), as follows

/QF(u,v)dx
= H®+ 5 (el +Ioel?) + 5 (O 0 Au)(t) + (s 0 Av)(0)
1 ¢ 2 ¢ 2
B9 0 [ a0+ - e 1auole).
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Inserting (3.9) into (3.8), we have

G'(t) = (L=p)H O H () +e(a+3) (Jul®+ on)*) +2¢(a +2)H (1)

e
2

(14 n2)(1 — p2)® — 1] A2

el - )+

te | (a4 2)(1 - ) + .

(1+1)(1 - )

+e [(a+2) + ] (A1 o Au)(t)

+e [(a+2)+

(3.10) e (/u(|u|p+|v|q)ut |ut|d*1dx+/v(|v\l+\u|“> v |vt’“1dx>.
Q Q

In order to estimate the last two terms in the right hand side of (3.10), we use the
next Young inequality
O*K®  TYKY

(3.11) KL< + :
x y

in which K,L >0, § >0, z,y € R like that < + i = 1. Thus, we get

a
d—1 d+1 d+1
/Quut | < d+1 d+1 [|w t||d+17
and then
d—1 §d+1 d+1
[t s ol de < G [ ol g de
Q d+1 Jq
a5
+ d1+1 /Q(\U|p+lv\q) Jug| ! da.
Similarly, we obtain
r—1 6£+1 r+1 T+ r+1
v log|" d < ] vl i1 + 7 || Uty s

and

A

/U(|U‘l+‘u|v) vy |’Ut‘7"—1 dz < 55‘1'1 / <|U|l+|u|1)) |U‘T+1 dr
Q r+1 Q

r+1

T(S_ " v ™
22 [ (ol ) ol
Q

r+1
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where 1, 02 are constants depending on the time ¢ and specified later. Then (3.10),

becomes

G'(t) > (A1—p)H P (@t)H (t)+2e(a+2)H(t)
e o+ 3) (el + o)

+e

+e

(L +n)(1 —m)* -1
. |

e L

(@+2)(1—m)+

)] (A1 o Au)(t)

d+1

e S ) < (ol
d—|—1 Q d+1 Q
5r+1 57$
(3.12) —5T11/§2(|U|l+|u|v) o[+ dx_e%/g (|v|l+|u|v> v da.

d+1 r4+1

Therefore by taking d; and d2 so that §, ¢ = kiH 7 (t), d, = = koH 7 (t)

where ki, ko >

G (1)

(3.13)

0 are specified later, we get

> ((1—p)—Ke)H ?(t)H (t) +2e(a+2)H (t)
e o+ 3) (Jluel® + ol ?)
[ (14‘771)(1—#1)2—1} 1Ay

+e |(a+2)(1 —p) +

2
te i<a+2><1 ) (L)) 1} Aol
e -(a )4 W] (M1 o Au)(?)
efiorns R
—k;ﬁi(” [+ ol
—EWA (|v|l + |u|“) o] ! da

where K = f1d 4 kar

d+1
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Applying the Young inequality, we obtain

[l g e < /MWH“*/WWW“M
Q

+d+1 s +d+1
< [ s s [l
d+1 o /| |q+d+1
q+d+11
+d+1 q L +d+1
= |u ||£+d+1 ‘*‘mé HU”Z+d+1
d+1 —” +d+1
(3.14) m 1 || ullgras -

Similarly, we obtain

l +1 l+r+1 v pirdl +r41
Lt o e < ol 4 g el
At T = el
(3.15) vrrr12 e HZ+:+1-

Inserting (3.14) and (3.15) into (3.13), we have
G't) > (1—p)—Ke)H P (t)H (t)+2e(a+2)H (t)
e (a+3) (Iludl® + ur]*)

s
2

e L
2

+e -(a +2)(1— ) +

e (o 20— )+

(141 =)
+e [(a+2) + ’“f (A1 o Au)(t)
[ (14551 = p2)
+e [(a+2) + i 5 (A2 o Av)(t)
B 0] P + q 5% ]|
d +1 p+d+1 + d +1 1 q+d+1
ki CHP () d+ 1 5N, et
—€ d+1 q+d+ 1 1 H ||q+d+1
ky"HPT (t) Ir+1 v vtrtl
~e 2 20 (ol + e el
kyTHPT (1) vl —wia
(3.16) —e-2 6y T folluii

r+1 wv4r+172
Since 2 (a+2) >max{p+d+1, ¢g+d+1, l+r+1, v+r+1}, we have

+d+1 2pd(a+2)+p+d+1 2pd(a+2) +d+1
(317) () JullpEiit < € (Jullgn 2+ el i)

I+r+1 2 +2)+l+r+1 2 +2 I+r+1
(3818) B (&) ol < © (I3l ull 3 Ielidrs )
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and
q e d+1
m% ! de( )”ngidil
atdtl 2pd(a+2)+q+d+1 2pd(a+2 +d+1
B19) < Ot (IR s o)
v VL o +r+1
m% HP" () Jully i
v 2pr(a+2)+v+r+1 r(a+2 vt+r+1
(3200 < Oty T (|l + ol 3t
By (3.3) and using the following algebraic inequality
1
B2y t<eris(14g)@es), w200<051 520
for all t > 0,
2pd(a+2)+p+d+1 2(at2
Jal3fal 2P < (ulzet3) + 7 (0))
2(a+2
(3.22) < m (3t + H ),
2 +2 +l+7‘+1 2(a+2
(3.23) lol2n e <m (Iwl3ets) + H (@)
where m =1+ H( 5 Likewise
2pr(a+2)4+v+r+1 2(a+2
(3.24) lallsor e < m (uli3ets) + B (),
2pd(a+2)+q+d+1 2(a+2
(3.25) ol <m (oliseis) + B (1)

Next, using Young inequality, (3.3) and (3.21) and the inequality (x +y)® <
C (z*+y*), z,y > 0, we obtain

2pd(a+2 +d+1 2at2)—(ptd+l) 2pd(a+2 +d+1
oll30aey? ety < 1 2@ (ol lullbids)
2(a+2) —(ptdt1) +d+1
= 10 (ol ) Il te )
2(a+2)—(p+d+41) 2pd(a+i)+p+d+1 29d<a+i)+p+d+1
< |Q| Ha+2) (Cl HU||2(Q+2() = + C/I ||UH2(Q+22() " )
+2) +2
(3.26) < o (BT +1e13ers)
Similarly, we obtain
2 +2 I+r+1 2(a+2) 2(a42)
(3.27) lal3tn o Mol < € (i3t + ollbet))
2pd(a+2) +d+1 2(a+2) 2(a+2)
(3.28) lullzfeten® Noliztatt < € (i3t + Ielber))

and

2Ta+2 vt+r+1 2(a+2 2(a+2
(3.29) ol aliydrdt < € (lullpets) + Ivlets)
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Combining (3.17)-(3.20) and (3.22)-(3.29) into (3.16), we get
G@t) > (1—p)—Ke)H P (t)H (t)+2e(a+2)H (t)

e (a+3) (lludll® + url?)

401 (M © Au)(t) + eCa(Ng 0 Av)(2)
+eC;3 || Aul)® + eCy || Aol

ve 2o o (14 o+ o

oty (1 0 T )

velowt (1o e e e )

a1+ oy ™ T ) (MG i),
where

C1 = (a+2)+ (1+7711)2(1—M1)7
Cy = (a+2)+ (1+7112)2(1_/~‘2)7
Cs; = (a+2)(1—pm)+ (1 +771)(12— p)? — 1’
Cy = (a+2)(1—p2)+ a +772)(12— pa)’ =1

231 — _M2
T 2= 100

At this point, choosing 171 =
such that

and picking pg and po small enough

(a+2)(1—pm) > 5 and (0 +2)(1 - p) = 2.

Ci;,i = 1,2,3,4 are positive constants and for large values of k1 and ko, we can
reach K7 > 0 and K5 > 0 such that (3.30) reduce
G'(1) > [(1—p)— Kl H (t) B (1) + = (a+3) (el + ]

+eC1 (A1 0 Au)(t) + eCa(Ng © Av)(t) + eCs || Aul|; + eCy || Av]|3

2(a+2 2(a+2
+eKyH (1) + 28 (lull3ot) + lell5o )

(3.31)

Y

8 (Iluell® + lleall® + B () + 1 8u]® + | A0 + ul3e73) + Iol5613))
where

B =min{ eCy, £Cs,eCs, eCy, €Ky, eKa,e(a+3)}
and choosing ¢ small enough so that (1 — p) — Ke > 0. As a result, we arrive at

(3.32) G(t)>G(0) >0, Vt>0.
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1
In order to estimate G (t)*=7, we use Holder inequality and Young inequality, we
have

/utudx—l—/vtvdx
Q Q

where i + 4 = 1. Noting (3.3), since p = 2(1 — p), then § = 21(1:25) and using
Lemma 1, we have

1—p

IA

a1 IR TR
el =7 [l =7 4 fJoe | =2 o] 7=

IA

C(Jlue) ™7 + IIUHQ(QH) el + ol 7 (as2)):

1
.
/umdx—k/vwdm <
Q Q

2 2(a+2 2 2(a+2)
Clluel*+ lull 372 Hlvel >+ o5 T3+ | Au >+ Ao )

a+2) 2(a42)
Thus,
=
G (t) = {Hlp (t)+5</ utudz+/vtvdx>]
Q Q
2 2 2 2
(3:33) < C (Ihuel® + luell® + H (8) + lull3{ats) + Il + I1aul® + 1 Av]*)

From (3.31) and (3.33), we arrive at
(3.34) G (t) > €67 (1),

where £ is a positive constant. A simple integration of (3.34) over (0,t) yields
G5 (t) > ﬁ, which implies that the solution blows up in a finite time
G T-7(0 L
T*, with
e Lo
A ()
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ABSTRACT. In this study, we considered a coupled Kirchhoff-type equations
with degenerate damping terms. We prove exponential growth of solutions.

1. INTRODUCTION

We considere the following initial-boundary value problem on domain (x,t) €
Qx(0,7T),

] ey = M (1Vul® + [ 90)*) A+ (Jul® + o) el
=01 (u7 U) )
) forl* v = M (I1Vul® + [ 90)*) Ao+ (ol + [ul?) o~ o,
’ =92 (U, 1}),
u(x,t) =v(z,t) =0, (x,t) € 02 x (0,T),
w(z,0) =ug (), u(x,0) =uy (), x€Q,
v (z,0) =vo (z), vt (z,0) =0y (), xz €,

where  is a bounded domain with smooth boundary Q2 in R" (n > 1); «,8 >
1, s,w,b,c,d > 0; gi(.,.) : R?> — R are given functions to be specified later.
M (s) is a nonnegative C'* function for 6 > 0 satisfying M (0) = 1+ 6*, A > 1.

In the case of s = 0 and M () = 1 for problem (1.1) was investigated by
Rammaha and Sakuntasathien [1] and Zennir et al. [2, 3]. Rammaha and Sakun-
tasathien obtained the global well posedness of the solution and Zennir et al. showed
the blow up and growth result. Also, some authors studied the system with degen-
erate damping terms [4, 5, 6, 7).

Ye [8] considered the problem (1.1) when w = b = ¢ = d = 0 and obtained the
global existence and energy decay results.

The rest of this study is organized as follows: In Section 2, we give some lemmas
and assumption. In last section, we prove exponenetial growth of the solution.

Date: May 25, 2021.
Key words and phrases. general decay, parabolic equation.
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2. PRELIMINARIES

Let |.|| and |[|.||,, denote the usual L?(Q) norm and LP (2) norm in this paper,
respectively.

We require the following assumptions for our result.

(A) We assume that

a,fB>1 ifn=1,2,
1<a,6<5 ifn=23.

We take g1 (u,v) and ga (u,v) such that
g1 (u,v) = k|u+v\2(7+1) (u+ ) +l|u|7u|v|7+2,
g2 (u,v) = k|u—|—v\2(7+1) (u+ ) —|—l|v|ﬂyv\u|V+27

where k, [ are positive constants and -y satisfies

~1<~y ifn=12,
(2.1) {—1<’y§1ifn:3.

The below equality can been easily verify that

(2.2) ugy (u,v) +vga (u,v) = 2 (y +2) G (u,v), V(u,0) € R,
where

_ 1 2(7+2) 42
(2.3) G o) =5 [k|u+v\ + 20 |wo| }
The energy functional E(t) of problem (1.1) such that

1 s+2 s+2 1 2 2

BO) = —p (hllS+ Iols) + 5 019ul? +190P)
1 2 2\A+1 _/

(2.4) +2(>\ Y (IVull” + (| Vv[|7) A G (u,v) dz.

Lemma 2.1. [9]. There exist two positive constants co and c¢1 such that
(25) o (JulP0 + PO <207+ 2) G (w,v) < e (JufOH 4 o)
is satisfied.

Lemma 2.2. E (t) is a nonincreasing function for t > 0 and

d / w b a+1 / c d B+1
2.6 —FE(t) =-— ul” + v ) |u dx — v|” + |u v dx.
26)  GB@ = [ (" + ) b [ (1ol 1ut”)

3. GROWTH OF SOLUTIONS

In this part, we show that the energy grow up as an exponential function as time
as goes to infinity.
We take k =1 =1 for sake of simplicity and present the following:

1 A2 1 1
,]_ B = n2(v+2) = B_T E — - 2.
(3.1) n y a1 ot L (2 2(74_2))&1

The following lemma used firstly by Vitillaro [10] and is very important for our
result.
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Lemma 3.1. Suppose that assumption (A) and (2.1) hold. Let (u,v) be a solution
of (1.1). Moreover, suppose that E (0) < Ey and

1

(3.2) (I7uol® + 1w )1*) * > en.

Then there exists a constant as > v such that

1

2

1
33 IVl + 19l + 5 (9l + 1907 ) > o, for >0

(3.4) (lu+0ll3(13) + 2 Huv\gﬁ)m > Bay, fort > 0.

for allt €10,T).

Theorem 3.2. Suppose that (A1), (A2) and (2.1) hold. Assume further that
2(v+2)>max{s+2, k+p+1,l+p+1, 04+qg+1, o+qg+1}.

Then any the solution of the problem (1.1) with initial data satisfying

1

(IVuol® + I9w0l*)* > an, B(0) < Ey,
grows exponentially, where oy and Ey are defined in (3.1).

Proof. We define as follows

(3.5) H(t)=E —E(t).

By applying (2.6) and (3.5), we get

(3.6) H (t)=—-E'(t) >0, vVt>0.

Since E’(t) is definitely continuous, we have

(3.7 0<E,—EW0)=H(0)<H(t).

We then define

(3.8) U(t)=H(t)+ . _T_ 1 (/Q |ug|® upudx + /Q |vg|® vwda:)

where ¢ small to be chosen later.
By derivating (3.8) and using Eq.(1.1), we get

€
H/ s+2 / s+2
(t)—|—8+1 (/Q|ut| dx + Q|Ut| dx

+e (/ |ut|5uttudx—|—/ |vt|svttvdx>
Q Q

£ s5+2 s+2 2 2
= H (t)+Hﬁ(HUtHHﬁ||vt|\siz)—€(||VuH + [IVol)

v (t)

—e(|Vull* + Vo )M 4 22(y + 2)/ G(u, v)dx
Q

(3.9) e </u<|u|w+|v|b) ut\ut\o‘_lder/v<|v|c+\u|d) v |vt|ﬁ_1dz>
Q Q
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From the definition of H (¢), we have
2 2\2+1
—(IVul” + [IVel”)

= 20+ DH({) 20+ 1) By 4+ ———= (AH) (H t||5+2+||th“2)

542 542
(3.10) +(A+1) (||Vu|| + |Vl )—2(>\+1)/QG(u,v)d;v
Inserting (3.10) into (3.9), we get
v(t) = H'(t)+e (Sil + 2(SA++21)> (Hutnjig + ||1}tHzi§)
ed (IVul + [V0]®) + 26 A+ 1) H (1) = 22 (A + 1) By
4l = 2+ ol + 2 )

—€ (/ u (\u|w + |v|b> g |ug|* ! da +/ v <|v|c + |u\d) vy Jog) P dm) .
Q Q

Then using (3.4), we have

1 200 +1) . .
v 2 104 (g o) (el + )

s+1 s+ 2
2 2
+er (I7ul® + [ vo])

2 2 2
+2(A+ 1) eH () + e/ (||u+ vl[5075) + 2 |uv]713)

(3.11) —€ (/ u (|u|w + |v|b) g |ug|* ™ da —I—/ v <|v|C + \u|d) vy o) P dm)
Q 0

where ¢ =1 — % —2(A+1) B1(Bag) 202 > 0, since ap > B~ . For esti-

mating the last two terms in (3.11) we will use the following Young inequality

k Ak -ipl
n +771 ,

where A,B >0, n>0, k,l € R" such that + + } = 1. Therefore, using the above
inequality we obtain

/ w |ug|* " da <
Q

and therefore

AB <

at1

+1 +1
3+1 + ﬁ ||Ut||z+1 )

a+1

/ (\u|w + |v|b) uy |ut|0‘_1 dr < L/ (|u|w + |v\b) |u|a+1 dz
Q OL+1 0

_atl

[e% * w «
2 (4ol ™ d

In the same way, we conclude that

B—1
vy v dr <
vl e < 2o

+1
3

BE1
ollBTL 5772 ’
6+1

B+1
H t||5+17
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and therefore

B+1
c d B—1 Tl c d B+1
v(v —I—u)vv der < /(v +u)v| dx
[ (o ) el 2 [ (),

where 71, 72 are constants depending on the time ¢ and specified later. Conse-

quently, (3.11) reduce

1 2()\"’1) s+2 s+2
v > 10 +e (o 2 (uls + )
2(7+2)+2Huv||

e (||vu||2 + |\vu||2) 26 (N + 1) H (t) +ec (||u +ol50t)

a+1
w « «Q w «
e /<|u\ +lol") Jul* ! do — e S /<|u\ +10l") Juel ! do
Q Oé+1 Q

a+1
_ B41

B+1 B
(3.12) —e 2 /(|U|C+\u|d) Wﬂdx—g%/ (101 + ul”) o+ da.
Q Q

B+1

By using Young’s inequality, we have

/|u|w+a+1dﬂc+/ v[” [u|* T da
) Q

[ (" + 10P) 1 e <
Q
b+a+1l
< /|u|w+a+1 derLXlib /|v‘b+a+1dw
B Q b+a+1 Q
a+l el btat1
e AT
b bta+1
+atl btatl
= ||U||$+3+1+mX1 " ollprat
a+1 bl a4
(3.13) +m><1 o lullyras -
Similarly
c d B+1 c+B+1 d A d+B+1
Lt ) ol e < ol e el
B—’_ 1 _d-gﬁj—l || ||d+,3+1
Ullatp+1-

14 _PpTs
(3.14) PR

Y42
y+2

)
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Inserting (3.14) and (3.13) into (3.12) and using Lemma 1, we conclude that

]. 2(>\+1) S S
v = o (s ) (huelz23 + ol 23)

s+ 1 s+ 2
2 2 2(v+2 2(y+2
+6)\(||Vu|| + |V )+25(A+1)H(t)+sc'(||u||2§§+2>+u 15073)
I (et bR et T e
wtat+l T bt a +1 bta+1 b—i—a—i—lxl bta+1
"B T e R ol WL Sk B L o
+1 B+l T g g 1N d+p+1 T d+pB+172 d+B+1
a+l ﬁ+1

B
a+1 5772 ( c d) B+1
d dz.
398 [ (11" + ol”) ol o= B [ (ol ) o

2(v+2) >max{w+a+1,b+a+1l,c+8+1,d+ 8+ 1},
and applying the following algebraic inequality

Since

1
x“§x+1§<1+5>(a:+5), Vr>0 0<v<l1, §>0,

we have, for all t > 0,

w+a+1 w+a+1 2(vy+2
lllfef < allalsdss < o (BT +H )
2)
(3.16) < (B +H®),
ct+B+1 c+B+1 2(v+2
(3.17) lollsT5it < e lolls ) < € (I35 + H ()
where C =1+ H( 5 Likewise
d 1 d 1 2 2
(3.18) lll g5 < esllulist’) < € (Il ||2§112§ H(t))
b+a+1 b+a+1
(3.19) lollgtett < eallolisiesy < € (UG + H @),
d 1 d 1 2(vy+2
(3.20) ol < es lolis ) < € (v ||2§1+2§ H(1)),
b+a+1 b+a+1 2(v+2)
(3.21) el ot < e lullsles) < © (301 + B )

Choosing K1, K5, K3, K4 and K5 such that

—(atl)/a —(B+1)/8
(3.22) K= g,
a+1 B+1 7
a+1 bta+l B+1 d 1
771 o+ 1 T Ta+1 772 d +ﬁ+
3.23 K 1 S ,
(3.23) s LU e R ¢! G aar e ")
£+1 d+B+1 a+1
"2 6 +1 T TBTI U b btetl
24 K 1 _ b
(3:24) T 6+1( T Er1° o et )



26 FATMA EKINCI AND ERHAN PISKIN

and
a+1
m b b+a+1 a—+1 _bﬁ%ﬁ—l
Ky = 1 _—
5 et T iragr btat1X )
B+1 d+B+1 d4B+1
T2 p+1 ~ B+ d Stott
3.25 + 1+ + ———X
(3.25) ﬁ+1( d+p+1% d+B+1%

From (3.16)-(3.25), (3.15) becomes such that
1 2(A+1) 542 542
! > !
v 10+ (g 20 (el + )
+22 (IVul + [V0]*) + 2 [2(A+ 1) - CKs] H (1)

—eK, / (\u|w + |v|b> Jue) T da — EKQ/ (|v|c + |u|d> o) dx
Q Q

2 2 2 2
(3.26) +ed — CKs]||ul5073) +2[¢ — CK] ul5015).

At this point, we can find positive constats M; , My, M3 and Kg such that (3.26)
becomes

1 2(A+1) s+2 s+2
W) = - ekg 10+ e (gt 2O ) (i eit)

2 2 +2) +2)
+6’y<||Vu|| + Vo] )+5M1H( ) +eMy [|ul50 ) + eMs ||vl|50 1)

s+2 s+2 +2 +2)
.27 B (I3 + w353 + B @ + I9ull® + Vol + lul3073) + Il50 1)

where § = min {5 (lerl + 2(5’\:21)) ,eMy,eMs, 5M3} and we pick € small enough so
that 1 — eKg > 0. Consequently we have
(3.28) U (t) > T (0) >0, vt >0.
We now estimate ¥ (¢). By using Holder inequality and Young inequality, we find

+1

[ bl wade] <l o
1 1 s s
< ClQFE (Hutusig + +2+2))

-5t s5+2 +2)
(3.29) < 1T (il + [ul3)
Similarly

R I T 542 2(v+2

(3.30) ‘/Q|vt| vdz| < C Q72T (||vt||8+2 + ”””2&23)

By (3.7), it yields

U(t) = H(t)+ sj—il (/Q |ue|® wpudz + /Q [vg]® vwdw)

s+2 s+2 2 2 2 2 2 2
(338 C (33 + w33 + H (0) + 13073 + 103073 + I9ull® + Vo))
By unifacation of (3.27) and (3.31) we reach at for & > 0 constant
(3.32) U (t) > €U (t).
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A simple integration of (3.32) over (0,t) yields ¥ (¢) > ¥ (0)exp (£t) .We showed
the desired result. (]
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ABSTRACT. This study deal with the strongly damped equation with degener-
ate damping has the initial-boundary value. We establish global existence of
weak solution by potential well theory.

1. INTRODUCTION AND PRELIMINARIES

In this work, we focus on the global existence of solution for the following problem

ug + A%u — Auyp — Aug + ([u|?w), = [u/’ v in Qx (0,7),
(1.1) u(z,0) =up (z), ut(z,0)=u(x), x €Q,
u(x,t):%u(x,t)z(), x € 09,

n is the outer normal and € is a bounded domain in R™ with a smooth boundary
on.

This type of problem with degenerate damping was firstly examined by Levine
and Serrin [2] and studied the blow up properties for negative initial energy. Then,
Pitts and Rammaha [3] obtained global and local existence. In additional, the
authors obtained blow up solutions for negative initial energy.

There are numerous study has degenerate damping terms (see [1, 4, 5, 6, 7, 8]).

Now, we present some preliminary material which will be helpful in the proof
of our result. Throughout this paper, we denote the standart L?(£2) norm by
[l = 1l 2 () and L7 (€2) norm |||, = [|-| o -

We present the following functionalls:

I(t) =1 (u) = | Aul* = |lul}3,
2 1 p+2
T = J () =5 l1Aull” = == llullpss,

1 2 2
(1:2) E(t) = B () = 5 [ludl® + [ Vuel*] + 7 (),
Date: May 25, 2021.
Key words and phrases. general decay, parabolic equation.
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and as in [12], the potential well depth such that

= inf j .
7 wenditn o O

By multiplying Eq.(1.1) by u., integrating over €2, and using integration by parts,
we get

B (0) =~ IVl = 0+ 1) [ [ul? o <0, for ¢ >0,
Thus,
E(t) < E(0).
We can now define the stable set [9, 10, 11]
L={ueHJ|I(u)>0,J(u)<d}
and otherwise the stable set can be defined by
Y={(1,E)€0,+0)x R:0<h(y)<E<d,0<vy<},

in which h (y) = 142 — C4T220

Pz
p+2

C. 7, and finally d = h (1) = (3 = 51 % > 0.

Novv7 we give main result in the next section.

2. GLOBAL EXISTENCE OF SOLUTIONS

Lemma 2.1. Assume that u is solution of problem (1.1), and ug,u; € HZ (), if
ug,u1 € X and E (0) < d, then u (t) remains inside the set € ¥ for any t > 0.

The proof is similiar to that of Lemma 2.2 in [10], thus we omit it.

Theorem 2.2. Let o> 1, ifn=1,2; 0 < 2%, if n > 3; ug,u; € HZ (), suppose
that 0 > q, E(0) < d and ug € X, then the problem (1.1) is bounded and global in
time. Moreover a global weak solution u and u(.) € ¥ fort > 0.

Proof. From Lemma 1, we get u (¢) € ¥ for all t € [0,Tp), then I (u) >0, J (u) < d
for all t € [0,Tp). Therefore,

1 2 1 2 2
@0 (5 og) Il = 18wl = 5 Il - 570 < 7w <
then
2
Julp s <

By the energy equation (1.2), by definition of J (u) and (2.1), we reach

ul|P72 < Cd, for 0 <t < Ty,

1
(22) 5 lae|* + Ve * + HAUIIQ} <E(0)+ pr2 S

p+2

That is, u is a global solution. Lastly from Lemma 1 we have v € ¥ for t €
[0, 00). O
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ABSTRACT. In the approximation theory, polynomials are particularly positive
linear operators. Nonlinear positive operators by means of maximum and prod-
uct were introduced by B. Bede. In this study, nonlinear maximum product
type Bivariate Bernstein Chlodowsky operators are defined and approximation
properties are investigated with the help new definitions.

1. INTRODUCTION

The main topic in the classical approximation theory is approximating a contin-
uous function f : [a,b] — R with more elementary functions such as polynomials,
trigonometric functions, etc.. The well-known Korovkin’s theorem, which gives a
simple proof of Weierstrass theorem, is based on the approximation of functions
by linear and positive operators. The underlying algebraic structure of these men-
tioned operators is linear over R and they are also linear operators. In 2006, Bede
et.al [1] asked whether they could change the underlying algebraic structure to more
general structures. In this sense they presented nonlinear Shepard-type operators
by replacing the operations sum and product by max and product. They proved
Weierstrass-type uniform approximation theorem and obtained error estimates in
terms of the modulus of continuity. Following this paper Bede et. al. [2] defined
and studied pseudo linear approximation operators. Several authors introduced the
nonlinear versions of the stated operators and studied order of approximation [1-4].
Also see [2] for the collected papers.In addition, in the book published in 2016,
Bede et al. [2] gave the definition of Bivariate Max-Product Bernstein Operators
and examined various approximation properties. In this study, we will give the
definition of Bivariate Max-Product Bernstein Chlodowsky Operators and examine
various approach features.

Date: May 25, 2021.
2000 Mathematics Subject Classification. 41A10; 41A25, 41A36, 47A58.
Key words and phrases. Max-product, Berstein Chlodowsky operators, Nonlinear operators.
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2. PRELIMINARIES

Two bivariate max-product Bernstein operators was defined in [2] (B. Bede, L.
Coroianu, and S. G. Gal ,2016) as

V¥ P (@) P () £ ( j)

i=0 j=0 n' m

\T} \7 Poi (2) P ()

i=0 j=0

= =040 nm (z,y) €[0,1,n,m €N,

V P (@).V P ()
=0 =0

B (f) (2.y)

where f:[0,1] x [0,1] = R and Py, (z) = (7)2’ (1 —2)""". and

L e )

V V(e (-2 —y)"
i=0 j=0
where f: A 5 RT A= (z,y);z2>0,y>0,z+y<1,][2].

Remarks. 1) Since we have \ P, ;(z).\ Py, (y) > 0 for all z,y € [0,1] and
i=0 j=0

T8 (f) () = ,(2,y) € A,n €N,

by Lemma 2.1.7in [2] in the univariate case, we explicitly can write

n

\/Pm,i (37) -\/Pm,i (y) = Pn,r (l‘) -Pm,s (y) s
i=0 j=0

for all (x,y) € [nil, Ziﬂ X [mil, ;1—:11} ,7=20,...,n,5 =0,...,m, it follows that
(M)

Brm (f) (z,y) is well defined on [0, 1] x [0,1] and a continuous functions of (x,y)
in [0,1]%.

Also
_ Puil) () (= T
Ai,n,r ((E) - in (.L“) - (:L) (1 —l‘> )
. C Puil (D y VT
Ajms (Y) = Pos(y) (T (1 —y>
and

Ai,n,r,j,m,s (xv y) = Ai,n,r (LC) ~Aj,m,s (y)
write the following formula which is useful in proving approximate results,

B (D) w0) = VA e £ (£ 2)

. . m
1=07=0

n+1’ n+1 m—+1’ m+1
Coroianu, and S. G. Gal ,2016)

for all (z,y) € [ r H‘l} X [ s S‘H} ;7 =0,...,n,8 = 0,...,m.[2](B. Bede, L.
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2) Tt easily can be followed
BN (f) (w,y) = BRDIBLY) ()] (,9)

where, if G = G(z,y) then the notations Bé{\g) (G) means that the univariate
max-product Bernstein operator Br(lM) (GQ) is applied to G considered as function
of x, while Bf%) (G) means that the univariate max-product Bernstein operator
BM (@) is applied to Gconsidered as function of y. In other words, the bivariate
max-product Bernstein operators are tensor products of the univariate max product
Bernstein operators. [2]

In order to obtain the shape-preserving properties, as in the univariate case,
several shape concepts are needed in the bivariate case, and some of them are
obtained by using the ”tensor product” method.

Definition 2.1. [2]Letf : [0,1] x [0,1] — R.

(i) We say that f (z,y) is increasing (decreasing) with respect to  on [0,1] x
[0,1] ,if

fle+hy) = fz,y) 20,(<0),Vy €[0,1], Vo, z + h € [0,1] ,h > 0.

(ii) We say that f (z,y) is increasing (decreasing) with respect to y on [0,1] x
[0, 1] if

flz,y+h)— f(z,y) > 0,(<0),Yz € [0,1],Yy,y + h € [0,1] ,h > 0.

(iii) We say that f (z,y) is upper (lower) bidimensional monotone on [0, 1] x [0, 1]
if

Dof(z,y) = flx+hy+k)— fle,y+k)— flx+hy) + flz,y) 20(<0),
forall z,x + h €1[0,1],y,y + k €[0,1],h >0,k > 0.

There are a few more items.( See the book B. Bede, L. Coroianu, and S. G. Gal
,2016.[2])

3. CONSTRUCTION OF THE OPERATORS

The aim of this study is to introduce bivariate max-product Bernstein Chlodowsky
operators and some properties of the this operators.

Definition 3.1. The bivariate maximum product Bernstein Chlodowsky operators
are defined as

C’fIM) (f)(alc,y)zZ / , (z,y) € [0,b,]%[0,b1] ,n,m €N,

where f:[0,b,] x [0,b,,] = R and S, ;(z) =

() (1-2)""

|
—
<. 3
SN—
—
Fe
——
~.
—
[
|
T=
~—
3
|
-
n
3
<.
—~
<
S—
|
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bn,
n

Gilingdr et. al [4] investigated maximum product Bernstein Chlodowsky opera-
tors and they examined the various notations and approximation of these operators.
The following notations and Theorem are needed to examine the future approxi-
mation properties of bivariate maximum product Bernstein Chlodowsky operators.

. . . . m
lim,, o0 b = 00, limyy, o0 by, = 00 and lim, =0,lim,, 0o — =0.
m

Theorem 3.2. Denoting Sy (z) = (7) (i)l ( - i)niiy

i by

Sm.,j (y) = (TJ") (b—i)j (1 — b?:’”)n%] , we have

n

Smﬁ' (.’L‘) \/ Sm,j (y) = Sn,r (37) -Sm,s (y) )
0

i= j=0
rby,  (r+1)bn sby,  (5+1D)bm _ _
for all (z,y) € {n+1’ i } X [m+1’ x| sr=0,.n,5=0,...,m.

Proof. Firsly ,forneN and 0<r<r+1<n,0<s<s+1<m,
< Sn,r+1 (x) < Sn,r (l‘)
S Sm,erl (l‘> S Sm,s (l‘)

where z € {0, (T:i)lb"] RTRS [0, %} We have,

and _ (
|

n
+
m
0
o (4
<z <

o
IA
|« &=
| — |
N
3
—
~_
Jr
A/~
=< 3
~_
_
IA
A~
=< 3

‘ ()] =)
s s
Since. (,2,) + (7) = (111) we get 00 < s g <y < (22
Also
Swilr) _ () (& \
Binr = - = ,rZL nx s
nr (2) S @~ () \T-
Bims(y) = M:@ b T
e Sms(y) (M) \1- £
and

Bi,n,r,j,m,s (1’, y) = Bi,n,r (LU) 'Bj,m,s (y)
write the following formula which is useful in proving approximate results,

01 0=V VB (2, 222)

A n’' m
=0 5=0

for all (x,y) € [51“1, (T:L'}r)lb”} X [;ﬁa,%} ,r=0,..,n,5s=0,...,m. O
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It easily can be followed
Chonl (F) (w.y) = CEDICLT (D) (.v)

where, if H = H(z,y) then the notations C,(l{\ﬁ) (H) means that the univariate
max-product Bernstein Chlodowsky operator Cy(lM) (H) is applied to H considered
as function of z, while Cy(%) (G) means that the univariate max-product Bernstein

Chlodowsky operator Cy(LM) (H) is applied to H considered as function of y. In
other words, the bivariate max-product Bernstein Chlodowsky operators are tensor
products of the univariate max product Bernstein Chlodowsky operators.
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ABSTRACT. Given a group presentation P = GP(x,r), we consider the free
FG(x)-crossed module (G(Y), 8, FG(x)) on the set Y1 of symbols (“r)¢ (e =
+1) with 7 € r. In terms of G(Y) we prove that if d = (a1, ..., an) is an identity
Y-sequence over P, then d is Peiffer equivalent to the empty sequence if and
only if, the image of d in G(Y) belongs to the subgroup £l of G(Y) generated
by the images of aa~! with a € Y UY ~!. We use this to prove a necessary
and sufficient condition under which a subpresentation of an aspherical group
presentation is aspherical. We also consider the pair of presentations P =
GP(xUz,r1 U{ro}) and P1 = GP(x,r1) where P represents the trivial group
and 7o ¢ rq1. If we let Ng be the normal closure of rg in the free group F of x,
then we prove that if the presentation P = GP(x U z,r1 U {ro}) is aspherical,
then the structure map 91 of the free crossed module (él, F/No, 151) on ry over
N/Ny is injective.

1. INTRODUCTION

The Whitehead asphericity conjecture, raised as a problem in [15], asks whether
any subcomplex of an aspherical 2-complex is also aspherical. In group theoretic
terms it can be rephrased as follows: given an aspherical presentation P = GP(x,r)
of a group G, is it true that every subpresentation P' = GP(x',r’) of the first is also
aspherical? The aim of this paper is to give a necessary and sufficient condition
under which a subpresentation of an aspherical group presentation is aspherical.
To achieve this we use among other things, some results from the theory of monoid
acts. In this section we give a rough idea of how monoid acts come into play. First,
we recall that a group presentation P = GP(x,r) is aspherical if its geometric
realisation K (P) is an aspherical 2-complex, that is mo (K (P)) = 0. In [2] Brown and
Huebschmann have proved several key results about aspherical group presentation
one of which is their proposition 14 that gives sufficient and necessary conditions
under which a group presentation P = GP(x,r) is aspherical. As we use two of
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them in particular, we will state them here and explain their meanings. One of
these conditions states that the relation module N'(P) is a free ZG module. We
give below the definition of N(P) and afterwards introduce its basis when P is
aspherical. If P = GP(x,r) is a presentation for a group G, we denote by FG(x)
the free group on x and let o : FG(x) — G and 8 : N — N/[N,N] be the
canonical homomorphisms where N is the normal closure of r in FG(x) and [N, N]
its commutator subgroup. There is a well defined G-action on N (P) = N/[N, N]
given by
w® - 57 = (wtsw)”?

for every w € FG(x) and s € N. This action extends to an action of ZG over N (P)
by setting

1si1w2)5.

(wf £ wg) - 5% = (wi  swiwy
Now the bases of N(P) as a free ZG module is the set of elements 77 with r € r.
The other condition of proposition 14 states that any identity Y -sequence for P is
Peiffer equivalent to the empty sequence. Related to the given data, it is denoted
by H the free group on the set Y of symbols r* where r € r and u € FG(x).
The group homomorphism 6 : H — FG(x) defined by 0(“r) = uru~! has kernel
E the set of identities among the relations for P. Besides H it is considered the
free monoid on the set Y UY ~! consisting of strings (a1, ..., a,) where n > 0 and
each a; € YUY !, The elements of this monoid are usually called Y-sequences
and a string (aq, ..., ap) for which 6(aq) -+ - 0(a,) =1 in FG(x) is called an identity
Y -sequences for P. Of a particular importance is the concept of Peiffer operations
on Y-sequences.

(i) An elementary Peiffer exchange replaces an adjacent pair (a,b) in a Y-
sequence by either (b,e(b_l) a) or (b, a).
(ii) A Peiffer deletion deletes an adjacent pair (a,a!) in a Y-sequence.
(i) A Peiffer insertion is the inverse of the Peiffer deletion.

The equivalence relation on the set of Y-sequences generated by the above oper-
ations is called Peiffer equivalence. In the next section we will see that, when it
comes for the study of aspherical group presentations, Peiffer operations on Y-
sequences can be better understood within the framework of the theory of monoid
actions. For the benefit of the reader not familiar with monoid actions we will list
below some basic notions and results that are used in the paper. For further results
on the subject the reader may consult the monograph [7]. If S is a monoid with
identity element 1 and X a nonempty set, we say that X is a left S-system if there
is an action (s,z) — sz from S x X into X with the properties

(st)x = s(tx) for all s,t € S and z € X,
lz =z for all x € X.

Right S-systems are defined dually in the obvious way. If S and T are (not neces-
sarily different) monoids, we say that X is an (S, T)-bisystem if it is a left S-system,
a right T-system, and if

(sx)t = s(at) for all s € S;t € T and z € X.

If X and Y are both left S-systems, then an S-morphism or S-map is a map
¢ : X — Y such that

¢(sx) = s¢(z) for all s € S and z € X.
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Morphisms of right S-systems and of (S, T)-bisystems are defined in an analogue
way. If we are given a left T-system X and a right S-system Y, then we can give
the cartesian product X x Y the structure of an (7', S)-bisystem by setting

t(z,y) = (tz,y) and (z,y)s = (z,ys).

Let now A be an (T, U)-bisystem, B an (U, S)-bisystem and C an (T, S)-bisystem.
As explained above, we can give to A x B the structure of an (7', S)-bisystem. With
this in mind we say that a (T, S)-map 8: A x B — C is a bimap if

B(au,b) = f(a,ub) for all a € A,;b € B and u € U.

A pair (A®y B, ) consisting of a (T, S)-bisystem A®y B and a bimap ¢ : Ax B —
A®y B will be called a tensor product of A and B over U if for every (T, S)-bisystem

C and every bimap 3 : Ax B — C, there exists a unique (T, S)-map 8 : AQyB — C
such that the diagram

AxB—'> Aoy B

|5

C

commutes. It is proved that A ® B exists and is unique up to isomorphism. The
existence theorem reveals that A ®y B = (A x B)/7 where 7 is the equivalence on
A x B generated by the relation

T = {((au,b), (a,ub)) :a € A,b € B,u € U}.

The equivalence class of a pair (a,b) is usually denoted by a ®y b. To us is of
interest the situation when A = S = B where S is a monoid and U is a submonoid
of S. Here A is clearly regarded as an (S, U)-bisystem with U acting on the right
of A by multiplication, and B as an (U, S)-bisystem where U acts on the left of B
by multiplication. Another concept that is important to our approach is that of
the dominion. If U is a submonoid of a monoid S, then we say that a is in the
dominion of U in S, written as a € Domg(U), if for all monoids T" and all monoid
homomorphisms f,g: S — T that agree on U, we have that f(a) = g(a). Related
to dominions there is the well know zigzag theorem of Isbell. We will present here
the Stenstrom version of it which reads. Let U be a submonoid of a monoid S and
letde S. Then, d € Domg(U) if and only if d®y 1 = 1®y d in the tensor product
A = S ®y S. We mention here that this result holds true if S turns out to be a
group and U a subgroup, both regarded as monoids. A key result that is used to
prove our main theorem in the next section is the fact that any inverse semigroup
U is absolutely closed in the sense that for every semigroup S containing U as a
subsemigroup, Domg(U) = U. It is obvious that groups are absolutely closed as
special cases of inverse monoids (see [8]).

The monoids involved in our approach are the following. The first one is the
monoid T defined by the monoid presentation MP(Y UY ~!, P) where Y ! is the
set of group inverses of the elements of Y and P consists of all pairs (ab,?® ba)
where a,b € Y UY 1. The second one is the group G(Y) given by the group
presentation GP(Y UY !, P) where P is the set of all words abi(a)u(?®b) where
by «(c) we denote the inverse of ¢ in the free group over YUY ~!. Before we introduce
the next two monoids and the respective monoid actions, we stop to explain that
T and G(T) are special cases of a more general situation. If a monoid S is given by
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the monoid presentation MP(X, R), then its universal enveloping group G(S) (see
[1] and [4]) is defined to be the group given by the group presentation GP(X, R)
where R consists of all words ut(v) whenever (u,v) € R where 1(v) is the inverse of
v in the free group over X. We let for future use o : FM(X) — S be the respective
canonical homomorphism where FM(X) is the free monoid on X. It is easy to see
that there is a monoid homomorphism ug : S — G(S) which satisfies the following
universal property. For every group G and monoid homomorphism f : § — G,
there is a unique group homomorphism f : G(S) — G such that fug = f. This
universal property is indication of an adjoint situation. Specifically, the functor
G : Mon — Grp which maps every monoid to its universal group, is a left adjoint
to the forgetful functor U : Grp — Mon. This ensures that G(S) is an invariant
of the presentation of S.

The third monoid we consider is the submonoid 4 of T, having the same unit as
T, and is generated from all the elements of the form o(a)o(a™!) witha € YUY L.
This monoid, acts on the left and on the right of T by the multiplication in T. The
last monoid considered is the subgroup  of G (T) generated by p(4f). Similarly to
above, l acts on G(T) by multiplication.

In the next section we will see that an identity Y-sequence (a, ..., a,) is Peiffer
equivalent to the empty sequence if and only if for the element a = p(o(ay)...0(ay))
of G(T) we have a ®; 1 = 1 ®g a in the tensor product G(T) ®¢ G(T). From
the zigzag theorem of Isbell the last equality is equivalent to assuming that a €
Domg(y)(ﬂ), where Domg(y)(ﬂ) is the dominion of £{ in G(T). Recalling that the
group 1 is absolutely closed we infer that an identity Y-sequence (aq,...,a,) is
Peiffer equivalent to the empty sequence if and only if a = p(o(ay)...0(ay,)) € SL.
Having proved this it is not to difficult to prove our theorem 2.6 which gives a
necessary and sufficient condition under which a subpresentation of an aspherical
group presentation is itself aspherical.

In the second part of the paper we are interested for pairs of presentations
P =GP (x,r1Urg) and P; = GP(x,r1) where r1 Nrg = 0, ro = {ro} is a singleton
and P is an aspherical presentation of the trivial group. This situation is of a par-
ticular interest due to a result of Ivanov from [9] which states that if the Whitehead
conjecture is false, then there is an aspherical presentation E = (A, R U z) of the
trivial group E, where the alphabet A is finite or countably infinite and z € A, such
that its subpresentation (A, R) is not aspherical. In virtue of this, we see that the
conjecture is true if and only if it is true for subpresentations that differs from the
given aspherical presentation by a single defining relation. This problem is very
difficult and no answer is know, but if we relativize the problem then the answer
is affirmative. To make this term precise, we denote by N the normal closure of
ry Urg in the free group F' which coincides to the latter in our case, and by Ny the
normal closure of rg in F', and let (él, N /No,z%) be the free crossed module over
N/Ny on ri. Then we prove in theorem 3.1 that if P is aspherical, then the map
Uy is injective.

To prove our theorem 3.1 we need from [10] the notion of the semidirect product
of two crossed modules. We give below the ingredients which make possible the
definition. For a crossed module (T, G, ) we denote by Aut(T, G, d) the group of
automorphisms of (T, G, d) and by Der(T, G, 0) the set of all derivations from G to
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T, that is maps d : G — T such that for all z,y € G,

d(zy) = d(x) “d(y).
Each such derivation d defines automorphisms ¢ and 7 of G and T respectively
given by
o(z) = dd(z)x and 7(t) = dO(¢)t.
Der(T, G, 9) becomes a monoid (with identity the trivial derivation) if we define
the product d; o dy = d where
d(z) = di(02(x))dz () = T1(d2(2))d1 ().
We let D(T', G, 9) the group of units of Der(T, G, d) whose derivations are called
the regular derivations and sometimes D(T, G, 9) is called the Whitehead groups.
There is a homomorphism A : D(G,T) — Aut(7T, G) defined by A(d) = (r,0) and
there is an action of Aut(T,G) on D(G,T) defined by (*?'d = ad¢~'. With this
action, (D(G,T), Aut(T, G), A) becomes a crossed module which is called the actor
crossed module A(T, G, 9) of (T, G, ). Suppose now that we are given two crossed
modules (M, P, 1) and (T, G, 0) and that the first acts on the second which means
that there is a morphism of crossed modules (a commutative diagram of groups)

123
M—

D(G,T) — Aut(T, G, d)

Suppose that p has components p; : P — Aut(T") and py : T — Aut(G), that is to
say p(p) = (p1(p), p2(p)) for all p € P. Then M acts on T via pyp and with this
action we can form the semidirect product of groups 7' x M. Likewise, since P acts
on G via py, we can form the semidirect product G x P. With these data one can
define an action of G x P on T' x M by

@) (¢, m) = (2(Pt)(n(*m)g) L, Pm) .

The map 7 : T x M — G x P given by (t,m) — (9(t), u(m)) is a homomorphism.
With the action just defined the triple (T' x M,G x P,7) is a crossed module
called the semidirect product crossed module relative to (n,p) and denoted by
(T, G, 6) ><]<%P> (]\47 1D7 /,L).

Finally we mention that results related to ours can be found in [3], [5], [6] and
[14]. Also a good account on the Whitehead asphericity problem can be found in
[12].

2. PEIFFER OPERATIONS AND MONOID ACTIONS

If « = (aq, ..., a,) is any Y-sequence over the group presentation P = (x,r), then
performing an elementary Peiffer operation on a can be interpreted in a simple way
in terms of monoids T and 4 defined in the introduction. In what follows we will
denote by o(a) the element o(ay) - --o(ay) € Y. If 8 = (by,...,b,) is obtained
from « = (ay, ..., a,) by performing an elementary Peiffer exchange, then from the
definition of T, o(a) = o(f), therefore an elementary Peiffer exchange or a finite
sequence of such has no effect on the element o(ay) - - - o(a,) € Y. Before we see
the effect that a Peiffer insertion in « has on o(«) we need the first claim of the
following.
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Lemma 2.1. The elements of 3 are central in T and those offl are central in

G(7).

Proof. We see that for every a and b € YUY "1, o(a)o(a1)o(b) = o(b)o(a)o(a™t).
Indeed,

o(b)o(a)o(a™t) = o(baa™t) =
o(abeaa_l) _ (aa—l(bea)éafl)

a(a)o(a o (b).

Since elements o (b) and o(a)o(a™!) are generators of T and 4 respectively, then
the first claim holds true. The second claim follows easily. ([

If we insert (a,a™1) at some point in o = (ay, ..., a,) to obtain o/ = (a1, ...,a,a™ !, ...

then from lemma 2.1,
a(a’) = a(a) - (o(a)a(a™)),

which means that inserting (a,a™!) inside a Y-sequence a has the same effect
as multiplying the corresponding o(a) in Y by the element o(a)o(a™!) of 4 and
conversely. Of course the deletion has the obvious interpretation in our semigroup
theoretic terms as the inverse of the above process. We retain the same names for
our semigroup operations, that is insertion for multiplication by o(a)o(a™!) and
deletion for its inverse. Related these operations on the elements of T we make the
following definition.

Definition 2.2. We denote by ~y the equivalence relation in T generated by all
pairs (o(a),o(a) - o(a)o(a™t)) where « € FM(Y UY 1) and a € Y UY L. We say
that two elements o(ay) - - - o(a,) and o(by) - - - o(by,) where m,n > 0 are Peiffer
equivalent in Y if they fall in the same ~g-class.

It is obvious that two Y-sequences a and [ are Peiffer equivalent in the usual
sense if and only if o(a) ~g o(8), but it should be mentioned that the study of
~q¢ might be as hard as the study of Peiffer operations on Y-sequences, and at this
point it seems we have not made any progress at all. In fact this definition will
become useful latter in this section and yet we have to prove a few more things
before we utilize it.

The process of inserting and deleting generators of il in an element of T is
related to the following new concept. If in general U is a submonoid of a monoid
S and d € S, then we say that d belongs to the weak dominion of U, shortly
written as d € WDomg (U), if for every group G and every monoid homomorphisms
fyg:S — G such that f(u) = g(u) for every u € U, then f(d) = g(d). An analogue
of Stenstrém version of Isbell theorem (theorem 8.3.3 of [7]) for weak dominion holds
true. The proof of the if part of its analogue is similar to that of Isbell theorem
apart from some minor differences that reflect the fact that we are working with
W Dom rather than Dom and that will become clear along the proof, while the
converse relies on the universal property of p: S — G(S).

Proposition 1. Let S be a monoid, U a submonoid and let U be the subgroup of
G(S) generated by elements p(u) with v € U. Then d € WDomg(U) if and only if
wu(d) e U.
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Proof. The set A = G(S) ®p Q(S) has an obvious (G(S), G(S))-bisystem structure.
The free abelian group ZA on A inherits a (G(S), G(S))-bisystem structure if we

define
g- Zzz gi ®U Zzz(ggz ®Uh)

(Z 2i(9i ®@p hi)) g = Z 2i(9i ®p hig).
The set G(5) x ZA becomes a group by defining
(9,Y_ 2igi @g hi) - (¢, 2lgi @p ]
(99 72 29 ®g hig' + Z 299; ®p hy).

The associativity is proved easily. The unit element is (1,0) and for every (g, 2;9i®p
h;) its inverse is the element (¢!, — > 297 g; ®p hig™'). Let now define

and

B:S = G(S) x ZA by s — (u(s),0),
which is clearly a monoid homomorphism, and
v: 8= G(S) x ZA by s+ (u(s), u(s) g 1 — 1 @g p(s)),

which is again seen to be a monoid homomorphism. These two coincide on U since
for every u € U

Y(w) = (u(w), p(u) @5 1 = 1&g p(u)) = (), 0) = H(u).
The last equality and the assumption that d € WDomg(U) imply that 3(d) = v(d),
therefore
(1(d), 0) = (u(d), u(d) ©p 1 =1 g p(d)),

which shows that u(d) ®; 1 = 1 ®p pu(d) in the tensor product G(S) ®; G(S)
and therefore theorem 8.3.3, [7], apphed for monoids G(S) and U, implies that
u(d) € Domg(s)(U) But Domg(s)(U) U as from theorem 8.3.6, [7] every inverse
semigroup is absolutely closed, whence p(d) € U.

Conversely, suppose that u(d) € U and want to show that d € WDomg(U). Let
G be a group and f,g : S — G two monoid homomorphisms that coincide in U,
therefore the group homomorphisms f ,G : G(S) = G of the universal property of
p coincide in U which, from our assumption, implies that f(u(d)) = §(u(d)), and
then f(d) = g(d) proving that d € WDomg(U). O

Before we reveal the connection between Peiffer deletions (insertions) and weak
dominion, we need a few more technical result. Let

U:FGYUuY ) =7
be the map defined as follows.
U(u) = o(u)

if the reduced word u does not contain any t(a) with a € Y UY ~!, otherwise if
has occurrences of +(a) with a € Y UY ~L, then

U(u) =o(u')
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where v/ is obtained from u by replacing any ¢(a) by a=*. Let u,v,x € FG(YUY 1)
be irreducibles such that u = uyz, v = ¢(z)v; where ¢(x) is the inverse of x and
u1,v1,u1v; are irreducibles. It is easy to see that

U(uv) = ¥(uyvr) = ¥(up)¥(v1),
and that

where [u,v] is U(x)¥(c(z)) for short. In this way we have proved that for any irre-
ducibles u,v € FG(Y UY 1), there is [u,v] € 4 such that ¥ (uv)[u,v] = ¥(u)¥(v).

Lemma 2.3. Let p be any defining relation of G(Y) or its inverse and Epu(§) any
conjugate of p in FG(Y UY 1), Then there is u € 8k such that U(£pu(€)) ~y u.

Proof. First we see that for any defining relation p of G(Y) we have that ¥(p) € 4.
Indeed, if p = abe(a?)i(b), then

U(abu(a™)u(b)) = o(a)o(b)o((@”™) ") (b™})
= o(b)o(a”)a((a”) " )a(b™")
=o(b)o(d o (a”)o((a®)™1) € 4.

The proof for the second type of relations is similar. In the same way one can show
that for every defining relation p, ¥(c(p)) € 4. Finally, if £pi(€) is a conjugate of
a defining relation or its inverse, then W¥({pc(€)) is Peiffer equivalent in T to an
element 4(. Indeed,

V()W (p)W(e(E)) = W)W (w(&))e with & = W(p)

= [, ()W (&e(§))e

= [ e e
On the other had,

V(&)W (p)W(e(E)) = € PP (EP) T (e(£))
= [& pllEp, ()] (Epe())-

Since [€, p][€p, t(§)] € U, and from above U(&)U(p)T(c(§)) € LU, then we have that
U (€pi(§)) ~u v where u € L. O

The reason why we had to define the map ¥ will become apparent shortly. It
is obvious that when A € FM(Y UY™!), then W(A) is nothing but o(A). The
following lemma shows that if two words which contain letters from Y UY ~! but
not inverses in FG(Y UY 1) represent the same element in G(Y), then seen as
elements of T, they are ~y equivalent.

Lemma 2.4. If A,B € FM(Y UY 1) such that 6(A) = &6(B) in G(Y), then
o(A) ~y o(B).

Proof. Suppose that A = (§1p1t(&1)) -« - (Enpnt(&n))B and want to prove that
c(A) ~y o(B). For every 1 <i < n — 1 make the following notations

gi = [&ipit(&i), Eir1pir1t(&iv1)) -+ (§npnt(&n)) - B
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Also set
en = [§npnt(§n), Bl
The following hold true

W(A) -1 =¥ (E1p1e(&1)) - U ((§2p2t(E2)) - -
(fnPnL(fn)) : B)
U(A)-e1-e2=V(&1p1e(61)) - ¥ (E2p2t(€2))
U ((&3p3L(&3)) - - (§npnt(€n)) - B)

U(A)-e1- - en-1 = ¥(&p1e(&r))
V(En—1pn-1t(§n-1)) - Y((Enpnt(§n)) - B)
W(A) e En1-en =

(&p1ur)) - W(Enpni(én)) - U(B).

Since from the proceeding lemma, each W (&;p;t(&;)) ~u u; with u; € U and since
every ¢; € {l, one can easily see that U(A) ~y U(B), hence o(A) ~g o(B). O

The relation between insertion (deletion) and the weak dominion is now revealed
from the following.

Theorem 2.5. Let d € T, then d ~y 1 if and only if d € WDom~(L).

Proof. Let G be any group and f,g : T — G two monoid homomorphisms that
coincide in 4l and want to show that f(d) = g(d). The proof will be done by induc-
tion on the minimal number h(d) of insertions and deletions needed to transform
d =o(ay)---o(a,) to 1. If h(d) = 1, then d € U and f(d) = g(d). Suppose
that h(d) = n > 1 and let 7 be the first operation performed on d in a series of
operations of minimal length. After 7 is performed on d, it is obtained an element
d’ with h(d") = n — 1. By induction hypothesis, f(d') = g(d’) and want to prove
that f(d) = g(d). There are two possible cases for 7. First, 7 is an insertion and
let u = o(a)o(a™t) € U be the element inserted. It follows that f(d’) = f(d)f(u)
and g(d") = g(d)g(u), but f(u) = g(u), therefore from cancellation law in the group
G we get f(d) = g(d). Second, 7 is a deletion and let u = o(a)o(a™!) € U be the
element deleted, that is d = d’u. It follows immediately from the assumptions that
£(d) = g(d).

Conversely, assume that d € WDom~ (4) and want to prove that d ~¢ 1. From
proposition 1, u(d) € {( and let U, ..., Uy be group generators from {( such that
u(d) =uq - - up. Fori=1,..,n define

W, :{ (o(a)o(a™)? if  w; =i(uo(a)uo(a))

1 if  w; is not an inverse
We may now write
@, =+ W, d) = plwuy Jun - - Wy, )tin,
where the right hand side belongs to p(4) and let w € 4 be such that
(W - W, d) = p(u).

Lemma 2.4 implies that w,,, - wy,, d ~g u. Since each w,, is either 1 or square of a
generator from 4 and since u ~¢ 1, we infer that d ~¢ 1 concluding the proof. [
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Let P = GP(x,r) be an aspherical group presentation and P; = GP(x,r1) a
subpresentation of the first where r1 = r\ {ro} and rg € r is a fixed relation. We
denote by Y1, £l monoids associated with P; and by G(Y1) and {i; their respective
groups. Also we consider 2, the subgroup of 19 generated by all 01 (bb~1) where
beYyuY ! Finally note that the monomorphism f : T1 — T induced by the
map o1(a) = o(a) induces a homomorphism ¢ : G(T1) — G(T). With the above
notation we have the following.

Theorem 2.6. The subpresentation Py = GP(x,r1) is aspherical if and only if
o) =t
Proof. Suppose that (a1, ...,a,) is an identity Y;-sequence. Since it is also an iden-
tity Y-sequence and P = GP(x,r) is aspherical, then from [2] (aq,...,a,) is Peiffer
equivalent in P to the empty sequence. The latter is equivalent to assuming that
d = (o(a1) - - - o(ay)) ~y 1, and then theorem 2.5 and proposition 1 imply that
w(d) € . We claim that p(d) € ;. To see this we first let

u(d) =(po(biby) - - po(bsbyh)):
W0 (bes b)) - o (b,b71))
po(erer’) - - po(eey )
po(didy ™)) - e(po(drd; ),

where the first half involves elements from Y; UY; " and the second one is

1o (C)uuo (D))

=(
(
(
(

with
C= (:101_1 ce ctct_1 and D = dldl_1 o dkdlzl,
where C' and D involve only elements of the form (r§)¢ with € = +1. Define
Y FMY UY™!) = N(P)
on free generators as follows
(r%)E = (v tru)P.
It is easy to see that v is compatible with the defining relations of Y, hence there
is g : T — N(P) and then the universal property of u implies the existence of
§:G(T) = N(P) such that gu = g. Recalling from above that in G(T) we have
MO’((al DRI an).
((bss1byity) -~ (007 1) - (dady ) - - (didi )
= no(((bidy ) -+ (bsby M) - ((erer ) -+ (e 1)),

we can apply g on both sides and get
go((ay - - an)-
((bss1bgity) - (007 1) - ((dady ) - - (didi 1))
= go(((baby ") - (bsb7 1)) - ((erer) -+ (e ™))
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If we now write each ¢; = (r{)¥ and each d; = (r;’)% where ¢; and §; = £1, while
we write each a = (r)’*)? and each b, = (pp’) where all r, and p, belong to ry
and vy, €, = £1, then the definition of g yields

(w§ -y o wf )+
(2020 - plys + 20 ) (20 4+ 208) g
= (20F ) 200 pl) + (2uf - 2uf) g
The freeness of A'(P) on the set of elements 77 implies in particular that
(205 + -+ 208) 7l = (2u§ + -+ 2ud) T

from which we see that £ = ¢, and after a rearrangement of terms u$* = v{* for
i =1,...k. One can see that in general if v = u - [[}_, w; 'r}*w; in FG(x) where
A; = £1 and r; € r, then in G(T) we have

po((rg)) = (H ua(r;”w*i) (7))

S
: (H MU(T;M)M> :
i=1
Using this it is easy to see that

pa((r9)°(r6)~°) = no((r§)° (rg)~°).

The easily verified fact that in G(Y), puo(aa™!) = po(a=ta), implies

po((r§)° (r5) %) = no((rg)* (r§) ™).
If we apply the latter to pairs (¢;, d;) for which u® = v, we get that po(C)e(puo (D)) =
1 which shows that po(a;---a,) € ;. If we are now given that qg_l (QAll) = ﬂl, then
woi(ar---a,) € i. Proposition 1 and theorem 2.5 imply that oq(ay - - ap) ~y, 1
proving that P; is aspherical. For the converse, assume that £y # ¢~ 1(A;). It
follows that there is an identity Yi-sequence (a1, ..., ay) such that pio1(ar - -an) €
¢~ (A1) \ ¢y contrary to the assumption of the asphericity for P;. O

3. RELATIVIZING THE PROBLEM

The special case we deal with in this section is that of the pair of presentations
P =GP (x,r1 Urg) and P; = GP(x,r1) where ry Nrg = 0, ro = {ro} is a singleton
and P is an aspherical presentation of the trivial group. If we denote by Ny, Ny
and by N the normal closures of rg, r; and ro U ry respectively in F' = FG(x),
then N = F, and as we know from [5] Ny N N; = [Ny, N;]. We write for short
K = [Ny, N1]. Observe that for N we have the isomorphism N/K = Ny /K x N1 /K
where N1/K acts on Ny/K by conjugation. To see this we first note that every
n € N decomposes (non uniquely) as n = ngn; where ng € Ny and n; € N;. Now
we define

f:N/K — No/K x N1 /K by nK — (ngK,n1 K)

and show that it is well defined and a homomorphism. Indeed, if ngny K = mogm1 K,
then ngni = mgmik where k € K, hence mglno = mlknl_l = k1 € K. It follows
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that ng = mgky and nq = kl_lmlk: and then ngK = myK and n1 K = m1 K. To
see that f is a homomorphism we let n = ngn; and m = mgmy from N. Then,

f(nK -mK) = f(nonimemi1 K)
= f(nonlmonl_1 -nimy K)
= (nonymony 'K, nym1 K)
= (noK,m K) - (moK,m1 K)
— J(nK) - f(nE).

Next we define
g:No/K x N1 /K — N/K by (ngK,n1 K) — noni K.

This is obviously a well defined homomorphism and inverse to f. Finally, we remark
that N1/K = N/Ny. Indeed, let

h: N1/K — N/Ny such that nq1 K — nqNy.
This is well defined since K C Ny, and a homomorphism. Its inverse is the map
J: N/NO — Nl/K defined by ningNg — ﬂlK,

which is well defined since if ningNg = mimgNg, then nflml € NoNN, = K,
hence m; = n1k where £k € K and then m; K = nikK = nyK. That j is a
homomorphism and inverse of h, this is straightforward.

Now we define three crossed modules that will be needed to state and prove the
next theorem. The first one is (C1, N1/K,6;) the free crossed modules over N/K
on r; with codomain restricted to Ny /K. This can be also seen as being obtained
from the free crossed module (Hy /Py, N1,0;) associated with P; = GP(x,r1) (with
codomain restricted to N;) by factoring out elements “r;( *“r;)"'P; for k € K
in the domain and the whole K in the codomain, and let oy : Hy/P; — C’l and
B1 : N1 — N;/K be the respective quotient maps. From the previous remark,
Ni/K = N/Ny and so the free crossed module (Cy, Ny/K,6;) is isomorphic to
(Ci, N/Ny,91) which stands for the free crossed module over N/Ny on ri. An
implication of this is that 6 is injective if and only if ; is. The second crossed
module is (C’o, No/K,b0p) obtained from the free crossed module over N/K on rg
with codomain restricted to Ny/K. Again, this can be seen as being obtained from
the free crossed module (Hy/ Py, Ny, 0p) associated with Py = GP(x, o) by factoring
out elements “rg( ’“‘ro)*lPo for k € K in the domain and K in the codomain, and
let ag : Hy/ Py — Co and By : Ny — Ny/K be the respective quotient maps. The
last crossed module is (C, N/K,8) the free crossed module over N/K with base
riUrgandlet a: H/P — Cand 8: N — N/K be the respective quotient map.

Theorem 3.1. If P = GP(x,r1 Urg) is an aspherical presentation of the trivial
group, then 91 is an injection.

Proof. From the comment above it suffices to prove that 6, is injective, therefore
we use in our proof the free crossed module (Cy, N1/K,61). Since Py is aspherical,
then there exists an F-homomorphism

a:N()%Ho/PO
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such that

[Twirsiut =T

el el

The existence of a comes for free from theorem 3.1 of [11] and the definition shows
that it is an F-map to. The homomorphism a induces a@ : No/K — Cj by the rule

(3.1) a(Bo(no)) = 040((1(”0)),

for if "1n0n € K where ng = [[,; wirg'u; , then

iel

apa( "ngng ) = aga (H n1ui7“8iui_ln1_1> .

il
-1
aoa (H uirf)iui_1> = (H( "1“1'7’0)51'13()) .
iel i€l
(7)) (H( uiTo)EiP()) =1.
i€l
Also @ is an N/K map. Indeed,

a( 7™ Bo(no)) = a(Bo(nnon™"))
= ag(a(nnon™1))
= ao( "a(no))
= "™ag(a(ng))
= Pa(By(no)).

Using (3.1) one can directly check that for every ug € Ny, éodﬂo(uo) = Bo(uo).
For every u € Ny, r € ry and € = +1 we define

(a1 ((“r)°P1)) : No/K — Cy
by
Bo(no) = P (@fo(ng)) (@fo(no)) ™
n(ar(( “r)°Py)) is a derivation. Indeed, for every Bo(ng), Bo(mo) € No/K we have
n(as(( “r)°P1))(Bo(no)o(mo)) =
Bl (@(Bo (n0) Bo (M) (@(Bo (o) Bo (mo))) ™ =
(P a(Bo(n))) (P D a(Bo(mo))) (a(Bo (mo))) ™
(@(Bo(no)) ™ = (P Da(Bo(no)) @(Bo(no))) )
ot (50r0a(By (mo)) (@(Bo(mo))) ") =
(((“r)* P1)(Bo(no))) 70 (5(( )7 Py)(Bo(mo)))-
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Also (a1 (( “r)*Py)) is regular for if By(ng) € No/K we see that
(n(en (( “r)2P1))) o m(en(( 1)~ P1))(Bo(no)) =
nen (1) P1) (o (n(( “r) = P1)(Bo(no))) Bo(no) )
n(aa (( “r) == P1))(Bo(no))) =
(e (( “r)°Pr)) (Bo(ur*u ngurtu="))

(P D a(By (no)) (@(Bo((no))~Y) =

Blurtu™)g a(Bo(ur—*u “nourtu 1))

(@Bo(ur™*u™ nour=u™"))) ~H( F T (Bo (n))
(@(Bo(ne))™1) = Pl e g ( Aer™"u™ 3, (ng)))
(&(ﬁw v )50(710))) !

(Plurmu” )(50("0))( (Bo(no))™") = 1.

So far we have defined a map 7 from the generators of C; to D(Ny/K,Cy) and
show that it extends to a homomorphism

n: él — D(N()/K, éo)
For this we need to show that for every £o(ng) € NO/K and aq (“rPy),a1( VsPy) €

€y we have that f(cn ( “r "s)P1)(Bo(no)) = n(ar( s “rP}))(By(no)). Indeed,
on the one hand we have that

n(ea( “r “s)P1)(Bo(no)) =

(n(ea( “rPr)) on(ea( "sP1)))(Bo(no)) =
n(ar( “r)P1)(p(ay( »spr))(Bo(no)))-
(n(a ( ) 1)(Bo(n0))) =

(a1 Pp) (Bo(vsv'ngus™ v ™h)) -

(5(1)51; DaBo(no))(@Bo((no)))~ 1) _
ﬁ(u'r‘u “vsv 1 aﬁo(( ))(aﬁo((no)))fl

and on the other hand we have
(a7 Vs “r)Pr)(Bo(no)) =
(n(on(“™ " “sPy)) o nlas( “rP1)))(Bo(no)) =
plura™ 030" 5By (n) ) (@(Bo (n0))) ™",
which shows that
n(en( “r "s)P1)(Bo(no)) =

n(aa (M s M Py)(Bo(no)).
Further we define
p:Ni/K — Aut(Co, Ny/K)
by
Bi(n1) = (p1(B1(n1)), p2(Bi(n1))),
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where ~ R
p1(B1(n1)) : Co — Co
is defined on generators by
010( w’l’QP()) — Oéo( nleQP()),

and similarly

p2(B1(n1)) : No/K — No/K by Bo(no) — Bo(ninoni ).

It is easy to see that both p;(81(n1)) and p2(B1(n1)) are automorphisms that make
the following diagram commutative

Co —2% No/K
Pl(ﬁl(nl))l lm(ﬁl(”l))
é() ? No/K
o

and that p is itself a homomorphism.
Further we check that homomorphisms n and p make the following diagram
commutative.

c—— " NJK

nl J{p
D(No/K, Co) —> Aut(Co, No/K)
Indeed, on the one hand we have that
An(ea(“rP1))) = (Togas ( “rPu))s Tn(an( wrpy))s
and on the other hand that
pr(ar( “rPr)) = (pr(Br(uru™)), pa(Ba(uru™))),
and see that
T ( vrpy)) (@ ( “roFo))
= n(ar( “rP1))(Bo(wrow™)) - (ao( “roFp))
— ao( "™ ProRy) - (ao( “roPo)) " - ap ( “roPy)
)

Py

— ao( uru

= pl(ﬁl(uru_l))(oéo( “roFy)),

and similarly that
Onas( “TPl))(BO(wTOwil))
= p2(B1(uru™")) (Bo(wrow™)),
showing that An = pf;. . }
So far we have proved that there exists the semidirect product (Co, No/K, 00) > (1. )
(C1,N1/K,6;). Further we will check that the triple (Co X (n.p) C1,N/K,go)is
a crossed module where g : No/K x N;/K — N/K is the isomorphism estab-

lished earlier by setting (noK,n1K) — ngni; K and was the inverse of f : N/K —
No/K »x N1 /K which maps 5(u) € N/K to (Bo(uo), B1(u1)) where v = ugu; is any
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decomposition of u and so S(u) € N/K is identified with f(8(u)). With this in
mind we define for every S(u) € N/K and (ag,a1) € (Co, C1)

ﬁ(u)(ao’al) — f(ﬁ(u))(ao,m%

which establishes a left action of N/K on Co X (n,0) Cy. Let check the conditions
for (C'O X (n,p) Cy, N/K,gom) to be a crossed module. First,

(ag,a1)(bo,b1) = W((ao’al))(bovbl)(ao’al)
= (Boa0)01(a) (b by)(ag, ar)
_ fg(éo(ao)vél(al))(bo,bl)(a07a1)

_ 9(90(‘10)=91(“1))(bo,b1)(aoaal)
_ (gow)((ao,al))(b07bl)(a(ha]).

Second, if v € N is decomposed as ugu; with ug € Ny and u; € Ny, then

(gom) (a0, @) =

(gor) ( (Bo (o). B3 (1)) (g, al)) -

(gom) (#Wan (4 an)(Eou)) L ) -
B(u)o(ag)B(u) -
fo (a(ﬁowo)) ( 51‘“1)9‘“”51(“”la(ﬁowo)))1) -

Br(ur)f1(ar)B(ur) ™ =
B(w)o(ao)0y (a1) B (u1) =  Bo(uo) ™ =
B(u)(g o m)(ag,a1)B(u)~".

Now we show that there is a morphism v from the free crossed module (é ,N/K, 0)
to the crossed module (Cy x4, ,y C1, N/K,gom). For this we define a map

w:riUrg — éo X (n,p) &
such that
o (Ot()(’f’opo), ].) lf S=Tp
w(s) = { (Lan(rPy)) if s=rer;

Obviously, 8(a(sP)) = ((g o m) o w)(s) for every s € ry Urg, therefore the freeness
of C implies the existence of the desired .

Finally we prove that 6; is injective. Let [Licroaa(“iriPr)% € Kerf; where each
u; is regarded as an element of N;. It follows that ], ; uirfiu;1 € K C Ny and let
HjEijrgjvj_l € Ny such that [T;c, uirfu; " = HjEijrgj vj_l. The asphericity of
P implies that

d=[]("reP) % - T](“r:iP)* =1

jeJ iel
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in H/P, hence in C' we have

1=a(d Ha YirgP)) Ha Yir; P))

jed iel
Applying ¢ on a(d) yields
(1,1) = ¢¥(a(d))
— H( (foﬁ)(“j)(ao(ropo), 1))—5.7‘ H( (foB)(us )(1 a1(riPr)))"

jeJ i€l

= | [T("“Pao(roPe)) ™%, 1| - [ LTJ( 7™ (riPr))=

jeJ i€l

= | TI(P“ao(roPo)) %, 1] - [ 1, ea( “imiPr)°

jed iel
= | [I(P“ao(roPo)) %, [T ea( “riPr)= |,
jeJ el
hence [[;c; ca( “ir3P1)% = 1 proving that 0, is injective. O
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ABSTRACT. We prove in this paper an analogue of the Wagner-Preston theo-
rem for Clifford semigroups. The role of the symmetric inverse semigroup Ix
on a set X is played in our theorem by what we define here as the symmet-
ric Clifford semigroup 4(S) on the semilattice of ideals of a semigroup (.S, ),
which consists of all partial bijections of the underlying set S with domain and
codomain an ideal of (S,-) and that preserve all ideals of (.S, -) which include
in the domain. Our theorem then states that every Clifford semigroup (S, )
embeds into its symmetric Clifford semigroup %(.5).

1. INTRODUCTION AND PRELIMINARIES

It is shown in [5] that the construction of the symmetric inverse semigroup Ix
on a fixed set X is an aspect of a more general construction that can be carried
out in every small monosetting. We will give below a few details on monosettings
in general, and than stop to the monosettings associated with an object X in Set
to see how the symmetric inverse semigroup Ix can be constructed in that case.
As it is emphasized in [5], such construction is still possible if Set is replaced by
any well powered category K having finite intersections. The reason we pursue
this path is our intention to prove an analogue of the Wagner-Preston theorem for
Clifford semigroups which would first require the definition of a Clifford semigroup
analogue of the symmetric inverse semigroup on a set X. This definition is made
in this paper following the new conceptual framework of monosettings.

Let K be a category and let X be an object there. The monocontext of X
in K is the pair (M(X),X) where M(X) denotes the subcategory of K of all
monomorphisms between all objects A of K for which a monomorphism v : A — X
exists. If it happens that M (X) has finite intersections, then (M (X), X) is called
a monosetting.

Given any monosetting (M, X), we can define an inverse semigroup (M, X) in
the following fashion. Consider parallel pairs of morphisms (a, ') : A — X with A
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varying in M. We say that two such pairs (a, o) and (8, 8’) are equivalent if there
is an isomorphism pu € M such that 8 = ap and 5’ = o’u. A fractional morphism
is the equivalence class of such a pair, with the class of (a, ') denoted by [«, /]
We let I(M, X) be the set of all such classes, and endow it with a multiplication
defined by setting
(o, o'][B, B'] = [k, B,

where x and ) arise from taking the intersection of the middle pair, o’ and 3 in
M: o/ NS = o'k = BA. This multiplication turns out to be independent on &
and A, and on the representatives («, ') and (8, 8’). Furthermore I(M, X) is an
inverse monoid. In example 1.4 of [5] it is shown how this construction gives the
symmetric inverse monoid on X when the monocontext of X in Set is made of
all non empty subsets of X with morphisms being precisely the inclusions between
such subsets. In the next section we will modify the monosetting in such a way that,
following the recipe provided in example 1.4 of [5], we obtain an inverse semigroup
with central idempotents, aka a Clifford semigroup. Further, we prove that every
Clifford semigroups embeds into a Clifford semigroup constructed as above, which
is our representation theorem.

Finally, we give below a few detail regarding the structure of Clifford semigroups.
The following is theorem 4.2.1 of [3].

Theorem 1.1. Let S be a semigroup and E the set of its idempotents. Then the
following are equivalent:

(1) S is a Clifford semigroup;

(2) S is a semilattice of groups;

(3) S is a strong semilattice of groups;

(4) S is regular, and the idempotents are central;
(5) S is reqular, and D’ N (E x E) = 1p

If F is a semilattice, then a strong semilattice of groups is a collection of groups
{H. with e € E} together with the group homomorphisms ¢, : H. — H,, for
every e > ¢’ satisfying the following conditions.

(1) For every e € E, @, . is the identical homomorphism of H,

(2) For every e; > €2 > e3, Pez,esPer,ez = Peqes
It turns out that if e > e/ and f € E such that e/ = ef, then p. o : He = Hey
maps every € H, to xf. In other words we have that ., = py | He, where py
is the right translation of S by f. We can express the multiplication in Clifford
semigroup S in terms of mappings ¢, ., and the multiplication in each group H.
in the following way: for every e;,es € E and every ;1 € He, and z2 € H,,, we
have: T1Z2 = Qe;,e1e0 (T1)Pes.eres (T2) = (r1€2)(22€1) Where the multiplication of
the right hand side is the multiplication of the group H,,.,. In the particular case
when z € H., y € Hy and e < f, then the product zy equals to ¢, r(z)y.

2. THE REPRESENTATION THEOREM

Let Sgrp be the category of semigroups and U : Sgrp — Set be the forgetful
functor. For a fixed semigroup S, we consider the subcategory A(U(S)) of Set
with objects all U(I) where I is an ideal of .S, and morphisms all bijective maps
o :U(I) — U(T) such that for every ideal J of S such that J C I, a(U(J)) = U(J).
We say that a preserves ideals of S that include in I. The letter A of A(U(S)) stands
for automorphism and is chosen to reflect the fact that a morphism of A(U(S))
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with domain the underlying set of some ideal I fixes the semilattice of ideals which
include in I. It is a routine matter to prove that A(U(S)) is a category with finite
intersections. The pair (A(U(S)),U(S)) is called the J-isosetting of U(S) in Set.
Consider now the set of all pairs of parallel morphisms («, ') with domain and
codomain some U(I). Two such pairs (o, a’) and (8, 8’) with respective domains
U(T) and U(J) are called equivalent if there is a bijection u : U(J) — U(I) such
that § = ap and 8 = o/p. From this it follows directly that () = U(J) and
that p is a morphism in A(U(S)). We call a fractional morphism the equivalence
class of (o,a’) and denote it by [o,a’]. The set of all such classes is denoted
by J(S). Beside the J-isosetting (A(U(S)),U(S)) defined above, we consider the
monosetting (M (U(S)),U(S)) and the inverse semigroup Iy;(5) whose elements are
the equivalence classes of pairs (a, ') of parallel morphisms with domain a subset
D C U(S) and codomain U(S). There is an injective map © : J(S) — Iy (g)
which sends [a, &/] to [ta, 1] where ¢ embeds the image of a into U(S). We use
this injection to define a multiplication in J(S) in terms of the multiplication in
Iys). Let [o,a'],[B,5'] be two fractional morphisms in J(S) where the domain
of av is U(I) and that of 8 is U(J). Let now [wa,a’] = O([e, &]) and [nB,ns'] =
O([B,8']). As it is explained in Example 1.4 of [5], [ta, /] = [ta(a’)1, ] and
similarly [n8,1n8"] = [n8(8")~1,n]. The product [ta,ta’] o [nB,nB'] is the class
[ta(a’) " k,nA] where k = B(8')71C : C — U(I) is the restriction of B(3)~! on
C = BB)™H=HUT) NU(JT)), and X : C C U(J) is the inclusion. Since the
preimage under © of [ta(a’) ™!, 1] is [a(e/) ™!, didy ()] and similarly the preimage of
B(B") "1, m] is [B(B') !, idy(.s)], we can now define the product in J(S) by setting

[a, /] o [8,8'] = [ala!) 'k, idyryrucn)-
Summarizing, we have defined a semigroup (J(S), o) where the elements of J(S) are
classes [, idy(r)] where U(I) is the underlying set of an ideal I of S, o : U(I) — U(T)
is an ideal preserving bijection, and the multiplication of two such classes [, idyy( 1)]
and [B, idy(.] is given by

[, idy ()] © [By idy ()] = [k, idyrymu ()
where & is the restriction of 8 in S=*UI) NU(JT)) =UI)NUJT) =U(I N J). We
can think of the composition ak as the composition af restricted in U(INJ). It is

more suitable for our purpose to give the whole thing a more semigroup theoretic
flavor. Before we do so, we give the following.

Definition 2.1. Let (5,-) be an ordinary semigroup. We denote by %(S) the set
of all partial bijections « of the underlying set S such that:

(i) dom(a) = im(a) = I where I is the underlying set of an ideal of S;
(if) If J C I is the underlying set of an ideal of S, then a(J) = J. We say that
« preserves the ideals J of S which include in 1.

Remark 2.2. The set €(S) can never be empty because for any ideal I, the identity
map on [ satisfies property (ii) of the definition.

We will make €(S) into a Clifford semigroup in the following way. Let o« : [ — T
and B : J — J be two elements of €(S) and let K = I N J which is again an ideal
of S. Define now avo 8 : K — K such that (ao f8)(x) = a(B(x)) for all z € K. The
composition af is a bijection which preserves the ideals of S that are contained in
K, since both « and 8 do so. This shows that o § € F(5).
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Theorem 2.3. (%(S),0) is a Clifford semigroup.

Proof. Tt is obvious that o is associative. On the other hand, (%(S5), o) is regular
for if o : I — I is an element of €'(9), its inverse map a ! : I — [ is from definition
2.1 again in €(S). We remark now that an idempotent ¢ € %(S) is nothing but
the identity map on some ordered ideal I of S since for every x € I, (e€)(z) = e(x)
implies that
e(@) = (7' (o) (@) = (e e)(a) = .

Now we prove that idempotents are central. So let € : J — J be any idempotent
and a : I — I any element of €(S). Write K = I NJ, and then from the definition
of o we have that € o @ and « o € are both in € (S) with domain K. We prove that
they in fact coincide. Indeed, for every = € K we have

(eoa)(z) = (ea) () = (),
and
(aoe)(z) = ale(z)) = a(z),

proving the equality coa = aoe. ]

Definition 2.4. For every semigroup (.5, ) we call (¢'(S), o) the symmetric Clifford
semigroup on the semilattice of ideals of (S, -).

Now we return to (J(S), o) to see how it is related with (%(S5), o).

Proposition 1. The two semigroups (J(S),0) and (%(S),0) are isomorphic. In
particular, (J(S5), o) is a Clifford semigroup.

Proof. Define Q) : €(S) — J(S) by sending each ideal preserving bijection o : I — I
to [a,idy ). This map is clearly bijective, and a homomorphism since for every
two ideal preserving bijections o : I — I and 5 : J — J we have that

Qa0 B) = [af,idynn] = o, idy)] o [B,idy )] = Qa) 0 Q(B),

where « o 3 is regarded as the usual composition o3 but restricted in I N J. O
Before we prove our main theorem, we prove a preliminary result.

Lemma 2.5. For every Clifford semigroup (S, ), the intersection of two principal
ideals aS and bS is the principal ideal abS.

Proof. Let aS and bS be two principal ideals of S, and want to prove that aS N
bS = abS. First we note that for every a € S, aS = aa~'S. Indeed, since
a=aa"ta €aa'S, then aS C aa~'S. Conversely, aa~'S C aS is trivial. Finally
we want to prove that aSNbS = abS. It is obvious that on the one hand abS C a.,
and on the other hand abS = Sab C Sb = bS, therefore abS C aS N bS. For the
converse, let ax = by € aS N bS. Since aS = aa~1'S, then ax = aa~'2’, and since
bS = Sb, then by = y'b. So our element in the intersection now is aa='2’ = y'b.
Since idempotents are central, aa 'z = zaa~', hence z’aa~! = y'b. Multiplying
both sides with the idempotent aa~' we have z’aa™! = y'baa~!. Using the fact
that aa™' = a~'a is central, we obtain 2'aa™! = y'a"tab € Sab = abS, which
proves that ax € ab$. [

For every Clifford semigroup (5, -) we can consider the symmetric Clifford semi-
group (€(S), o) associated with (S, -). The following is the analogue of the Vagner
Preston theorem for Clifford semigroups.
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Theorem 2.6. Every Clifford semigroup (S,-) embeds into (€(S5),0).

Proof. Define ¢ : S — €(S) by sending every a € S to ¢(a) : aS — aS such that
¢(a)(z) = ax for every z € aS. We prove first that ¢ is correct which amounts to
saying that ¢(a) is indeed in €(S), which in turn means that .S is an ideal, ¢(a) is
bijective, and ¢(a) preserves all ideals J C I of S. To prove that ¢(a) is injective,
we recall first that aS = a='S. Let now a~'s and a~'t be two elements of =15
such that ¢(a)(a='s) = ¢(a)(a='t). Hence, aa~'s = aa~'s, and after multiplying
on the left by a=!, we obtain a='s = a~!t. Also ¢(a) is surjective since for every
ay € aS, ¢(a)(a"tay) = a(a”tay) = ay. It remains to prove that ¢(a) preserves all
ideals J C T of (S,-). This is an obvious implication of the weaker statement that
¢(a) preserves all principal ideals bS C aS. To prove that ¢(a)(bS) = bS, we recall
first that bS5 is a disjoint union of H-classes H, where v is an idempotent such that
v < o where o = aa~! is the idempotent of the H-class H,. Consequently, for
every y € H,, we have that ay = ¢, ~(a)y. Letting E be the semilattice of the
idempotents of S, we can now write

¢(a)(bS) = U Pa,y (@) Hy

yEENbS

= U H, =10S, (since @q ~(a) € Hy,)
yEENbS

which proves that ¢(a)(bS) = bS. Next we prove that ¢ is injective and a homo-
morphism. Indeed, if there are a,b € S such that ¢(a) = ¢(b), then aS = bS and

as a result ¢ 'a = b~1b. Now we can write
a=a(a"a) = ¢(a)(a"'a) = ¢(b)(a"a) = G(b)(b~"b) = b(b~"b) = b,

which proves the injectivity. To prove that ¢ is a homomorphism, let a,b € S,
then, on the one hand ¢(abd) : abS — abS is the left translation by ab, and on the
other hand ¢(a) o ¢(b) : (aSNbS) — (aSNbS) is the composition ¢(a) o ¢p(b) of the
restrictions of ¢(a) and ¢(b) on aS N bS which from lemma 2.5 equals abS. This
composition sends every b='a~"1s € abS to

(6(a) 0 6(0) (0~ a™"s) = p(a)(H(b)(b™"a™s))
(a)(bb~ta"1ts)
(

= ¢(ab)(b™'a"s),

which proves that ¢(ab) = ¢(a) o ¢(b). O

Remark 2.7. The benefit of considering monosettings to define the symmetric in-
verse monoid on a set X, is that it makes it possible to define the symmetric Clifford
semigroups by restricting in the appropriate subcategory. This restriction shows
also that the symmetric Clifford semigroup €(S) we define is a subsemigroup the
symmetric inverse semigroup Ig.
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ABSTRACT. The paper presents a review of the results related to the inter-
connectedness between the two fundamental notions of probability theory and
mathematical statistics, namely, the independence and uncorrelatedness of
random variables. Both classical results and recent researches will be dis-
cussed. Two open problems are formulated.

1. INTRODUCTION

Independence as a concept is vital in Probability Theory, Mathematical Statis-
tics, and their different applications. It is commonly known that the condition of
independence or dependence are crucial conditions in the great majority of proba-
bilistic results. Due to a high degree of importance of the independence concept,
various generalizations of independence have been introduced and studied. One of
the earliest and most useful generalizations is uncorrelatedness of random variables.
This paper presents an overview of results related to extensions of the uncorrelat-
edness property to sets of n random variables along with their powers.

To begin with, let us recall the following basic definition.

Definition 1.1. Let (2, F, P) be a probability space. Random events Ay, Aa, ..., A,
are independent if, for every selection 1 < j; < jo < -+ < jir < n, the following
equality holds:

(11) P(Ajl ﬂAjzﬂﬂAJk)ZP(AJI)P(AJQ)P(A]k) k:?,...,n.

That is, n random events Ay, Ao, ..., A, are independent if the 2" —n—1 product
rules hold. If at least on the the equalities fail to be true, random events are said
to be dependent. Despite the fact that this definition is presented in all texts in
probability theory and statistics, the following question is often remains in the
shade: do we need to check all of these equalities or it suffices to verify only some
of them?
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Key words and phrases. Independence structure, Levels of independence, Moments, Uncor-
reletedness set .
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The examples for n = 3 events show that it is not possible to decrease the number
of conditions.

First, let us show that there exist 3 random events A, B, and C such that
PANBNC)=PA)P(B)P(C),whileP(ANB)#P(A)P(B),P(ANC) #
PA)PC),and P(BNC)#P(B)P(C).

Example 1.2. Let Q = {1,2,3,4,5,6,7,8}, where each outcome has probability
1/8. Consider the random events A = {1,2,3,4}, B = {1,3,4,5},C = {1,6, 7,8},
each of them has probability 1/2. Since AN BN C = {1}, it follows that

PANBNC)=PA)P(B)P((C).v
At the same time,

ANB={1,3,4) = P(ANB)=3/8 #P(A)P(B)=1/4;
ANC = {1} = P(ANC)=1/8 £P(A)P(C)=1/4;
BnC ={1} = P(BNC)=1/8 #P(B)P(C)=1/4.

The following important examples showing that 3 pairwise independent random
events may not be independent are due to G. Bohlmann and S. N. Bernstein. They
can be found, for example in [7]. The history of the problem is presented thoroughly
in [4.

Example 1.3 (Georg Bohlmann, 1908). There exist 3 random events, which are
pairwise independent, but not mutually independent.

Let Q = {(111), (111), (111), (100), (100), (100), (110), (101)
(010), (010), (010), (001), (001), (001), (011), (000)}

with equal probability 1/16 for all outcomes. Consider

A; = {all outcomes having 1 at the i*" place}, i = 1,2,3. Then P (4;) = 1/2,i =
1,2,3and P(A;NA;) =1/4 =P (A;)P(A;),i # j.v Therefore, A1, A, and Az
are pairwise independent. Meanwhile, we have:

P (A, N Ay N Az) = 3/16£1/8 = P (A,) P (A2) P (A43)

Example 1.4 (S. N. Bernstein, 1928). There exist 3 random events, which are
pairwise independent, but not mutually independent.

Let © = {1,2,3,4} with equal probability 1/4 for all outcomes. Consider
A; = {1,2}, A = {1,3}, As = {1,4}. Obviously, all events A;,i = 1,2,3 have
probabilities 1/2, their pairwise intersections as well as the intersection of the three
events consist only of outcome {1} and hence these intersections have probabilities
1/4.

Consequently, P (4; N A,) = 1/4 = P (A4;)P (4;),i # j.v" Therefore, Ay, As,
and Aj are pairwise independent. Mfanwflile7 we have:

P(AiNAsnA;s) = 1 # 3 =P (A;)P (4A2) P (A3)

Although random events Aq, As, ..., A, for which at least one of equalities
is violated are said to be dependent, daily life experience proves that dependence
among events may vary in terms of strength, ranging from mild ‘influence’ to strong
‘cause-effect’ connections. It seems practical, therefore, to distinguish the different
types of independence or dependence, and to introduce appropriate notions regard-
ing partial independence. Some of such notions will be discussed in the consequent
sections.
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2. LEVELS OF INDEPENDENCE AND THE ITALIAN PROBLEM

The notion was introduced and examined by Jordan Stoyanov, the author of the
“Counterexamples in Probability”, see [7]. It provides a far-reaching generalization
of the classical examples related to the independence conditions of n random events.

Definition 2.1. Let (92, F, P) be a probability space. Random events Ay, As, ..., A,
are independent at level k,2 < k < n if, for every k-tuple 1 < j; < jo < -+- < j <
n, the following equality holds:

P(Ajl ﬂAj2 m"'ﬂAjk) :P(Ajl) 'P(AJQ)"'P(Ajk)'
Otherwise, these random events are said to be dependent at level k.

Clearly random events are independent if and only if they are independent at all
levels 2,3, ...,n. Independence at level 2 is just the pairwise independence.

The following observation is crucial for understanding the notion of indepen-
dence:

The independence at one level does not imply the independence at any other
level - either higher or lower.

A detailed proof of this statement can be found, for example, in [§].

J. Stoyanov introduced another important notion related to the independence
properties of a collection of random events.

Definition 2.2. Given a probability space (2, F,P) and a collection of random
events Ay, Ao, ..., A,. The independence structure of these random events is a
finite sequence (i, i3, ...,4,) , where 0 < i < (2) is the number of k-tuples among
Ay, As, ..., A, for which the product rule holds.

It is obvious that, for any collection of n random events, its independence struc-
ture can be uniquely determined. Yet, a more challenging problem is the next one,
proposed and eventually solved by J. Stoyanov.

The Italian Problem. Let us have a sequence of integers (ig, i3, . .., 4,) with
0<ip < (Z) In this case, does there exist a probability space (2, F,P) and a
collection of n random events A, Ag, ..., A,, such that (ia,1s,...,4,) is exactly

their independence structure?

J. Stoyanov obtained the affirmative answer to this question in the same paper
[8]. Actually, he proved a more general statement. To formulate his result, we
introduce the following notation. For random events Ay, ..., A, denote

Jk ::{(jla"'vjk):lgjl<"'<jk§n

k k
and P(()4;)=][PA4)} k=2,....n
=1 =1

The sets Ji(k = 2,...,n) list those k- tuples for which the multiplication rule
holds. Obviously, ix =| Jx | (k =2,...n). We call the finite sequence (Ja,...,Jy)
the independence characteristic of the set of random events Ay, ..., A,. Evidently,
the independence characteristic provides more detailed information than the inde-
pendence structure.

The following generalization of the Italian problem holds.

Theorem 2.3 ([§]). Let (Ja,...,Jn), where
Je S0 de) 1< i< <gr<n} k=2,....n
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be a given finite sequence.
Then there exists a probability space (U, F, P) and a collection of random events
Aq,..., A, € F such that (Ja,...,J,) is the independence characteristic of A1, ..., A,.

That is, we may prescribe not only the number of k-tuples for which the multi-
plication rule holds, but also specify in advance k-tuples themselves.

3. INDEPENDENCE, UNCORRELATEDNESS AND UNCORRELATEDNESS SETS OF
RANDOM VARIABLES

For the sake of simplicity of presentation we discuss only the case of two random
variables, though all results below can be generalized for n > 2 random variables.

Definition 3.1. Random variables X; and X5 are independent if
P{Xl e FinNXs e EQ} = P{X1 S El} . P{X2 S EQ} for all Ei,E; CR.

Although this definition is presented in all probability and statistic courses, in
applications it is often confused by weaker conditions indicating the weak or no
relationship between the variables.

The most popular condition to be used in place of independence is uncorrelated-
ness of random variables.

Definition 3.2. Random variables X; and X5 are uncorrelated if
E(X1X5)=E(X;)E(X>),
provided that all of the expected values exist.

It is commonly known that independent random variables are uncorrelated. How-
ever, random variables may be uncorrelated without being independent.

Example 3.3. Let Q = [0,27] be a sample space with the probability P(A) =
>length(A), and let X7, X, be random variables on Q given by: Xi(z) = sinz
and X3(z) = cosz. The expected values of these random variables can be found
easily: E (X;) = E(X3) = 0. Also, E (X;X3) = 0, whence we see that X; and Xo
are uncorrelated. However they cannot be independent because they are connected
with the well-known identity: sin®z + cos? z = 1.

Uncorrelatedness is measured with the help of a correlation coefficient
E(X;X5) — E(X;)E(X>)
0X,0X,
taking values from —1 to 1 with p = 0 if and only if random variables are uncorre-
lated, while p = £1 indicates a linear dependence between X; and Xs.

Notice that not only p = 0 does not imply independence, but uncorrelated
random variables can be even functionally dependent (but not linearly).

In the interesting article [2], the connection between the condition of indepen-
dence and the lack of correlation is investigated from the historical perspective.

The aim of this paper is to discuss the uncorrelatedness of positive integer powers
of random variables.

Regardless of the fact that many different approaches on measures of indepen-
dence have been developed, in distinction from the uncorrelatedness, there is no
universal way of measuring whether random variables are “more independent” or
“less independent.” Here, we make one more attempt to compare the degrees of
relationship between random variables based on the next definition.
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Definition 3.4. Let X; and X, be random variables with finite moments of all
orders. The collection of pairs (j,1) € N2 so that X{ and X} are uncorrelated is
called an uncorrelatedness set of X1 and Xs.

We denote an uncorrelatedness set of X7 and X by U(X1, X5). The definition
above means that

(1) € U(X1, Xz) & B (X{X}) =B (X{) B (x}).

Random variables X; and X5 are uncorrelated in the usual sense if and only if
(1, 1) S U(Xl,XQ).

Uncorrelatedness sets give us a partial order of “independencies”: we may think
that the wider an uncorrelatedness set is, the more independent random variables
are. However, sometimes we cannot compare degrees of independence for different
random variables with this approach. Obviously, for independent random variables
U=N2

Remark 3.5. Note that U(X;, X2) = N2 does not imply the independence of X;
and Xo, as it was proved in [5]

Which sets in N2 can be uncorrelatedness sets?

Theorem 3.6. ([6]) Let a subset U of N? be given. There exist random variables
X1 and X5 such that U is their uncorrelatedness set.

In other words, for an arbitrary subset U of N2, there exist random variables X
and X5 such that

E(X{X}) = BE(X])E(X)) for all (j,1) €U,

while ‘ ‘
E(XIX}) # B(X])B(X}) for all (1) ¢ U.

4. UNCORRELATEDNESS SETS FOR RANDOM VARIABLES WITH GIVEN
DISTRIBUTIONS

Despite the general result on an arbitrary uncorrelatedness set, the statement
cannot be true for for random variables with predetermined distributions.

For example, two binary random variables are independent if and only if they
are uncorrelated. In other words, for such random variables U(X1, X2) 3 (1,1) &
U(X1, Xo) = N2,

Even more generally, if X; and X, are discrete random variables taking two
values, then the uncorrelatedness implies independence, that is, again U (X7, X3) 3
(1,1) & U(Xy, Xo) = N2

As it turns out, we obtain the challenging problem of describing possible uncor-
relatedness sets for random variables with given distributions.

First, consider some simple results in this directions.

Example 4.1 (D. Yildirim). If random variables X; and X5 are such that X; €
{a,b}, X5 € {¢,d}, a < b,c < d, then:
e If for both random variables the sets of values are not symmetric, then either
U(X1, X2) = N? (and random variables are independent) or U (X1, X3) = 0.
o If just one set of values is symmetric, say, X; € {—a,a}, then either
U(X1,X3) = N? (and random variables are independent) or U (X1, X3) =
2N x N.
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e If both of them sets of values are symmetric, then either U (X, X5) = N?
(and random variables are independent) or U (X1, X2) = 2N x 2N.
The next problems on the uncorrelatedness sets turn out to be very challenging:

e Describe all possible uncorrelatedness sets of discrete random variables tak-
ing three values: X7 € {a1,b1,c1}, Xo € {ag,ba,c2}.

e Describe all possible uncorrelatedness sets of two normal random variables:
variables taking three values: X; ~ N (a1,01}, Xo ~ N(ag,02).

Both problems are still open, only some special cases have been considered. In the
proceeding section, we consider partail solution to the first one.

5. UNCORRELATEDNESS SETS FOR RANDOM VARIABLES TAKING 3 VALUES

The problem was investigated in the paper [9]. We consider random variables X
and Y uniformly distributed on the set {a,b,c},0 <a <b < c.

Theorem 5.1 ([9]) The following possibilities exist for U(X,Y):

e UX,Y)=

e UX,Y) = Jo,lo) any given (jo,lo) € N?;

o U(X,Y) = {(j1,l), (ja, l2)}, where j1 # j2 and Iy # la.

. If(jl,ll) (jo,l2) € U(X,Y) and j1 = ja, then {j1} xN € U(X,Y). Likewise

for ly =ly. That is, two points on the same vertical/horizontal line cannot
form an uncorrelatedness set. Meanwhile any vertical/horizontal line can
be an uncorrelatedness set.

e The line j =1 may be an uncorrelatedness set.

Corollary 5.2. For random variables taking 3 values uncorrelatedness does not
imply independence.

Theorem 5.3 ([9]). There exist random variables X and Y uniformly distributed
on 8 values with uncorrelatedness set of any given size n € Ny.

Namely, if {a,b,¢} = {a,a8,a8?}, then every straight line j +1 = n is an
uncorrelatedness set (of size n — 1).
6. A SCALE OF DEGREES OF INDEPENDENCE

Uncorrelatedness sets may be used to construct not only partial but also linear
order for the degrees of independence. Ona of the approaches uses the definition of
k-independence given in [T} [5].

Definition 6.1. . Let k£ > 2 be a positive integer. We say that random variables
X1 and X5 are k-uncorrelated if

E(X{X}) = B(X)E(XY) for {(j,1) e N?:j+1<k}.

Obviously, 2-uncorrelatedness coincides with uncorrelatedness in the usual sense,

and independent random variables are k-uncorrelated for all k = 2,3,... As we
have already mentioned, k-uncorrelatedness for all £k = 2,3,... does not imply
independence.

In terms of uncorrelatedness sets, we may say that X; and X5 are k-uncorrelated
if and only if Ay C U(X1, X2), where Ay is the triangle j + 1 < k.
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Clearly, (k + 1)-uncorrelated random variables are k-uncorrelated. It is proved
that converse is not true, that is (k 4+ 1)-uncorrelatedness is a strictly stronger
condition than k-uncorrelatedness.

As a result, we obtain the following scale of independence: 2-uncorrelatedness

(uncorrelatedness), 3-uncorrelatedness, 4-uncorrelatedness, ... , k-uncorrelatedness
for all k = 2,3, ..., convolutional independence and, finally, independence.
° ®
2-uncorr 3-uncorr e k-uncorr for all k convolutional indep independence
Figure 1

7. CONCLUSIONS

Since probabilistic methods play a profound role in modern theoretical and ap-
plied research, there is no doubt that the summary of results on the underlying
fundamental concepts of probability theory is beneficial for the purpose of pro-
viding the educators and researches with with an up-to-date background to the
subject.
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ABSTRACT. In this paper, we establish some sufficient conditions to guarantee
the existence of non-global solutions to the model for any 1(0) and also derive
the upper bounds for the blow-up time and a criterion for blow-up.

1. INTRODUCTION

In this paper, we study the following parabolic problem
up = Au+ f(u), x € Q,t >0,
(1.1) u(z,0) = up(x), z € Q,
u(z,t) =0, z € 00, t > 0,
where Q € RV is a bounded domain with a smooth boundary 9 and the source
term is of the form

f,u) = BuP® or flu) = / wt® (y, 1) dy,
Q

and 8 > 1is a parametr. We impose the following conditions on the variable sources
functions p, ¢ : @ — (1,400) such that

(1.2) Il<p <p(x)<p" <+ocae x€Q,
and
(1.3) 1<q <q(r)<qt <+ooae z€.

Equation (1.1) describes the diffusion of concentration of some Newtonian fluids
through porous medium or the density of some biological species in many physical
phenomena and biological species theories (see [5, 8]).

Under certain conditions on the initial data and certain ranges of exponents,
the existence, uniqueness, blow up and other qualitative properties of solutions for
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parabolic equations with constant and variable nonlinearity have been studied by
many authors (see [1, 2, 4, 6, 7, 9, 11, 12, 14] and references therein).

In [13], the author studied the blow up in finite time with initial data which is
sufficiently large for positive solutions of parabolic and hyperbolic problems with
reaction terms of local, nonlocal type involving a variable exponent for following
problem:

up = Au+ f(u), (z,t) € Q2 x1[0,T),
(1.4) u(z,0) = up(z), x € Q,
u(z,t) =0, (z,t) € 002 x [0,T),
where the source term is of the form
o) = a @) w® or f(w) = a(a) [t (1) dy,
Q
and functions p,q : Q — (1,400) and the continuous function a : Q@ — R :

(1.5) 1<p <p(z)<p" <+,
(1.6) 1<q <q(z)<q" < +oo,
(1.7) 0<e¢,<a(r)<C, <+oo.

The author stated the following Theorem and proved the existence of initial data
such that the corresponding solutions blow up at a finite time.

Theorem 1.1. (Theorem 1.1 in [13]). Let Q € RY be a bounded smooth domain
and let u be a positive solution of equation (1.4), with p,q and a satisfying conditions
(1.5) = (1.7). Then, for a sufficiently large initial datum ug (x), there exists a finite
time Ty > 0 such that
sup [Ju (., t)]l = +oo.
0<t<Ty

In this paper we study the blow up problem for positive solutions of parabolic
problems with reaction terms of local and nonlocal type involving a variable sources.
Based on a modified differential inequality technique, we establish some sufficient
conditions to guarantee the existence of non-global solutions to the model and also
derive the upper bounds for the blow-up time for any initial data of the problem
(L.1).

We define the function

(18) 0 (t) = /Q wprd,

where p1(z) > 0 in Q and Ay > 0, respectively, the first eigenfunction and the
corresponding (smallest) eigenvalue of the problem

(1.9) Ap+Adp =0,z €, ¢y, =0,

/ p1dz = 1.
Q

Definition 1.2. We say that the solution u (z,t) blows up in a finite time if there
exists an instant Ty < +oo such that

and

lu(.,t)|l o — 00 as t — TF.
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It is easy to see that the finite time blow-up happens if, say, there exists a
moment Ty < +oo such that n (Ty) = +oo. Indeed:

n(t) = / uprde < ||u(,t)||oo/ prde = |ju(.,t)||, — o0 ast — T}.
Q Q

This observation allows us to characterize blow-up of the solution u (z,t) in terms
of the function 7 (¢).

2. MAIN RESULTS AND PROOFS

Next we will use Kaplan’s method (see [10]) to investigate the upper bound for
blow-up time of blow-up solution to problem (1.1).
Our main results are the following theorems:

Theorem 2.1. Let Q be a bounded smooth domain in RY and let u be a positive
solution of problem (1.1), and function p satisfying condition (1.2) and

f(a,u) = pur®).
If

n” (0)

O< A\ < ——2
T g (0)

and
pt—p—

8 > max ( 17 ) ! ,1 5,
(I=A)nP” (0) =\

then the problem (1.1) has no global solutions in finite time Ty > 0 for any n(0).

We have
“+o0
/ ds _ >y,
0 (1 —=X)sP™ =\ — B »F—r—

where

10)= [ aopu.
Q

Theorem 2.2. Let Q be a bounded smooth domain in RN and let u be a positive
solution of problem (1.1), and function q satisfying condition (1.3) and

flu) =58 /Q W (y,1) dy.
I

n? (0)

0< A\ < = )
lerllo (1+m97 (0))

and
gt —q—

1 a~
£ > max < - ) J1p,
(I =X lle1lloo) n? (0) = Ar lln o
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then the problem (1.1) has no global solutions in finite time Ty > 0 for any initial
data ug. We have

+o0 d

/ il € Ly,
"0 (1= M leilloe) € = A llenlle = B0

We consider the problem (1.1) but now ask that p satisfying condition 0 < p~ <

pT < 1. In this case, we show that the solution remains bounded for all time when
a restriction is imposed on the constant 3.

Theorem 2.3. Let Q be a bounded smooth domain in RN and let u be a positive
solution of problem (1.1) and

flz,u) = BuP®)

If function p satisfying conditions 0 < p~ < pt <1 and 0 < 8 < %1, then u is
bounded for all time.

Proof of Theorem 2.1. Taking the scalar product in L?(Q) with ¢; of both
parts of the equation (1.1) and integrating the resulting expression in ¢, we obtain
the equality

(2.1) (u,01) —bo = —\1 /Otn(s)ds + B/Ot (Up(””),%) ds,

where
bo = (uo,¢1) > 0.
Let remind the following elementary inequality (see [3]):

L
(2.2) ad — o™ < a (%) " e >0,
where a,b > 0 and 0 < I < m. By using (1.2) and (2.2) , since 8 > 1 we derive
T T
(2.3) @ — pur) < (;) SR (;) T wreq,

and so we have

_ __»
(2.4) BuP@ oy > uP gy — BT r - 1.
By (2.1) and (2.4), we get

(u, 1) = bo

t t t .
(2.5) > / (up_ , <p1) ds — A\ / n(s)ds— / / B rT—r~ pidxds.
0 0 0o Ja

Furthermore, taking into account the fact that p~ > 1, by using Hélder’s inequality,
in (1.8), we obtain
1

p——1
£ 1L — P P
/ucp{ p, T dx < (/ uP <p1d:v> (/ <p1d:1:>
Q Q Q

1

(2.6) = </Q up_goldx> '

n (t)
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By (2.1), (2.5) and (2.6), we can write

(2.7) n(t)—b0>/0t (np (s)—ﬂ‘rﬁls)ds—xl/otn(s)ds.
From (2.7), we obtain

(2.8) W () 2P (6) = A () = B > 0.

Since

from (2.8), we get

(2.9) 7)) > A= )0 () =M =B 7 =" =f(n(t),t>0.
Obviously, since p~ > 1 and

1 T
S > max <(1—>\1)77p(0)—/\1> N

and
. n” (0) _ " (0)
A < mm{l—i—np (0),1} = s (0)7

we can get that the function 1P is monotone increasing for all ¢ > 0, then we
can know that the solution of problem (1.1) blows up in finite time. Therefore the
solution of the boundary value problem is unbounded. Moreover, dividing the both
parts of (2.9) by f (s) and integrating, we have

(1) ds
I(n) = / s oy
) ) f(s)

Since the integral I(s) is convergent at s = +oo, this inequality is possible only if
there exists Ty such that tlil%”? (t) = oo. Therefore u cannot exist globally. The
—1r

proof of Theorem 2.1 is completed. [l

Proof of Theorem 2.2. Let us now consider the case

flu) = ﬁ/ ut™ (y,t) dy.
Q
We obtain in much the same way

n(t) —bo
= -\ /0 tn(s) ds + /O t /Q < /Q But®™ (y, s) dy) ©1 () dads,

by = (uo,gol) > 0.

where

Similarly relation (2.3), we have

ut = fuW) < fTIE Wy e,
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with 8 > 1, then

n () — bo

t t -

> —)\1/0 7(s) ds—|—/0 /Q(uq (y,s) —p aF-a )dy/ggal (z) dxds
t t -

> o [ s e [ (6 0 - 577 ) o ) dus
t t -

> 7>\1/0 n (S) ds + HSOI]-” /O <77q_ (5) - 57 Q+q_> dS,

since
n? (t) S/u‘ﬂmdy-
Q

Then we have

' 1 ! - __a=

n(t) = bo > —Al/ n(s)ds+ 7/ (nq (s) - B q+_q> ds.
0 0

1911l
Similarly (2.9), we have

L 1

O 2 o Ol - —

~ B = o1l

1 - ]
To M)t O =d =90 ()t >0.
~ BT |1l
Since ¢~ > 1 and
‘1+—(1
B > ( 1 > a 1
max - ’ ’
(T =Xt llerlla) 7 (0) = A llpn oo

with

q
0 < A <min n (0)_ , !
1]l (14797 (0)) " lle1ll o

n? (0)
@1l (1479 (0))

we can know that the solution to problem (1.1) blows up in finite time and

+o00 d§
— >T,.
/n(o) g€ — !

The proof of Theorem 2.2 is completed. O

Proof of Theorem 2.3. We define the function
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and compute
w(t)

2 / uurdr
Q

= 2/ U<Au+ﬁup(z)> dx = —2/ \VU\de—&—Qﬁ/ uP @ g
Q Q Q

72/ \Vul® dz + 23 (/ up_deJr/ up++1das)
Q Q Q
(210) < —2|Vuli+28 (/ u?P Tz —l—/ uerHdm) .

Q Q
Let us suppose that u becomes unbounded at some time 7. Make use of the
Rayleigh principle

)\1/U2d$§/|vv|2d$,
Q Q

where )\ is the first positive eigenvalue of the fixed membrane problem (1.9). From
(2.10) and the assumption 0 < p~ < p* < 1, we have

IN

w(t) <2(28 - )\1)/ u?dz.

Q

If we restrict 8 such that 8 < %, where \; the first positive eigenvalue of (1.9), we
easily get u' () <0.

Moreover it must be noticed that the blow-up time is 7' (supposes to exist), but
' (t) <0 holds for every time ¢, which implies that u is bounded. A contradiction
occurs. We can obtain that there is no time 7" such that u is unbounded. This is
to say u is bounded for every time ¢. Thus, Theorem 2.3 is proved. O
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ABSTRACT. Consider a linear mixed model (LMM) and its transformed model
without making any restrictions on the correlation of random effects and any
full rank assumptions. LMMs include both fixed and random effects and supply
helpful tools to account for the variability of model parameters that affect
response variables. This study concerns rank relations of covariance matrices
of predictors under the original LMM and its transformed model. Our aim is
to establish the rank of covariance matrices between the best linear unbiased
predictors (BLUPs) of unknown vectors under considered two LMMs by using
various rank formulas. We also give some results for special cases by applying
the results obtained for general cases.

1. INTRODUCTION
Consider a linear mixed model (LMM)
(1.1) M:y=XpB+Zu+e
and its transformed model
(1.2) T:Ty=TX3+ TZu+ Te,

where y € R"*! is a vector of observable response variables, X € R"*F 7 € R"*P,
and T € R™*™ are known matrices of arbitrary rank, 8 € R**! is a vector of fixed
but unknown parameters, u € RP*! is a vector of unobservable random effects, and
e € R™¥! is an unobservable vector of random errors. To establish some results on
predictors of all unknown vectors under the models M and 7, we can consider the
following vector

(1.3) ¢ =KB+Gu+He =K@+ [G, H] [‘6‘]
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for given matrices K € R***, G € R**P, and H € R**". We assume the following
general assumptions for considered models:

ul u| u u _ 211 212 L
(1.4) E L] =0 and D L} = cov { L] ; L}} = {221 222} =3,
where 3 € R("P)x(n4p) i g positive semi-definite matrix of arbitrary rank and all
the entries of ¥ are known. Let B = [Z, In] and J = [G, H] Then we obtain

(1.5) E(y)=Xg8, D(y)=[Z, 1,]®[Z, I1,]'=BEZB =R,
(1.6) E(¢) = KB, D(¢) =[G, H|Z[G, H]' =J=J =S,
(1.7) cov(¢,y) =[G, H|=[Z, L,]'=JEB :=C.

Further, we assume that M is consistent, i.e.,y € € [X, R] holds with probability
1, see, e.g., Rao (1973). The consistency of 7 is provided with the condition
Ty € ¢ [TX7 TRT’ } with probability 1. We note that 7 is consistent under the
assumption of consistency of M.

Investigating the relationships between two different linear models is one of the
classical research problems in linear regression analysis. In this study, we consider
a LMM and its transformed model. We establish a rank relation between the
best linear unbiased predictors (BLUPs) of unknown vectors under these models
through various rank formulas. We also give some results for different choices of
the matrices in general vector of unknown variables in the models. For studies on
transformation approach to linear models in the literature, see, e.g., Baksalary &
Kala (1981), Dong, Guo, & Tian (2014), Giiler (2020), Kala & Pordzik (2009),
Morrell, Pearson & Brant (1997), Shao & Zhang (2015), Tian (2017b), Tian &
Liu (2010), and Tian & Puntanen (2009). For studies on BLUPs and LMMs in
the literature, see, e.g., Brown & Prescott (2006), Demidenko (2004), Giiler &
Biiyiikkaya (2019), Haslett & Puntanen (2011), Haslett, Puntanen & Arendacks
(2015), Jiang (2007), Liu, Rong & Liu (2008), Liu & Wang (2013), Searle (1997),
and Tian (2015). For more results on the Léwner partial ordering of real symmetric
matrices and applications in statistical analysis and on rank of matrices, see, e.g.,
Puntanen, Styan & Isotalo (2011), Tian (2010), Tian (2017a), and Tian & Jiang
(2016).

In the present paper, we use the following formulas for ranks of block matrices
to establish the results. They are collected in the following lemma; see Marsaglia
& Styan (1974).

Lemma 1.1. Let A € R™*" B € R™** C € R"*", and D € R"**. Then,
(1.8) r[A, B]=r(A)+r(EaB)=r(B)+r(EgA),

(1.9) r [‘é} — r(A) + 7(CF4) = (C) + r(AFc),

(1.10) 7 {‘é g] —r(A)+7(D—CA'B) if €(B)CF(A),%(C)CFA).
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We introduce the notation used in the paper. Let R™*" stand for the set of
all m x n real matrices. A’, 7(A), €(A), and AT denote the transpose, the rank,
the column space, and the Moore—Penrose generalized inverse of A € R™*™ re-
spectively. I,, denotes the identity matrix of order m. P = AAT, Ep = A+ =
I, — AAT Fa =1, — ATA stand for the orthogonal projectors.

2. BLUPs iIN LMMs

In this section, we review the predictability conditions of general linear function
of all unknown vectors under the models M and 7, and also review the definition
of BLUP. Then we give the fundamental BLUP equations and related properties
under the considered models.

The predictability requirement of vector ¢ under M is described as holding the
following inclusion

(2.1) ¢ (K') C ¢(X).

This requirement also corresponds to the estimability of vector K3 under M; see,
e.g., Alalouf & Styan (1979). For transformed model T, the predictability require-
ment of vector ¢ is

(2.2) ¢(K') C¢(X'T).
It is obvious that ¢ is predictable under M if it is predictable under 7 see, Tian

(2017b). Further, note that X3 is always estimable under M and the condition
for estimability of vector X3 under two LMMs M and T is holding the equality

r(X) = r(TX).
Let ¢ predictable under M. If there exists Ly such that
(2.3) D(Ly — ¢) = min subject to E(Ly —¢) =0

holds in the Lowner partial ordering, the linear statistic Ly is defined to be the
BLUP of ¢ and is denoted by Ly = BLUPy(¢p) = BLUP (K8 + Gu + He),
originated from Goldberger (1962). If G = 0 and H = 0 in ¢, Ly corresponds the
best linear unbiased estimator (BLUE) of K3, denoted by BLUE »((K@3), under
M.

To obtain some results of the BLUPs under the models M and 7, we need some
fundamental facts on BLUPs under LMM. Concerning the matrix equations and
the exact algebraic expressions of the BLUPs of ¢, as well as properties of the
BLUPs, we have the following comprehensive result; see Tian (2017b).

Lemma 2.1. (Fundamental BLUP Equation) Let T be as given in (1.2) and let ¢
in (1.3) be predictable under T. In this case,

E(Lyy — ¢) =0 and cov(L;y — ¢) = min
& L, [TX, TRT'(TX)] =K, CT/(TX)*].
The equation in (2.4), called the fundamental BLUP equation, is consistent and the
general solution Ly of this equation and BLUPT(¢) are given by
(2.5) BLUP7(¢) = L,Ty = ([K, CT/(TX)|W/T+UW;T)y,

where Uy € R¥*™ s an arbitrary matriz and W, = [TX7 TRT’(TX)l]. In
particular,

(2.4)

L; is unique < r [TX, TRT’(TX)J-] =1m,
BLUP7(¢) is unique with probability 1 < T is consistent,
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r [TX, TRT/(TX):] =r[TX, TRT]=r[TX, (TX):TRT],
% [TX, TRT/(TX)!]=%[TX, TRT|=%[TX, (TX) TRT].
The dispersion matrices of BLUP1(¢®) and ¢ — BLUPy(¢) are given as
(2.6) D[BLUPr(¢)] = [K, CT'(TX)] W; TRT' ([K, CT/(TX):]W;)',
Di¢ — BLUP7(¢)]

G0k, cTTX) | WiTB-3)s (K, CT/(TX)'] Wi TB - J).

Let ¢ be predictable under M. By setting T' = I,, in Lemma 2.1, we obtain the
following well-known results on BLUP of ¢ under M.
(28) BLUPum(e) =Ly = ([K, CX'][X, RX']"+U[X, RX']")y,

(2.9) D[BLUP \(¢)] = [K, CXL] W*R([K, CXL] W*)l,
D[¢ — BLUP m(9)]

= ([K, CX'|W*B-J)T([K, CX]W'B-1J),
where U € R**" is an arbitrary matrix and W = [X, RXJ-]. In particular,

(2.10)

L is unique < r [X, RXL] =n,
BLUP p(¢) is unique with probability 1 < M is consistent ,
r[X, RX*]=r[X, R]=r[X, X'R],
¢ [X, RX*]=%¢[X, R|]=%[X, X'R].
We also note that the covariance between ¢p — BLUP z((¢) and ¢ — BLUPy(¢) is

written as

cov[¢ — BLUP z (@), ¢ — BLUP7(9)]

(211 — (K, CX'|W*B—J)%([K, CT(TX)']W;TB-J).

3. RANK OF COVARIANCE MATRICES BETWEEN BLUPs IN LMMSs

In this section, we give the rank of covariance matrix between BLUPs of ¢ under
the models M and 7T by using block matrices’ rank formulas and elementary matrix
operations. Also we give some consequences for special cases.

Theorem 3.1. Let consider the models M and T in (1.1) and (1.2), respectively.
Assume that the ¢ in (1.3) is predictable under these models. Denote

R R X 0 C’

TRTY 0 0 TX TC
(3.1) M=| XT 0 0 O K’
0 X0 o0 0
CTY C K 0 S
Then,
(32)  T(cov{¢~BLUPu($), &~ BLUPT (9)})

=rM)—r(X)-r(TX)-r[X, R|]-r[TX, TRT].
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Proof. Applying (1.10) to (2.11), we obtain
r(cov(¢p — BLUP u(¢), ¢ — BLUP (b))
—r(([K, CX]W'B-J)T=E([K, CT/(TX)*]W;TB-1J))
_, [ p) > ([K, CT/(TX)']W;TB - J)/}
(K, CX{]W+B-J)x 0
(3.3) —r ()

B 2 -3y, [SBT 0 o w|"
"\ HIE oo 0 [K, CXi]||W, o

BY 0
. { 0 [K, CT'(TX)L]’D -
where W = [X, RX*] and W; = [TX, TRT/(TX)"]|. We can reapply (1.10)
to last equality in (3.3) since ¥(TBX) = ¢(TRT’) C ¥ (W,), €(BX) =% (R) C
C(W), € ([K, CT’(TX)ﬂ') C ¢(W!), and € ([K, CXL]’) C €(W') hold.
Then, by simplifying Lemma 1.1, (3.3) is written as

0 -X —-RX!' BX 0
-X'T’ 0 0 0 K’
r |—(TX)XTRT’ 0 0 0 (TX)*TC'| —r[TX, TRIT'(TX)!]
SB'T 0 0 = -3J
0 K CXt -Jx% 0
-r[X, RX*|-r(%)
[ -RT’ -X -—-RX* c’
B -X'T’ 0 0 K’ ,
" -(TX)LTRT 0 0 (TX)‘TC -7 [TX, TRT]
i cT’ K CXx+ -S
—T[X, R]

[-RT' -X -R C 0
-X'T" 0 0 K 0
~TRT' 0 0 TC TX|-r[TX, TRT]-r[X, R]
CI’ K C -S 0

I
S

0 o X 0 0
—7r(TX) — r(X)
[RT" R X 0 c’
TRTY 0 0 TX TC
=r|XT 0 0 O K |-r [TX, TRT’] —-r [X, R]
0 X" 0 0 0
| CTY C K o0 S
—r(TX) — r(X).

(3.4)

The required result is seen from (3.4). O
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Corollary 3.1. Let consider the models M and T in (1.1) and (1.2), respectively.
Assume that K3 is estimable under these models. Then

cov| BLUE (K@), BLUE(K23)|

R R X 0 0
TRT' 0 0 TX 0
(3.5) =r|XT 0 0 0 K/|-7[TX, TRT|-r[X, R]
0o X 0 0 o0
0 0 K 0 o0
—r(TX) — r(X).

If X3 is estimable under the models M and T, then
r(cov[BLUE v((X/3), BLUE(X3)])

' =r |TRT' 0 TX|-r[TX, TRT]-r[X, R].
0 X 0

4. CONCLUSION

In this study, we consider comparison problems of predictors under a LMM
M and its transformed model 7. We present rank relations between BLUPs of
unknown vectors under considered models by using various rank formulas of block
matrices and elementary matrix operations. In order to establish the general results
on the predictors, we consider the general linear function of all unknown vectors.
Besides, results for special cases are also given.
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ABSTRACT. There is a striking similarity between I'-semigroups on the one
hand, and semigroups on the other one. In this paper we express this sim-
ilarity using the language of the category theory. To this end we consider
two categories. The category I'-Sgrp of I'-semigroups and I'-semigroup mor-
phisms, and the category I' | Sgrp of semigroups under a given semigroup
(T',e), and prove that there are functors ¥ : I-Sgrp — I' | Sgrp and
¥’ : T | Sgrp — I'-Sgrp such that ¥ is a left adjoint of ¥’.

1. INTRODUCTION AND PRELIMINARIES

Let S and I" be two non empty sets. Every map from S xI'x S to S will be called
a D-multiplication in S and is denoted by (-)pr. The result of this multiplication
for a,b € S and v € T' is denoted by ayb. According to Sen and Saha [7], a I'-
semigroup S is an ordered pair (5, (-)r) where S and I" are non empty sets and (-)r
is a I'-multiplication on S which satisfies the following property

Y(a,b,c,a, B) € S* x I'?, (aab)Bc = aa(bfc).

Let (I', @) be any semigroup. The category I' | Sgrp of semigroups under I' has
objects all pairs (7,T) with T a semigroup and j : ' — T a homomorphism of
semigroups. If (j1,731) and (jo2,T2) are two such objects, a morphism b : (j1,71) —
(jo,T») is a homomorphism h : T} — T» of semigroups such that hj; = jo.

Recall that the category of I'-semigroups I'-Sgrp has objects all I'-semigroups
and morphisms all homomorphisms between them. In this paper we will define two
functors ¥ : I'-Sgrp — I' | Sgrp dhe ¥/ : T" | Sgrp — I'-Sgrp for which we will
prove that are adjoints of each other.

2. THE ENVELOPING SEMIGROUP A(S, 7o)

For any nonempty set I we let I't be the free semigroup on I'. Every congruence
on I'" which has the set I' as a cross-section defines a multiplication e on I' in
such a way that (T',e) becomes a semigroup. We mention here by passing that
such congruences really exist. For example the congruence generated by all pairs

Date: May 25, 2021.
Key words and phrases. Semigroup, I'-semigroup, Category, Adjoint Functor.
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((a, 8), ) where o and @ vary in I'. In this case a congruence class contains all
words beginning with the same letter a.

Let now o be a congruence having I' as a cross-section. Define in I' the multi-
plication

aeff=r
where v € T' is (the unique letter) such that 77 = af’. Define now the onto map
v:I't 7T
such that
Uy

with 7% = u°. This map is a homomorphis since if u,v € I'" are such that a° = u°

and BJ =77, then

v(uv) = v(af) (since af” = w”)
=7 (it 77 = af”)
=aef (from the definition of )
=v(u) e v(v).

It follows that (I",e) is a semigroup.

Let (S,T') be a I'-semigroup and vy € I" a fixed element. As we explained above,
there is an associative multiplication e in I and so the pair (S, ) is a semigroup. In
a similar way with [5] we can define a semigroup A(S, vo) out of (S,T'). We quotient
the free semigroup (SUT)* on SUT by the congruence generated by all pairs

((z, @, y), zay),

((.’13, y)7 x’YOy)

and

((a, ), @ ).

The result will be a semigroup which is denoted here by A(S,vy). We prove the
following which is the analogue of Lemma 2.4 of [5].

Lemma 2.1. Fvery element of A(S, o) is represented by an irreducible word which
has one of the following five forms (v,x,v"), (v,x), (z,7), v or  with x € S and
7,7 €T.

Proof. To prove the lemma, we must prove first that the reduction system arsing
from the presentation of A(S,~g) is Noetherian and confluent, which would imply
that any element of 3., is given by an irreducible word from (S UT)*. Secondly,
we must prove that the irreducible words have the required forms.

If a word w of (SUT)" has the form (u,v1,72,v) with 71,72 € T, and u,v are
words from (S UT)T, then w reduces to w’ = (u,y; ® y2,v). If for some z,y € S
and v € T, the word w contains a subword of the form (z,7,y), which means that
w = (u,x,7,y,v) where u,v are words from (S UT)T or are empty words, then it
reduces to w’ = (u, zyy, v). Lastly, if the word w contains two adjacent letters from
S, which means that w = (u,x,y,v) where u and v are as before and z,y € S, then
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it reduces to w’ = (u, zyoy,v). In this way we have obtained a reduction system
consisting in three reductions:

(u771a72?v> — (uafyl .727’0)
(w,z,v,y,0) —  (u,z7y,v)
(Uﬂ%yav) - (va’YOyv’U)

which is obviously Noetherian since it is length reducing. To prove that it is con-
fluent, from the Newman lemma, it is sufficient to prove that it is locally confluent.
As this system does not contain inclusion ambiguities, it is enough to check all
overlapping pairs. There are only five such pairs:

1- (z,y,7,2) = (zyy,7, 2) and (x,y,7,2) — (x,yyz). Both resolve to (xyoyyz).
2- (x,7,9y,2) = (z,7,yvz) and (x,7v,y,2) = (z7yy, z) which resolve to (xyyy0z).
3- (z,7,4,7,2) — (x,7,y72) and (z,7v,y,7',2) — (xvy,7,2) which resolve to

4- (z,y,2) = (xy0y, z) and (z,y, z) — (x,yy02), which resolve to (zyoyy02)-
5 (71,72,73) — (11 ®92,73) and (71,72,73) — (71,72 ® ¥3) which resolve to
(71 072 073).

To conclude the proof we must show that the irreducible word that represents
an element of ¥,, has the required form. First observe that any word which has
neither a prefix nor a suffix made of letters from I', reduces to an element of S
by performing the three type of the above reductions. Otherwise, if the word is
(n,U,n’) where 1,7 are words from the free monoid on I" and U has neither a prefix
nor a suffix made of letters from I', then we reduce n and 7’ in a single letter from
I" by performing reductions of the first type, and then reduce U into a single letter
from S. O

Lemma 2.2. The semigroup (T, ) embeds into A(S, o).

Proof. The map x : I' — A(S,7) defined by v — pu(y) where g : (SUT)T —
A(S,70) is the canonical epimorphism, is a homomorphism, and injective as well.
O

3. THE ADJUNCTION

From now and on we will assume that the set I' which appears in I'-Sgrp i
equipped with a multiplication e such that (T", ) is a semigroup. Along with I'-Sgrp
we consider the category I' | Sgrp which we defined in the previous paragraph.
The following lemma gives a recipe to associate each object of I' | Sgrp a certain
I'-semigroup. This will be used in the proof of our main theorem.

Lemma 3.1. Forevery (j,T) € I | Sgrp we can give the semigroup T the structure
of a T-semigroup (T,T).

Proof. Define the map
2 TxI'xT—=T
such that

(z,7,y) = zj(7)y
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where the multiplication on the right hand side is that of T". For every z,y,z € T
and «, f € I we see that

za(yBz) = xj(e)(yi(B)z)
= (zj(a)y)i(B)z
= (zay)pz,
which shows that the pair (T,T") is a I'-semigroup. |

Theorem 3.2. There is an adjunction between the two categories I'-Sgrp and
I' | Sgrp.

Proof. First we define a functor W : I'-Sgrp — I' | Sgrp. On objects, VU is defined
by assigning to each I'-semigroup (S,T") the pair (j, A(S,v0)) where A(S,~o) is the
enveloping semigroup of (S,T') and j : I' — A(S,70) is the monomorphism that
v+ w(y). To define ¥ on morphisms, it is enough to show that if (S,T") and (S',T")
are two I'-semigroups, then for every morphism of I'-semigroups ¢ : S — S’, there is
a unique homomorphism of semigroups ¢ : A(S,v0) — A(S’,70) such that ¢j1 = jo
which has the additional property that ¢u = p'. Here p and u' are the canonical
epimorphisms p : (SUT)T — A(S,7v) and p : (S"UT)T — A(S’, 7). Indeed,
let us write by f : (SUT)* — (S’ UT)*" the homomorphism of free semigroups
induced by the extension of ¢ on S UT which fixes the elements of I'. We prove
that f induces a homomorphism ¢ : A(S,70) = A(S’,70), which amounts to saying
that the defining relations of A(S,~p) belong to the kernel of u’f. Indeed, for the
relations of the first kind ((v1,72),71 ® 72) we have that

1 f(v,m2) = 1 (e(n), e(12))
=71972
= ' f(r1e92)
For the relations of the second kind ((z,~,y), xyy) we have
W@,y y) = (e(@), 7, 0(y))
= p(z)re(y)
= p(zyy)
= 1 f(zvy),
and for those of the third kind ((x,y), xly) we have that
1 fa,y) = 1 (@), o(y))
= ¢(x)1p(y)
= p(zly)
= ' f(a1y).
Thus g/ f induces a ¢ : A(S,v0) — A(S’,v) with the property that ¢p = p'f.
Since ¢ is the restriction of f on SUT, then we get that ¢u = p’¢. The uniqueness
qf ¢ with the given property follows from the fact thatA any other homomorphism
¢+ A(S,v0) = A(S’,70) which satisfies the equality ¢u = p'¢ coincides with ¢

on the generators of A(S,70) and as a result coincides with ¢. Also ¢ satisfies the
condition ¢j = j’ since for every v € ' we have that

(85)(7) = (cls(v)) = cls(v) = j'(7)-
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So we have obtained a morphism ¢ : (4, A(S,70)) — (§',A(S’,70)) in the category
I' | Sgrp, which is more convenient to write as ¥(f).

Now we prove the functorial properties of . It is straightforward that ¥ (id s ) =
ida(s,y)- To check the covariance we see that if

©:(S,T)— (S, T) and ¢ : (S',T") = (S",I)
are morphisms in I'-Sgrp, then
\II(@Q)&) : A(Sa ’YO) - A(S”f)/())

coincides with U(¢') o U(¢) since both agree on generators. Indeed, if f and f’ are
morphisms induced by ¢ and ¢’ respectively, then for every x € S we have that,

U(p'p)(u(x)) =

In a similar way we have that for all v € T,

U('p) (1) = (T (") ¥()) (11(7))-

Next we define another functor ¥’ : T' | Sgrp — I'-Sgrp on objects by assigning
to each object (j,S5) of " | Sgrp the I'-semigroup (S,T) of lemma 3.1, and to each
morphism f : (7,5) — (§/,5"), the map

U(f):(S,T)— (8,7)
such that for every = € .5,
V(f) (@) = f(a).

This map is a homomorphism of I'-semigroups since for every z,y € S and v € T’
we have that

U'(f)(@yy) = fayy)
@) f(n)f(y)
f@)vf(y)
V()@ (f)(y).

The functorial properties of ¥’ are easy to prove and are omitted here.
In the second part of the proof we show that W is a left adjoint of ¥'. Let
(S,I") € I'-Sgrp and (j, M) € T | Sgrp be arbitrary objects. Define

&s.ry,m : D-Sgrp((S,T), 9'(M)) — T | Sgrp(¥(S,T), M),

T

such that
h+— h,

where for the two types of generators, x € S and v € I, h, is defined by
hi(x) = h(z) and h.(7) = j(7).

To see that h, is a homomorphism, we need to check that it is compatible with the
defining relations of ¥(S,T") = A(S,v0). Indeed, for the relations (x,~,y) ~ (zvy)
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we see that
hi(zvy) = h(zyy)
(z)vh(y)
()3 (v)h(y)
= h(2) b (V) s (y)-

For the relations (z,y) ~ (zyoy) we have that

=h
=h

hs(zy) = h(zy0y)
= h(z)voh(y)
= h(z)j(v0)h(y)
= ha(2)hs(v0) i (y).

For the relations of the last type («, 8) ~ (« e ) we have

h(a, B) = §(@)j(8)
— j(ae )
— h.(a B).

Also we observe that the map &gy is a bijection. It is an injection since if
h,g:(S,T) — (M,T) are such that h, = g., then for every x € S, we have

hz) = ha(z) = g«(2) = g(2).

The map is a surjection as well since for every homomorphism of semigroups ¢ :
A(S,v0) — M such that g(u(vy)) = j(v) for every v € I', we can define h : S — M
such that = +— g(x). This map is a I'~homomorphism since for every z,y € S and
v € I we have that

We prove now that &gy is natural in both variables. To prove the naturality
in the first variable, we must prove that for every I'-homomorphism f : (S,T') —
(S’,T), the following diagram commutes.

§(s,m), M

F—Sgrp((S, F)v\II/(M)) r i Sgrp(A(S, ’VO)?M)

I-Sgrp(f,¥'(M)) I-Sgrp(¥(f),M)

I-Sgrp((S',T), ¥/ (M)) —— T | Sgrp(A(S’,v), M)

E(s'\ry, M

This means that for every b’ : (§',T) — (M,T") we have to show that (h'f). =
R, U (f). Tt is sufficient to see that (h'f), and h, U (f) agree on generators. This is
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true since for every x € S we have that

(W' f)e(@) = (W) (@) = h(f(2)) = B(P(f)(2)) = (RLU(f))(@).
Also for all v € I' we have that

(R £)(v) =3 (7) = hi(y) = BL(B(f)(7) = (BLT(f)) (7).
Finally, we check the naturality in the second variable. Let x : M — N be a

homomorphism such that xjy = jn where jp : ' — M and jy : I' — N. We have
to prove that the following diagram commutes too

Es,m),M

F-Sgrp((S,F)7\I/’(M)) Il SgI‘p(A(S7 '70)7M)

I-Sgrp((5.1),%(x)) I'-Sgrp(A(S;70),x)

§(s,1),N

F'Sgrp((sv F), \II/(N)) ry Sgl‘p(A(S, 70)7 N)

which means that xh, = (V'(x)h).. As before, it is enough to prove that both
morphisms agree on the generators of A(S,vg). For every x € S we see that

(W'00R)«(2) = (¥ (x)h) (2)
= (xh)(z)
= (xha)(2).

Also for every v € T we have that

This concludes the proof. [l
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ABSTRACT. It is well known that any nonempty set I' can be equipped with
a multiplication e such that (T',e) is a group. Related to (I',e), we consider
two categories. The first one is the category I'-Sgrp of I'-semigroups and
their homomorphisms, and the second one is the category Mon(I") of monoids
having the same group of units (I',e) and with morphisms those monoid ho-
momorphisms which fix I. Then we define a functor ¥ : I'-Sgrp — Mon(T")
which maps each (S, T") to its enveloping monoid Q1 (S,T"), and another functor
¥’ : Mon(I') — I'-Sgrp which maps each monoid M to its ' semigroup of
units (M, T), and prove that ¥ is a left adjoint of ¥’.

1. INTRODUCTION AND PRELIMINARIES

Let S and I" be two non empty sets. Every map from S xI'x S to S will be called
a [-multiplication in S and is denoted by (-)pr. The result of this multiplication
for a,b € S and v € T' is denoted by ayb. According to Sen and Saha [8], a I'-
semigroup S is an ordered pair (5, (-)r) where S and I are non empty sets and (-)r
is a I'-multiplication on S which satisfies the following property

Y(a,b,c,a, B) € §% x T2, (aab) e = ac(bfc).

Given a I'-semigroup S, we have defined in [2] a monoid €., (S,T") where v is a
fixed element of I'. The construction is very similar to that of [1] except for the
fact that here we have a unit element. The definition of €2,,(S,T") is based on a
result from [3] which states that we can always define a multiplication e on any non
empty set I' in such a way that (I',e) becomes a group. Letting the unit element
of (I',e) be 7y we define Q. (S5,T") in the following way. We first let (F,-) be the
free semigroup on S whose elements are finite strings (z1, ..., ) where each z; € S
and the product - is the concatenation of words. Then we define Q. (S,I') as the
quotient semigroup of the free product F' xI' of two semigroups (F,-) with (T, e)
by the congruence generated from the set of relations

((x’y)a x%y), ((JS,’}/, Z/)JJ’YZ/% (’70'13"7;)7 (x’YOax)a
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89



90 ANJEZA KRAKULLI

for all x,y € S,v € I and with 79 € T being the unit element of (T, ®). We can also
regard the group (T, @) as given by a presentation with generators the elements of T',
and relations arising from the multiplication table of the group. So a presentation
of Q. (S, T) has now as a generating set SUT', and relations those mentioned above
together with those arising from the multiplication table of (I',e). It is obvious
that ., (S, T") becomes thus a monoid with unit element the class of vy modulo the
defining relations. We recall from [2] the following useful results.

Lemma 1.1. Every element of Q,(S,T") can be represented by an irreducible word
which has the form (a,z,B), (o, x), (x, B),y or x where x € S and o, 8 € T\ {y0}
and v €T

The map
t:8 — Q. (S,T) such that x — cls(z)

where cls(z) is the class of x € F modulo the defining relations of Q,,(S,T) is
proved to be an injection and this allows us to regard S as a subset of Q. (S,I').
There is also a monomorphism of monoids

j:T = Q. (S7T)

defined by setting
v = cls(y).

This allows us to regard the group (I, ®) as a submonoid of €., (S,T") via j.

If S is any I'-semigroup, and (T',e) is a group on I' with unit 1 € T, then, as we
exhibited above, we have defined Q;(S,T") which we call the enveloping monoid of
(S,T') relative to the group (I',e). The following is also proved in [2].

Lemma 1.2. The group of units of Q1(S,T') is exactly the group (T, e) regarded as
a subgroup of Q1(S,T) via j.

We have observed in [2] that the reverse of this process can be performed to any
given monoid M with group of units I' to define a I'-semigroup (M,I") where the
I'-multiplication is given by

- M xT'x M — M such that (x,7,y) — zvy,

and the multiplication on the right hand side is the one defined in M. We have
called (M,T) the T'-semigroup of units of M. We note here by passing that if a
monoid M € Mon(T") is von Neumann regular, then its I-semigroup of units (M, T")
is a regular I'-semigroup, and conversely. Indeed, for every x € M, there is some
x' € M such that x = z2’x. This can be rewritten as x = z-1-2'-1-2 which means
that 2’ is a (1,1)-inverse of = in (M,T). For the converse, assume that for every
x € M, there are a, 3 € I and 2’ € M such that x = zax’Sz. This means that in
M the element oz’ is an inverse of x, hence x is regular and M is von Neumman
regular.

The main result of [2] states that (S,I') embeds into the I'-semigroup of units
(©21(S,T),T) of the enveloping monoid €;(S,T") of (S,I'). This result says roughly
that every I'-semigroup arises from a certain monoid and its group of units giv-
ing thus hope that one can entirely describe I'-semigroups by means of monoids
and groups. Finally, we mention briefly that the pair of I'-semigroups, (S,T") and
(©Q1(S,T),T) are simultaneously regular. Indeed, if (S,T") is regular, then from
Proposition 2.3 of [1] £1(S,T') is von Neumann regular, and then from the above
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we derive that its I'-semigroup of units (21 (S,T),T’) is a regular I'-semigroup. Con-
versely, if (21(S,T"),T') is a regular I'-semigroup, then every x € S, has an inverse
which has to be of one of the following five forms: 2’ € S, az’8 € T'ST, ax’ € T'S,
a’f € ST, a € T'. In either case it follows that « has an inverse in (S,T"). We give
the proof for convenience in the last case. In this case x = zax, hence x = raxax
and this means that z is an (o, «)-inverse of x.

2. THE ADJUNCTION

This paper is a continuation of [2] and aims to express in a mathematical way
the similarity between I'-semigroups and monoids. This is done by considering two
categories. The first one is the category of I'-semigroups, and the second one is the
subcategory of the category of monoids whose objects are all those monoids having
the same group of units I', and whose morphisms are those monoid homomorphisms
that fix I'. We then define two functors from one category to the other, and prove
that they form an adjoint pair.

In what follows (I",e) is a group with unit element 1.

Definition 2.1. We let I'-Sgrp be the category of I'-semigroups and their ho-
momorphisms, and Mon(T") the category of monoids having the same group of
units (T',e) and with morphisms those monoid homomorphisms which fix (T',e).
An alternative way of defining the objects of Mon(T') is to regard them as monoid
extensions of the same group (I, e).

Theorem 2.2. There is an adjunction between the two categories I'-Sgrp and
Mon(T).

Proof. First we define a functor ¥ : I'-Sgrp — Mon(T"). In objects, ¥ will be
defined by mapping each I'-semigroup (S,T) to the enveloping monoid Q;(S,T).
To define ¥ on morphisms, we proceed as follows. Let (S,T') and (S’,T") be both
I-semigroups. For every homomorphism of I'-semigroups ¢ : S — S’, there is a
unique homomorphism of monoids ¢ : Q1 (S, T') — Q4(S5’,T) identical on (T, ®) such
that ¢u = p'o. Indeed, let f : F(SUT) — F(S"UT) be the homomorphism of
free semigroups induced from the extension of ¢ on S UT that fixes I'. We prove
that f induces a homomorphism ¢ : Q(S,T') — Q1(S’,T"). To do this we need
to show that every relation that defines ©;(S,T') lies in the kernel of u'f where
W F(S"UT) — Q1(5',T) is the canonical homomorphism. Indeed, for the first
type of relations ((v1,7v2),71 @ y2) we have

w (v, 72) = 1 (@), o(12))
=71 972
=/ f(y1 ®72).

For the second type ((z,7,y),zyy) we have

1 f (@, y) = 1 (p(2), 7, 0(y)
= o(z)ve(y)
= p(zvy)
=i f(zvy),
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and for the last type ((z,y),x1ly) we have

W (@ y) = 1 (o), 0(y))

= ¢(@)1e(y)

= p(xly)

=y f(x1y).
Therefore u'f induces ¢ : 1(S,T) — Q1(S’,T) such that ¢u = u'f. Since ¢ is
the restriction of f in S UT, then we derive that ¢u = p'¢. The uniqueness of
¢ with the given property follows easﬂy from the fact any other homomorphism
b Q1(5,T) = Q1(5",T) satistying ¢,u = ' coincides with ¢ on the generators
of 91(S,T') and therefore equals with ¢. Also ¢ is identical on (I',e) since it is
induced by f and f fixes I Now we prove the functorial properties of ¥. It is
straightforward from the definition that W(id (s r)) = idq,(s,r). If now

0:(5,T) = (5,7) and ¢ : (S',T) — (S",T)
are morphisms in I'-Sgrp, then
\I/(LP/(P) : Ql(Sa F) - Ql(sﬁa F)

coincides with ¥(¢’) o ¥(p) since they coincide on generators. Indeed, if we let f
and f’ be the morphisms induced by ¢ and ¢’ respectively, then for every x € S
we have,

V(') (u(x)) = (b (f ))(z)
= (T(¢")u)(f ()
= (T(¢")¥(0))(1(2)).
In a similar way we get that for every v € I,

T('p) (1) = (T(@") T () (11(7))-

Next we define a functor ¥’ : Mon(T') — I'-Sgrp on objects by assigning to each
monoid S its T-semigroup of units (S,T'), and to each homomorphism of monoids
f:S — S which fixes T', the map

U(f):(S.T) = (5,T)
such that for every = € .S,
V(f)(x) = f().
This map is a homomorphism of I semigroups since for every z,y € S and v € T’
we have that

V'(f)(@yy) = flzvy)

The functorial properties of ¥’ are easy to prove. Next we will prove that ¥ is a
left adjoint of ¥’. Let (S,T') € I'-Sgrp and M € Mon(T") be two arbitrary objects.
We define

f(S,F),M : F‘Sgrp((sa F)v \Il/(M)) - MOI’I(F)(\I/(S, F)’ M)a
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by
h — h,
where for the two types of generators, x € S and v € I, h, is defined by

hy(z) = h(z) and h.(y) = 7.
To see that h, is a homomorphism we need to check that it is compatible with
the defining relations of U(S,T) = Q;(S5,T"). Indeed, for the relations of the type
(z,7,y) ~ (zyy) we have that
ha(zvy) = h(z7y)
= h(z)vh(y)
= D () e (V) D (y).-

For relations of the type (z,y) ~ (zly) we have that

hs(zy) = h(zly)
= h(z)h(1)h(y)
— ho(@)he (Dha(y).
And for the last type of relations («, 8) ~ (« e 3) we have

hi(a,B) = e f

= h.(ae ).
The map {(gr),a is indeed a bijection. It is an injection since if h,g : (S,I') —
(M,T) are such that h. = g., then for every x € S,

h(z) = ha(x) = g(z) = g().

It is also surjective since every homomorphism of monoids ¢ : Q;(S,T') — M that
fixes T is induced by the restriction h = g|g and so g = h.. Next we prove that
§(s,;r),m is natural in both variables. To see the naturality in the first variable,
we must prove that for every I'-homomorphism f : (S,T') — (S',T), the following
diagram commutes.

§(s,m), M

F—Sgl‘p((S,F),\If/(M)) MOH(F)(Ql(S,F),M)

-Sgrp(f,¥'(M)) D-Sgrp(¥(f),M)

F_Sgrp((slv F)v \III(M)) - MOH(F)(Ql(S/, F)> M)

§(s',my),Mm

This means that for every b’ : (S’,T') — (M, T') we must have that (b’ f). = k. U(f).
It is enough that (h'f). and A, ¥(f) coincide on generators. This is true since for
every x € S we have that

(B f)«(z) = (W f)(2) = Bi(f(x)) = WL(R(f)(2)) = (R,¥(f)) ().

For for every v € I' we have that

(W )a(y) =7 = ho(v) = K(Z(f)(7) = (B2 (f))(7)-
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Now we see the naturality in the second variable. Let x : M — N be a monoid
morphism that fixes the common group of units I'. We must prove that the following
diagram commutes.

&s,m),M

F-Sgrp((S,l"),\Il’(M)) MOH(F)(91(57F)7M)

-Sgrp((S,T),¥'(x)) I-Sgrp(Q1(S,I),x)

§(s,T),N

I-Sgrp((S.T), ¥'(N)) Mon(I') (21(S, T), N)

which amounts to saying that xh. = (¥'(x)h)«. As before, we need to prove that
the above maps coincide in the generators of (S, T"). For every x € S we see that

(W'00R)«(2) = (¥ (x)h)(x)

Also for every v € T" we have

(' ()h)+(7) = W' (x) (hi (7))
=) ()
=7
= (xh.)(7)
This concludes the proof. O
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ABSTRACT. In this paper, we establish some sufficient conditions on variable
sources and parametris to guarantee the existence blow-up of solutions para-
bolic system with variable sources.

1. Introduction

This paper is concerned with the properties of solutions of a parabolic system
involving two semilinear equations associated with nonlinear heat diffusion with
variable sources:
up = Aut 4 60P@) 2 e Q) t >0,

v = AvFtl 4 509 2 e Q) t >0,
u(z,t) =v(x,t) =0, 2 € 9Q, t >0,
u(z,0) = up(x), v(z,0) =vo(zx), © € Q,

(1.1)

where 7, 4 > 0 such that
1+p<p” <plx) < +o0, z€Q,
1+v<q¢ <gqx) <+o0, z€Q,

and
(1.2) 1<p” <pz) < +oo0, x €9,
(1.3) 1<q” <gqx) < +o0, €.

Parabolic systems such as (1.1) appear in population dynamics with nonlocal growth
terms, heat propagation in a two component combustible mixture, porous medium,
electro-rheological fluids and chemical processes (see [8, 9] and references therein).
There is a rich literature devoted to the existence of global solution, unique solv-
ablity and blow-up rates for parabolic equations ( see [1, 2, 3, 4, 7]). Also, Souplet
[10] considered the nonlocal problems with homogeneous Dirichlet boundary condi-
tion and determined some sharp critical exponents for blow-up or global existence.
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In [5, 6], Galaktionov et al. considered the system
up = AuTT F S0P v = AvPT 4 sud, (1,t) € Q % (0,7)

with homogeneous Dirichlet boundary conditions. In the proof of the proposi-

tions, the authors assumed that the local solution of the boundary value problem

satisfies the natural inclusions v’ 0“3 € L2 (0,T; L% () and w !, vrtl €

L™ (O,T; H} (Q)) , T < Ty. Under the assumption of boundedness of u,v these
was derived by Galerkin approximations and also the authors established a weak
Maximum Principle, so that if u,v a bounded in (0,7) x , then u,v > 0 a.e. in
Qo<t<T.

In this paper, we establish some sufficient conditions on variable sources and
parametris to guarantee the existence blow-up of solutions parabolic system with
variable sources for any initial data of the problem (1.1).

2. Main Results and Proofs

Let Ay > 0 be the first eigenvalue and ¢, be the corresponding eigenfunction of
the following fixed membrane problem

Ap+Ap=0,0>0in x € Q,
@ =0, on 09,

with
(2.1) / prdr = 1.
Q

We define the auxiliary function of the form

n(t) = / uprde, t >0
Q
with
ag = / UO(pld.’I > 0,
Q
and
by = / Uo(pldm > 0.
Q
Our main result is the following theorem:

Theorem 2.1. Let Q be a bounded smooth domain in RN and let u,v be a positive
solution of problem (1.1).
)o Letp” =14pu, ¢ =14+~vand u=~>0. If \y <6 with

At (ag + o) ™!
(ag + bo) ™ — 271"

and ay + bg > 2, then we can derive that the blow-up time T satisfies

/+oo 2/\/d< > T
a0-tbo (5 — )\1) Cv—i—l —ovtly = 7

i Letp” =1+4pu, g =147, u#7 such that 0 <y < p. If \y < § with
A (1) (a0 + bo) T = 27 (= )]

(v+1) [ (a0 +bo) ™+ = 2%1] =27 (u— )

0>
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then we can derive that the blow-up time T satisfies

[ s .
ao+bo ((5 — )\1) C'Y*Fl _ 27(6—A1)({‘y1’1)+26(7+1) - ’

for ag + by satisfying

(0= A1) (u—=") )il
+ by > .
o (2‘7(5—A1)(v+1)
i) Let p~ >14+p, ¢ >1+~vand p=~v>0. If \y >0 and
27
5>%’
(ao +bo)”

then we can derive that the blow-up time T satisfies
—+o0
27d
a0+b0 (SC’Y - 2701

ag + bg > (2701)ﬁ s

for ag + by satisfying

where Cy is a positive constant which will be determined later.
i)y Let p~ > 14 pu, g >1+~vand p>~v>0. If \y >0 and

- 27 (C1 + Dy)
(aO + bO)WJrl )

then we can derive that the blow-up time T satisfies

5

oo 2d
e >,
ao+by 07T =27 (Cy + Dy)
for ag + by satisfying
ag + bg > (27 (Cl + Dﬁ)ﬁ R

where Cy, Dy are positive constants which will be determined later.

Proof. By integrating in ¢ both parts of the equation (1.1), we obtain the system
of equalities

t t
(2.2) n(t)—ag= —)\1/ / u o deds + (5/ / VP oy dads,
0 Jo 0 Ja
and
t t
(2.3) n(t)—by = —)\1/ / v o dads + 5/ / u?® oy dads.
0 Ja 0 Ja

Let define the functions

(2.0 r=( [ i)

and

(2.5) g(t) = (/Q v““@ldaz)

|

3
)
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From the Holder inequality, (2.4) and (2.5) it follows that

(2.0 n(t) < ( / wwldx)"il —r),
and
(2.7) n(t) < </Q v"“%dw)“il =g(t).

If p and ¢ satisfies the condition (1.2), (1.3), by using (2.1) we have

/vp(z)galdx = / Up(x)<p1d1‘+/ V@ o) da
Q Qn{u>1} QN{u<1}

Upfnplda:—i—/ Up+<p1dl‘
QN{u<1}

IV
S~

Qn{u>1}

oP prde

vV
S~

Qn{u>1}

Upfgoldac—&—/ vP prda —/ P prda
QN{z:u<1} QN{u>1} QN{z:u<1}

Vv
S~

> /vp_goldxf/cpldx
Q Q
(2.8) = /vp_cpldmfl,
Q
and
(2.9) /uq(w)golde/uq_cpldx—l.
Q Q

Then from (2.2),(2.3),(2.6),(2.7),(2.8) and (2.9) we obtain

t t
n(t) —ag > —)\1/ T (s)ds Jr/ <5/ P orda — 5) ds,
0 0 Q

t t -
n(t) — by > —/\1/ g" Tt (s)ds —|—/ (6/ u? prde — 5) ds.
0 0 Q

Furthermore, taking into account the fact that p— > 141, ¢~ > 1 4, we obtain

N
(/ e o dx)
Q

1 p_—y—1 1

() (o) ™ = (o)

/ vP prde > P (t),
Q

and

f (@)

IN

we get

and similarly

/ ul pidr > g? (t).
Q
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Then, we have

(2.10) ft) —ag>—X\ /Ot T (s)ds + 6/; (gp‘ (t) — 1) ds, t >0,

and

t t
. by > — ot 5 (1) — .
(2.11) g(t) — by > )\1/09 (s)ds + /O(f (t) 1)ds,t>0

In conjunction with (2.10) and (2.11) let us consider the following of ordinary
differential equations:

(2.12) F ()= =M @) +657 (1) =6, t >0,
and
(2.13) G(t) = =Mg" i () +0f7 (t) =6, t>0.

Let the functions f, g satisfy the conditions
(2.14) F(0)=ag >0, §(0)=by > 0.

A direct comparison of (2.10), (2.11) with the equations (2.12),(2.13) and (2.14)
shows that for all admissible ¢ we have the inequalities

(2.15) (&) = f(t), g(t) > g(t).
Therefore the system of equations (2.12),(2.13) allows us, in view of (2.15), to

define the conditions under which the functions f (¢), g (¢) cannot both be bounded
for all ¢t > 0, that is

(2.16) limmax{f (t),g ()} = o0, t = T, < oc.

In view of the inequalities

1
£ < ([ 3 lleall3) 7

and .
g® < (o3 leal3) ™

this ensures that (2.16) holds.
i)g For p~ =14+ pu,¢” =14+~ and p=+.
We define the functions f and §g. Adding up equations (2.12), (2.13), we have

(2.17) F @)= =M + 657 (8) =6, >0,
and

(2.18) Gt)==Mg T @)+ () =6, t > 0.
Let as before E(t) := f(t) + §(t) with E(0) = ag + by > 0, we get
B > -n (PP o+5t o)+ (Prm+9" @) -2
= -2 (P H+7H @) - 2.
From (2.17),(2.18) and inequality
& 4+d° >27 (c+d)°, where ¢,d >0, o > 1,
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it follows that
E() = (-2 (P +5T 1) -2
(2.19) = (6—=A)277E"TH(t) =25, t > 0.

Obviously, since \; < §, v > 0 we can get that the function E¥*! is monotone
increasing and with F(0) > 2 and

Y%

v+1 v+1
(5>max{/\1, A ETTH(0) } A ETTH(0)

EYHL(0) — 2011 [ T EvFI(0) — 27+
Then we can know that the solution to problem (1.1) blows up in finite time, by
virtue of (2.19), we can derive that the blow-up time T satisfies

E(t) v
/ pic g
B) (6= A1) vt —27+15

such that E(t) - oo ast — T} .
i)p Forp” =1+4pu, ¢ =1+, u#~ with 0 <~y < p. Then from (2.17), (2.18),
using Young’s inequality

_ +1._ H=7 _ ~ p=
ntl s BT oty _F T S iy T
P02 et 0 - =

By (2.19), we obtain

B = 6-x) (P 0+ (1) -2

> -2 (P o+ o) - (W - 25)
> (5—>\1)2_7E7+1(t)—(5_)\1)@_7)4_25(7—’_1).
B v+1

Therefore, since A\; < J, s > v > 0 we can get that the function EY! is monotone

increasing with
O—A)(p=7) \*
20> (Frg2aiaen)

and
5o MIOFDETO) -2 (u-7)] _
(Y+ DB -2 =2 (u—7) T
We can derive that the blow-up time T satisfies
/+oo 2Vdé‘ »
E©) (6 — X)) ¢t — 2w(57/\1)(;:/3)+25(7+1) >

Let us estimate f(t), g (t) using Young’s inequality:
gh (1) = 6+ ) g () — Ao,
and o B
fP(t) = 6+ M) fAH(E) = B,
where Ay and By are constants:

¢ —y-1 [<6+A1><v+1>rqw7

Ay =
0 vt

q
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and

P —n—l [<6+A1>m+1>r"w
0* .
p+1

Then we obtain from (2.19) that

p

(2.20) E(t)>6 (}WH (t) + g+ (t)) —Cy, >0,

where Cy = Ag + By — 20 > 0 for small enough 6 > 0.
ii)q For p~ > 14+ pu, g- > 1+ . If v = p, using the inequality

1+ >277 1 +w)™, w>o,
we derive from (2.20) the inequality

E'(t) > 277E T (t) - Cy, t >0,
where C7 = Cyp — 2 > 0 and

5. Q2 G
E7HH0)  (ag+bo)"

i)y For p~ > 14 p, g- > 1+ ~. If; on the other hand, v # p, then, setting for
definiteness p > «, and using the estimate

) > (t) = Dy, t >0,

Y1
where Dy = 623 (Z—E) """, Then we obtain from (2.20)
(2.21) E'(t) > 2776E""Y(t) — (C1 + Dy), t >0,

27 (C1+Dy) 27 (Cy+ Dy)

6> = .
Ev+1(0) (ag + o)™

Hence, if E(0) satisfying
E(O) =)\ / uodx + \p / vodx > Qﬁ (Cl + Dl)ﬁ R
Q Q

since v > 0, we can get that the function E7*! is monotone increasing with E (0)
such that

E(0) > (27 (Cy + Dy))77 .

Then we can know that the solution to problem (1.1) blows up in finite time. It
is easy to see that the right-hand side of this inequality admits passing to the
lim,,_,+ that is, for v = p it is the same as (2.21). Thus, the proof of Theorem 2.1
is completed. O
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ABSTRACT. The global usability analysis of the multi-epidemic model with
an overall incidence rate on this page is being investigated. The problem,
exposure, is modeled by a system of 4 untranslated ordinary differential equa-
tions that describe the treated individuals. The creation model is well defined,
apart from its solutions, except for its positivity and speech. Generally speak-
ing, 3 equilibrium points; disease-free equilibrium point, endemic equilibrium
point according to Type i and the last endemic equilibrium point according
to the species. Appropriate Lyapunov news, global applications of disease-free
equilibria points are proved depending on the basic reproduction number Rp.
In addition, the global practical results of the other suitable Lyapunov anno-
tated endemic equilibrium, species with -1 reproduction number Ré, Type-2
reproduction number Rg and species reproduction number Ra. Simulations
are made to verify the different theoretical results. An important broad view
on the application of equilibrium is presented that the generalized incidence
function model covers multiple models with classical incidence rates. Com-
parisons were made between model results and numerical results of the new
coronavirus. It is pointed out that this realized model fits well with the ac-
tual results. It is an undeniable fact that some strategies such as quarantine,
isolation, wearing a mask, and disinfection have an undeniable importance in
controlling the spread of the epidemic during this period of the disease.

1. INTRODUCTION

Today, many infectious diseases still grow large populations targeting. It is the
leading cause of deaths, especially in many developing countries. They are counted
among the years. Accordingly, mathematical modeling has become an increas-
ingly dominant place in epidemiology. These studies do indeed contribute to a
good understanding of the epidemiological phenomenon under study and the differ-
ent factors that could lead to a serious worldwide epidemic and even a dangerous

Date: May 25, 2021.

Key words and phrases. Novel Coronavirus Disease, Epidemiology, Mathematical Epidemiol-
ogy, Lyapunov function, Global stability analysis, SEIR, Incidence function, General incidence
function, Multiple epidemic model, Basic reproduction number, Equilibrium point.
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pandemic. Therefore, multiple SEIR epidemic patterns include a long incubation
period, ie the time from the entry of an infectious agent into the body to the emer-
gence of disease symptoms; It offers an important tool for studying incubation time
as well as infectious diseases involving various types of infections. The importance
of studying multifarious models is to find different conditions that allow all their
influential types to coexist. Global dynamics of a single SEIR model, with known
or nonlinear incidence functions; By including the two incidence functions in the
global stability of the two types of SEIR models, the first is bilineer, the second is
not monotonous, and recently they have been investigating non-monotonous cases
of two incidence functions of similar problems. Thus, the overall incidence function
has the purpose to represent the incidence rates of a major outbreak. The aim
of this research, then, is to generalize the previous models, taking into account a
multifaceted SEIR model with an overall incidence rate of n. So, our research will
be done on n types of expanded epidemic model as follows:

dsS -

D2 _ A NN AY AR

7 ;f (S.L) I; = 68

dF; .

d Zfi(S,Ii)Ii—(ﬁ/i—F(S)Ei, 1=1,2,...,n
(1.1) t

dl; .

%:rYiEl_(:uL_F(S)IM Z:1a2a"'an

dR
dt =1

with S(0) > 0, E;(0) > 0,1;(0) > 0, R(0) > 0,
Vie{l,2,...,n}.
(S) is the number of susceptible individuals, (E7), (E2),
.., (E,) each latent (exposed) are the numbers of the individual class, (I1), (I2), ..., (I,)
respectively for each contagious are the numbers of the individual class and (R) is
the number of people who have recovered.

TABLE 1. Explanation of the Parameters of the Model

Parametre Explanation
A Population birth rate
) Mortality rate of the population
Ys 1th hatching rate of the species
i 1th infection rate of the species

Finally, the general incidence function f; (.S, I;), ith represents the infection trans-
mission rates for the species and confirms the following conditions:

(1.2) £0,I)=0 NL>0 , i=1,2...,n
% 7I’£ .
(1.3) %>0 VS >0,V >0 ,i=1,2,....n
af; (0,1;)

(1.4) <0 NS>0V >0 ,i=12....n

oI,
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The properties (1.2),(1.3) and (1.4) for f; functions
bilineer incidence functions 8S [1, 2, 3, 4, 5],

saturated incidence function % or % [6, 7, 8],
Beddington-DeAngelis incidence function % [9],
Crowley-Martin incidence function 1+a15+£fl+a1a21 [10],
SpeCiﬁC nonlinear incidence function m [11, 12, 13, 14, 15],
and non-monotonous incidence function % [16, 17, 18, 19, 20]

A Bi i i )
— S —— B |— L —| R —

Susceptible Exposed Infected Recovered

Figure: Flowchart of multi-strain SEIR model

The flow chart of the multifarious epidemiological SEIR model is shown in figure.
Our focus revolves around the overall incidence rates and the global stability of the
multifarious Seir epidemic model.

The following parts of our study are summarized as follows. In the section 1
the model is examined by proving the existence, positivity and limitation of the
solutions. In section 3, we make the global stability analysis of the equilibrium
points of the model, calculate and prove the basic reproduction number of our epi-
demic model. In the section 4 numerical simulations were obtained using different
incidence functions and comments were made about the progress of the epidemic
in the light of these numerical results.

2. POSITIVITY AND LIMITEDNESS OF MODEL SOLUTIONS

For problems with population dynamics, the variables should be positive and
limited. First, let’s assume that the model parameters are positive.
Definition of the total population is
n n
N(t) =S(t)+ Y E(t) + > Lit) + R(1).
i=1 i=1
Proposition 1. From every non-negative initial conditions, solutions (1.1) are
limited and non-negative.

Otherwise, N(t) < =+ N(0)

Proof. With the basic differential equation theory, it is verified that there is only
one solution for [21, 22, 23, 24, 25, 26] (1.1) in this framework.

We'll show it stays there forever at

RY"? = {(S,Ey, Bs,...,Ey, It I, ... I, R) € R**2: § > 0,

E,>0,E,>0,...,E, >0,y >0,I >0,...1, >0,R >0} to prove its posi-
tivity.
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Primarily, let

T =sup{T > 0|Vt € [0, 7] such that
(2.1) L(t) > 0,15(t) > 0,...1,(t) > 0, R(t) > 0}

Now let’s prove it’s T = +o00.

Suppose that T is finite; by continuity of solutions, we have

S(T) = 0 either Ey(T) = 0 either Eo(T) = 0 either - -- either F,,(T) = 0 either
I,(T) = 0 either I5(T) = 0 either - -- either I,(T) = 0 either R(T) = 0.

If S(T') = 0 before the other variables Eq, Es, ..., E,, I, Is,...I,, R become zero
then

(2.2) <0

- i Sl S/
At o T—t T T —¢

From the 1 st equation of system (1.1), we have

S(T) = S5() —S()

(2.3) S(T)=A- Z £ (S(T), Li(T)) I;(T) — 6S(T)
then,
(2.4) S(T)=A=>" fi(0,1,(T)) I,(T)
=1

However, from (1.2) we have

(2.5) S(T)=A>0

which presents a contradiction.
If E,(T) =0, before the other parameters S, Fo, ...,
E,, I, 15, ...1,, R become zero then,

(2.6)

dt t—T— T—1t t—-T7- T —t —

From the 2 nd equation of system (1.1), we have

BT _ f (s,

However, from (1.2) and (1.3), f1 (S, I1) I is positive, then we will have

(2.7)

dE\(T)
dt
Similar calculations are the same for F5(T) =0, E5(T) =0,...,E,(T) = 0.
If I;(T) = 0, before the other variables S, E1, Fa, ..., E,,

I, I5,...1,, R become zero then

>0

(2.8)
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(2.9) di(T) _ . L) —4L(t) _ . —4L()
dt =T~ T-1 t—>T- T — 1t

From the third equation of system (1.1), we will have

dI (T
(2.10) LACHEN:)
Since v > 0, we have
dI (T
(2.11) iii ) _ 7 E; >0

This leads to contradiction.

Similar calculations are the same for I5(T) = 0,15(T) =0,...,I,(T) = 0.

If R(T) = 0, before the other variables S, E1, Es, ..., E,, I1, I, ... I,, become
zero then

dR(T) . R(T)—R() . —R()
= _ 7 = <
PR S Jm =0

But from the fourth equation of system (1.1), we will have

(2.12)

dR(T) &
(2.13) T ZML‘(T)
i=1
Since p; > 0, we have

dR(T)

(2.14) p

>0

This leads to contradiction.

T is not finite. Hence, S(t) > 0, E(t) > 0,F2(t) > 0,...,E,(¢t) > 0,11(¢t) >
0,15(t) > 0,...I,(t) > 0, R(t) > 0 for all ¢ > 0. This proves to be positive.

Let’s examine the case of limitedness. The total population becomes

(2.15) N(t) =St + > Ei(t)+ > Li(t) + R(t)
i=1 i=1
Using system (1.1),
(2.16) ANC _ § _sn)
dt
therefore,
A —5t
(2.17) N(t) =< + Ke
At t =0, we have
A
(2.18) N(O) =5+ K
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then
A A
(2.19) N(t) = 5 + (N(O) — 6) e 0t
As a result,
. A
(2.20) Jim N(t) =<
in that case
A
(2.21) N(t) < =4+ N(0)

]

So it means that N(¢) is limited and hence S(t), E1 (¢),
Es(t),..., En(t), I1(t), I2(t), ... I,(t) and R(¢) are limited. The solution then means

it exists globally for any ¢ > 0.
O

3. STABILITY ANALYSIS OF THE MODEL

In this subsection, we show that there is a disease free equilibrium point and
(2™ + 1) endemic equilibrium point. We can omit the fourth equation of the (1.1)
system, since we know that the total population confirms (2.17) and is independent
of R. So, the equation is written as:

ds -
E—A—;fi(&fi)fi—és
E.
(31) ddtz = fz (S, Iz)lz — (’)/l —|—5) Ei, 1= 1,27...,77,
dl; .
S B — (i +0) L, i=1,2,...
dt Vil — (i +6) Iy, i y 45 , T
WithR:N—S—El—EQ—...—En—Il—IQ—...—In.

As always, the basic reproduction number can be written as the mean value of
new cases of contamination caused by the contamination when the entire population
is susceptible. We will use the definition of the next generation matrix to calculate
the basic reproduction number.

The formula for the basic reproduction number:

Ro=p(FVY),

The spectral radius p is the matrix of new non-negative infection cases and the
matrix of the passage of infections associated with the V' model (3.1).

F‘{o 0 V= e T
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1 1 0 fi(%4,0) wi+d 0
v (’Yi+5)+(,uz‘+5)[0 8 }{ Vi %‘—I—(;}
_ 1 [ fi(3,0)7  fi(%,0) (vi+0) ]
(vi +0) + (pi +9) 0

We can write the basic reproduction number as follows:

(3.2) Ro= max { i (3,0) % }

ie{1,2,.n} | (vi +0) + (i +6)
and ith basic reproduction number of species

(3.3) B~ D+ at )

i=1,2,...,n

Theorem 3.1. The problem ( 3.1 ) has the disease-free equilibrium Ey, endemic
equilibriumes, and cg;, ©=1,2,...,n with respect to the i th strain. Moreover,
we have

-When R} > 1, ith strain endemic equilibrium point €, exists,

-When R}, R%,... Rl > 1, endemic equilibrium point €g, exists.

Proof. In order to examine the stability states of the (3.1) system, we must analyze
the following equations.

(3.4) A=>"fi (8, 1) I; =S =0

i=1
(35) fl(Svlz)Il_(ryl—"_é)El:Ov Z:1a2aan
(3.6) Vil — (i +96) I, =0, i=1,2,....n

-We find the disease-free equilibrium point when I, = 0,7 =1,2,... n.

A
Ef = 5,0,...,0

-When I; #0,1; = 0,15 =0...,I, = 0, we find the ith type endemic equilibrium
point.

1
—(s7,0,0,..., A —65%),0,0,
=5 (Z (%‘4—5)( )
Vi *
-0, = A*(SSl
CELITEDA ))

where S7 € [0,4].
Define also a function € on [0, +o0] as follows
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_ 4 i _
) =i (S’ (Vi +6) (i +0) 4 68))

(i) (mi+9)

3.7
(3.7) 5
o(S)  0fi (S, I;)
as 9S8
ofi (S, 1) ( 97 >

3.8 _
(3:8) BT (7 +0) (1 +0)

Using the conditions (1.3) and (1.4) we conclude that

00(9)

. >
(3.9) s ~ 0

However,

(i +0)(wi+6)  (vi+0)(ui+9)
Vi Vi

Q(0) = fl(077,S)_ <0

So, for R§ > 1, we have

Q(?) = fi (1;,0) W

(vi +0) (pi +0) (
Vi

Thus, there exists a unique ¢ th species endemic equilibrium point.

(3.10) =— RG—1)>0

(311) Esi:(S;7ET,Si7E;,Si7"' nS’IIS’IZS7"'7 ;’Si)

with S7 €]0,% [ Efg, >0,Ig >0 ve Ef g = ... = Ei g =175 = ...
I¥ o =0.
—When I #0,1I #0...,1, # 0, We find the 3 rd endemic equilibrium point.

(3.12) es, = (S5 EY  Bs oo By If Iy oy 10 )
where
p1+6 Ho + 46 * Hn +0
(3.13) Ey, = It By = Iy oy Epy= Loy
2 P)/n
1 fi (3

14 == |A—

J[;t], i=1,2,....n

A0
with A > <“ )Ijt,RO,RO7...,R6L> 1.
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4. GLOBAL STABILITY OF EQUILIBRIUM POINTS
4.1. Global Stability of Disease Free Equilibrium Points.

Theorem 4.1. When Ry < 1, then the disease-free equilibrium ey is globally
asymptotically stable.

. . . c o m2n—1,
Proof. First, we consider the following Lyapunov function in RY"™":

Ef (S7E17E2>"'aEnallaI27"~,In)

S riax
=8-S — fwmde+Eh+Eyh”+

S f(X70)
) +6 w6
(4.1) E,+ 20 20 I
Y1 Y2 Tn

If we take the derivative of both sides of (4.1) depending on ¢ (time):

L (S, Ey,Eay...,By 11, 1o, ..., 1)

=5- f(XO)S+E1+E2+ 4B,
+71+5I+'72+5 n _|_’Yn+5jn
st 72 Tn
a1 S f(55,0)
_550(1 S*)(l fX0>
(1+5 1+5 f (S I) Rl
(4.2) + (fSO ! 1)
(’Yz+5 u2+5 f 507 0) f(S, L)
4. = R: —
(43) ! 7(5.0) 7(55,0) " 1)
(Yn +90) (ptn +9) ( %, (SI) )
44 I, RI—1
f

cos(2) - 1588

+(71+5)(ﬂ1 +5)Il (Réfl)
st
(24 0) (2 +0) , [ f(S5.0) F(S,12) o
(4.5) + - 12<f( 0 7 )RO 1)
(W +0) (pn+8) , (£(55,0)  [(S,Ln)
(4.6) + - In<f(570> HEX, )RO 1)

We will discuss 2 cases:
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o If S < S% using the condition (1.3), we will have JJ;(;IO)) <1,i=1,2,...,n,
0>
then

‘Cf (SaE17E25"'7En7117127"-;In)

<48y (1_ 5) (1_ J;(gg(%))

+ m L (Ry—1)
(2+6) (p2+90) , (f(55,0) 0
(4.7) + - I < 705.0) R 1)

(7n+6) (fin +0) f(S*,O) n
4 O et (G -)

Since R} < f((s 00)) <1, we obtain

(4.9)

Otherwise,

1-— f((SSO b)) <0 , therefore

(4.10) 555 <1 - 5) (1 - ff(éf’:’o(;)) <0.

e If S§ < S, using the condition (1.3), we will have ]{((5710)) >1,1=1,2,...,n
0>

£(53.0
and “F5%)

< 1 then.

ﬁf (57E17E27"'7En7-[17-[27"'7-[n)

<48y (1 _ 5) (1 _ Jffi%(%))
(y1+0) (u10+ 8) ’

(2 +9) (p2 +9) F(S5:0) 1o
(4.11) + <f( )RO 1)

Y2

(4.12)

i Tn & (f( )RO 1)

£(55.,0)
f(S,I)

Since R < < 1, we obtain
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(4.13) Jf(”)RO—1<0
f(55,0)
Otherwise,
! ;(6:90,60)) < 1, therefore
S £(S5,0)
4.14 58Sy <1 - ) (1 — 2w ) <.
(14 s 7(5.0)

By the above discussion, we deduce that, if R < 1,i = 1,2,...,n(
(which means that Ry < 1), then

(4.15) L (S, Fy,Ea,...,Ey Iy, 1o, ... 1,) <0.

Thus, the disease free equilibrium point is globally asymptotically stable
when e, Ry < 1.

O

4.2. Global Stability of i th Species Equilibrium Points. For the global
stability of €g,, we assume that the function f; satisfies the following condition:

1
(4.16) Q-0 (=- <0, ¥S,I;>0, i=1,2,...,n
T T
withT = ] Z(5lis) (55, Js)suchthatl*s £0,Ifg #0i€1,2,...nj€

i1 fi(Srnns,) (S,

1,2,...,n and i # j.

Theorem 4.2. When RE <1< R}, k # i, the i. species endemic equilibra points
e€s, are globally asymptotically stable.

Proof. First, we consider the Lyapunov function £; defined by:

‘C’i (SaE17E27' . 7En3115127' . 7ITL)
s f (Sg'z’I;:Sz)
st (X 15s,)

E;
+ Z ( —In ( = ) - 1)
z,S, ,S;

(4.17) Z”’“s o (A m ()
i Ii,Si Ii,Si

If we take the derivative of both sides of equation (4.17) depending on ¢ (time):

=5—8r— dX
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Li(S,E1,Es,...,Ey, 11, I,...,1,)

=(A—fi(S, ;) I; — 4S) (1 _ f(st))

r(s.1:s)
By,
+ (fi (8, L) I — (v + 6) Ey) (1 - E)
i 6 I?':,Si
(4.18) + % (viEs — (s +6) I;) (1 — l[)
We have
A =3857 + (5P, Iis,) Iis,
(419) f ( i ’Ii,Si) Iivsi, = TL,& = (77 + 6) Ei,Si
Iis, i
Therefore,

Li(S,E1,Ey,...,Ep, 1, Iy,...,1,)

=45; (1 f(S,IZsi))
A

r(s.1:s)

—[i (S, L)L+ fi (S, 1) I;

(57 1is)
~ 65 (1 - f(st))

*

LE; o
+ £ (8.1 Ii = (i +6) Ei — fi (S. 1)) = + (v + 6) Ef
] ] Eilfk .
(4.20) 4 MYMI;SI

Then,
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Ac.i (SaE17E27' . 'aEnaIla-[27~ . ;In)
(v +0) E? s,

7 (8:2s) £ (8:855,) | s,

UGS IS LB F(S0e) (S I}isj)]

=(vi+0)Elg, [4—

(vi +0) B LET g, FS L) f(S 1)
f(81s) (S’ I}‘,sj)
f(S L) f(S 1)

FS.L) f(S.I) I I _1]
(SJ;‘S) (S,I;S)Izs Ii*,sf,

f
+J;((;",I£"s (J’ JS)) lZf (S, 1) ]

+ (i +6) Ei s,

S,Ijs) (S,Ijs

n

w ,
(4.21) ; .
o ?ﬂ - (vi +0) E 5,
= (7 +0) E; 5, |4 [f (5, Iz‘,si) f (5, I;SJ.)} Ls,

(vi +6) E; LE? g, F(S, L) f(S 1)

SIS L LB F(S0e) (S f;isj)]

f(S.Is,) f(S’ I;’Sﬂ')
f(S. L) f(S. 1)
f81)  f(81) L L _11

F(8.156,) £ (8.135) Tise Tis,

it (i),
Vi

n g (st1is) S (S5 L) fus o L

(4.22) [; F(s:1zs) £(5:055) F650

+ (i +9) Ef s,

“Rj —

Using the condition (1.3) and (1.4), we have fi(s*’lé) < 1, then,
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,Ci (S7E1,E2,... En,Il,IQ,...,In) § (’}/l +5)
(vi +90) EZ 5, Lf (S, L) f (S, Ij)] I

T
Ls B f(S.0s) ] (SJJVSJ‘)

LB, [(SL) f(SI) ]

F(5.1:5) (555

F(8, 1) f(S.1;)

f(8.L)  f(SL) L L _1]

F(8:12s) 1 (8.1s,) s s,

- (%+5)(Mz‘+5)_,i

+Z i

i=1

s (f( fzs) 4 (S5 Js)Ré_lﬂ

F(8.15s) 1(8.05)
from (4.16)

+ (i +9)

+

lf(SJ;isi) F(S5s)  ps1) rea) o
FS.L)  f(81;) (s, If,sy-) f (S, I;SJ) I,

—1l=01-0)(=- <
Ii*,Si ‘| ( )<F IZSi) ="

By the relation between arithmetic and geometric means, we have

i (vi +9) Ei s, f (S, 1) £ (S, )] I

F(s1s) (15| 1, OiFOE

(4.24) LB (S 1) (S’ I;Sj) -
. LE? g, f(S, L) f(SI;) —

We discuss 2 cases:
o If SF < S, from the condition (1.3), we will have

F(S7.47s,) f(sf*’ Ls, ) < 1, we obtain, for
F(siazs,) £(S15s

f(S:’Ii*vSi) f(SJ ’I;S )Rk) -1l <1
F(iis) 1(05) 0 ) =
= R’g <1 , the following EZ <0
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e If S < S¥ from the condition (1.3), we will have

F(87.I5s,) £(S5.05s) _
7(s75,) f(SJI*J S) > 1, we obtain, for,

Rh < J80s) 1(80s)

< ISElis) f(SJJjS )ng—l <0 the following
Ao 0) 555 01)

1(570) 105)
By the above discussion, we deduce that if RE < 1, then L£; <0.

1th endemic equilibrium point €g, is globally asymptotically stable when
RE <1< Rl k+#i.

4.3. Global Stability of The Last Endemic Equilibrium Points. For the
global stability analysis of €g, of the last endemic equilibrium point, suppose the
functions f and f satisfy the following condition:

f(S IQ) f(S:aIikt) (SlaIZ t) (Svlft) 12
4.25 1-— d A LA 0
12 ( F(st.15,) f(S.I7y) ) ( FS.L) TGnT) 1) S

VS,Il,Ig,...,In>O

Theorem 4.3. When Ry, R2,..., Ry > 1, the endemic equilibrium point €g, is
globally asymptotically stable.

Proof. First, we consider the Lyapunov function L3 defined by:

IA
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£3 (S,ElaE%"'7En3117]23"'71n)
S (S5 IT,)
Sr f(Xalit)

E, B,
vB (2 w2 ) -
v <E1’t <El’t> >

E.
+ E;,t <£?*2 — ln
2.t

=S- S -

+

E E
B (2 m(2m)
I (E;:t ! <E:;t> )
I I
+ wlft Tl —In *1 -1
! S\ I,
I I
+ M[;t Tz —In *2 -1
V2 "\ 13, I3,

+

Yo+ I, I,
4.26 I —1 -1
( ) * Tn et <I;,t ! (I*

n,t

If we take the derivative of both sides of the equation (4.26) depending on t
(time):



L3(S,E1,Es,...,Ey, 11, Is,...

_ (1_ I zxzr,&) §
F (8, 17,)
1—Eit E
- ( Ey ) '
+

1 Bt E
+ - En n

5[ IDL
4 1t0 (1—“)11

M1 I
_|_
4.27 + 1-—11,
( ) Tn I,

It is easy to verify that

A =087+ F (S5 I50) I + F(S7 13,4) I3,

f (SZ,Iit) Iy =(n+0) BT,
f (S;7 Iék,t) Iz*,t = (’Y2 +9) E;,t

(4.28) Eiy pm+9o
I, m
Es: pa+0
L, 7

Consequently,
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£3 (SvElvEQa"'7En7]17-[27'°'7-[n)

5$(IS)<1fw;ﬁa>
St F(8.11,)
(m +9) ET,t

F(S I7,) I,

FS, L)L If B H&Hﬁ]

(1 +0) By, |4—

 (m+6&)E LB, f(S5)

TSt 13,) (S, 1)
F(S, 1) f(Si.15,)

+ (12 +90) E5 ., [

(4.29) —[(i3+0) Es+...+ (1 +0) By
With the help of the following inequality

£S5 13)

(4.30) 1- 0 S0 for §> 87
f(Sv-[]’t) K
S*’I*
(4.31) - M <0 for S<SF
f(Svll,t)
Using the inequalities (4.30) and ( 4.31 ) then
S Iy
(4.32) (1-{) 1—f(t7*“) <0
St f (Sa ILt)

by the relation between arithmetic and geometric means, we have

(4.33) o OB f(S )L B Fs 1))
. f(S ) I, (m+o0)Er LhEY,  f(SL) |~
_ f(SzkaIik,t) . f(57 12)12 _ Ig,tE2
F(51,) (n+0)E: LE;,
(12 +0) E5.of (S0 17.s,,)
(4.34) o AN 0
f(Sa I2)f(St7[1,t) IQ,t

from (4.16) we have
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f(Sa Il) f(Sv Iik,t) Iit Iit

N ICY RN FICT O
3 N (1 (8, Im)) ( F(S, 1) If,t> =0

also from (4.25) we have

[f(S,Iit) n f(SL) L L 1]

+

[f(sz‘,fsit) £(S.15,)
f(S,I2) f(Sf»If,t)

f(S, L) Lo Lo
F(SHI3,) I3 I3,

(4.36) =(1-T) (11 — éi) <0

i _ _J(S,15) f(s;kvwlh,t)
with I' = 2 s T

When R}, R%,..., R} > 1, the endemic equilibrium point &; is globally asymp-
totically stable.

O

5. APPLICATION OF NEwW CORONAVIRUS DISEASE

As we mentioned in the introduction, the latest epidemic New Coronavirus Dis-
ease is a very kind of infection. For this reason, the main area of interest of this
subsection is the numerical simulations caused by our multi-species SEIR epidemic
model, Coronavirus disease 2019 in short "COVID-19”, Middle East Respiratory
Syndrome in short "MERS-CoV” and Severe Acute. Respiratory Failure Syndrome
(Severe Acute Respiratory Syndrome) is briefly compared with ”SARS-CoV” clin-
ical data. We used clinical data from Saudi Arabia during March-December 2020
for our comparison. [27, 28]

The behavior of the infection was examined for the A = 2.64, 51 = 4.27, 5 =
2.85, B3 = 213, 1 = 7, 72 = 2.5, 73 = b, pu1 = 0.001, pe = 0.005, pus = 0.087,
0=0.2, w; =12, we =0.05, wg = 1.2, wy = 0.05, z; = 0.4, x5 = 0.05, x5 = 0.4,
x4 = 0.05, a3 = 0.14, ay = 0.145, a3 = 0.150 parameter values. If we write
down the parameter values in the mathematical model using different incidence
functions represented with the help of COVID-19, MERS-CoV and SARS-CoV
clinical data, we observe that there is a significant relationship in the numerical
simulations resulting from this. Therefore, due to the mathematical model, a good
agreement can be observed between the relation of infected cases with clinical data.
Numerical analysis with various incidence functions only fits clinical data very well
for a certain observation period. Therefore, multiple mathematical models with
generalized incidence functions are suitable to represent the disease under study.

The behavior of the infection was examined for the A = 2.34, 31 = 0.01, 3> =
0.01, B3 = 0.01, 73 = 0.14, 5 = 0.5, v3 = 0.2, p; = 0.01, pe = 0.08, us = 0.087,
6 =02, wy =04, wya = 05, wg = 1.5, wy = 28, 1 = 1.5, 20 = 2, 23 =
2.5, x4 = 3, a1 = 2, ap = 2.5, ag = 3 parameter values. We observe that the
solution of the model converges to the disease-free equilibrium point €; for different
incidence functions. In this case, the disease disappears, susceptible individuals
reach their maximum value and other parameters are lost. We can simply calculate
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the basic reproduction number within the given numerical values. Therefore, the
basic reproduction number of the Bilineer incidence function is Ry = 0.29846;
The base reproduction number of the Beddington-DeAngelis incidence function is
Ry = 0.05254; Basic reproduction number of Crowley-Martin incidence function
Ry = 0.20892; The basic reproduction number of the Non-monotonous incidence
function is calculated as Ry = 0.29846.

The behavior of the infection was examined for the A = 2.34, 51 = 7.54,
ﬁQ = T7.25, ﬂ3 = 11.6, 1 = 0.5, 72 = 0.4, v3 = 0.1, H1 = 2.8, M2 = 2.5, H3 = 2,
6 =0.2, wy = 1.2, wy = 0.05, w3 = 1.2, wy = 0.05, z1 = 0.4, 25 = 0.05, z3 = 0.4,
zgs = 0.05, a7 = 0.14, ay = 0.145, a3 = 0.150 parameter values. We draw at-
tention to the convergence of the solution to the endemic balance for all incidence
functions taken. As a matter of fact, the basic reproduction number of the Bi-
lineer incidence function is Ry = 2.963344; The base reproduction number of the
Beddington-DeAngelis incidence function is Ry = 1.03051; Basic reproduction num-
ber of Crowley-Martin incidence function Ry = 1.904111; The base reproduction
number of the Non-monotonous incidence function is calculated as Ry =1.776946
and is greater than 1. As a result of numerical simulations with clinical data of
COVID-19, MERS-CoV and SARS-CoV, we can reach a conclusion in harmony.
Our numerical simulations can evolve into two situations for this epidemic. In the
first case, the extinction of the disease and the other event occurs when the basic
reproduction number is greater than one; The disease will continue in this event.
It will be important whether strict measures such as quarantine, isolation, wearing
a mask, and disinfection will significantly reduce the spread of the epidemic during
this period of the disease.

6. RESULTS AND DISCUSSION

In this study, we examined the overall incidence function of n and the global
stability of the multifarious epidemic model. The model consists of 4 parts: The
category of susceptible (S), exposed (E), infected (I), and recovered individuals (R),
this type of model is called SEIR abbreviation. We have established the presence,
positivity and limitation of the solution results that guarantee that our SEIR model
is well defined. Disease-free equilibrium point, endemic equilibrium point accord-
ing to Type-i and endemic equilibrium point according to each species. Using an
appropriate Lyapunov function, the global stability of the balance is determined
depending on the basic reproduction number Ry and the Type-i reproduction num-
ber Rj. Numerical simulations are made to verify our different theoretical results.
Comparisons have been made between our model results and the numerical results
of the new coronavirus disease. There is a good correlation between numerical sim-
ulations and the numerical results of the new coronavirus disease, suggesting that
our multiple mathematical models can adapt and predict the evolution of the epi-
demic. We can suggest that strict measures such as quarantine, isolation, wearing
a mask, and disinfection can significantly reduce the spread of the epidemic during
this period of the disease.
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ABSTRACT. Recently, the concept of picture fuzzy sets (pf-sets) has pro-
pounded as a generalization of intuitionistic fuzzy sets to overcome further
uncertainties than intuitionistic fuzzy uncertainties. In this paper, this concept
and some of its operations are modified to ensure its consistency. Afterwards,
some of the basic properties of the modified pf-sets are investigated. Finally,
the need for further research is discussed.

1. INTRODUCTION

Many problems in daily life contain various uncertainty. Since existing standard
mathematical tools may not model such uncertainties, new ones are needed. Fuzzy
sets [1], introduced to deal with uncertainty, are one of the well-known mathemat-
ical tools for the aforesaid purpose. The concept of fuzzy sets has been applied
many different fields from algebra to computer science [2]. In the fuzzy sets, the
element has a membership degree denoted by p(z). We can easily calculate the
non-membership degree by subtracting the membership degree from 1 since the
sum of membership and non-membership degrees is equal to 1. However, this sum
may be less than 1 when the problems containing different uncertainty comes into
question. Shortly after the definition of fuzzy sets, intuitionistic fuzzy sets [3] have
been introduced as a generalisation of fuzzy sets to model such an uncertainty. In
the intuitionistic fuzzy sets, the membership degree is denoted by p(z) similar to
those in fuzzy sets and the non-membership degree is denoted by v(z). Thus, intu-
itionistic fuzzy sets can model the problems where p(z) + v(z) < 1. Moreover, the
indeterminacy degree is 1 — (u(x) + v(z)) therein. Although fuzzy sets and intu-
itionistic fuzzy sets can model many problems [4], there is much more problems and
uncertainties in the real-life. For instance, in voting for an election, decisions of the
electorate may split into three types: Yes, no, and abstain. To model this problem
and the problems similar to this, Cuong has put forward the concept of picture
fuzzy sets (pf-sets) [5]. In the pf-sets, the membership, neutral membership, and
non-membership degrees are denoted by u(z), n(x), and v(z), respectively. Here,
the indeterminacy results from the refusal of the voting or non-participating in the
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voting, and the indeterminacy degree is denoted by 1 — (u(z) + n(x) + v(x)). De-
spite of the modelling success of pf-sets, Cuong’s definitions and operations have
theoretical inconsistencies. Therefore, this paper aims to redefine the concept of
pf-sets and their operations to ensure their consistency.

In Section 2 of the present study, concepts of fuzzy sets, intuitionistic fuzzy sets,
pf-sets, and basic operations of pf-sets are presented. In Section 3, the counter-
examples concerning Cuong’s definitions and operations are provided. In Section
4, the concept of pf-sets and some of its basic operations are redefined, and their
properties are investigated. Finally, the need for further research related to the new
definitions and operations of pf-sets is discussed.

2. PRELIMINARIES

In this section, we present the concepts of fuzzy sets [1], intuitionistic fuzzy sets [3],
and picture fuzzy sets (pf-sets) [5] and some of pf-sets’ operators and properties
provided in [5] by considering the notations used throughout this paper.

Across this paper, let E be a parameter set, F'(E) be the set of all fuzzy sets
over E, and u € F(E). Here, a fuzzy set is denoted by {#(*)z : 2 € E} instead of
(e, plx)) : 3 € B},

Definition 2.1. [3] Let f is a function from E to [0,1] x [0,1]. Then, the set
{58”));5 tx € E} being the graphic of f is called an intuitionistic fuzzy set (if-set)
over E.

Here, for all z € E, pu(x)+v(z) < 1. Moreover, p and v are called the membership
function and non-membership function, respectively, and w(x) = 1—(u(z)+v(x)) is
called the degree of indeterminacy of the element x € E. Obviously, each ordinary

; p(x) .
fuzzy set can be written as {1*;1(1@)% tx € E}

Definition 2.2. [5] Let f is a function from E to [0, 1] x [0,1] x [0,1]. Then, the

set {(z, p(x),n(z),v(x)) : « € E} being the graphic of f is called a picture fuzzy

set (pf-set) over E. Here, for all z € E, p(x) +n(x) + v(x) < 1 and a pf-set is
(=)

denoted by {<;7;Ezg>x tx € E} instead of {(z, u(z),n(z),v(x)) : x € E}.

Moreover, pu, 1, and v are called the membership function, neutral membership
function, and non-membership function, respectively, and 7(z) = 1— (u(z) +n(z)+
v(x)) is called the degree of indeterminacy of the element x € E.

In the present paper, the set of all pf-sets over E is denoted by PF(F).
Definition 2.3. [5] Let f1, fo € PF(E). For all z € E, if ju1(z) < pa(x), m(z) <
n2(z), and vq(z) > va(x), then f; is called a subset of f3 and is denoted by f1C fo.
Definition 2.4. [5] Let fi, f» € PF(E). If iCf, and foCfi, then f; and f, are
called equal pf-sets and is denoted by f1 = fs.

Definition 2.5. [5] Let fi, fo,fs € PF(E). For all x € E, if ps(z) =
max{p (z), p2(x)}, 13(x) = min{n (), n2(x)}, and vs(x) = min{e (z),va(x)},
then f3 is called union of f; and f5, and is denoted by f3 = fiUfs.

Definition 2.6. [5] Let fi, fa, f3 € PF(E). For all z € E, if mug(x)

min{yu (z), p2(2)}, n3(z) = min{m(z),72(2)}, and v3(z) = max{vi(z),va(2)},
then f3 is called intersection of fi and fo, and is denoted by f3 = fiNf.
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Definition 2.7. [5] Let fi, fo € PF(FE). For all x € E, if ps(x) = v1(x), ne(x) =
m(z), and vo(x) = pi(z), then fo is called complement of f; and is denoted by
f2=fi.

3. MOTIVATIONS OF THE REDEFINING OF PICTURE FuUzZzYy SETS

In this section, several counter-examples concerning Cuong’s definition of pf-sets
[5] and their inclusion, complement, and union definitions are presented. According
to Definition 2.3, the definitions of empty and universal pf-sets should be as in
Definition 3.1 and Definition 3.2, respectively, to be held the following conditions:

e Empty pf-set over F is a subset of all the pf-set over E.
e All pf-sets over E are the subset of universal pf-set over E.

Definition 3.1. Let f € PF(E). For all x € E, if u(z) = 0, n(x) = 0, and
0

v(z) =1, then f is called empty pf-set and is denoted by <0>E or Og.
1

Definition 3.2. Let f € PF(E). For all z € E, if pu(z) = 1, n(x) = 1, and

1
v(z) = 0, then f is called universal pf-set and is denoted by { 1 )E or 1g.
0
Example 3.3. There is a contradiction in Definition 3.2 since 1+ 1+ 0 £ 1, i.e.,
1g ¢ PF(E). On the other hand, even if 1z € PF(E), (1g)¢ # Og.

0.1
Example 3.4. Let f € PF(F) such that f = {<8§>x} Then, fU0g # f and
FOlp # 1p.

The concept of pf-sets and their operations should be redefined to overcome the
inconsistencies in Example 3.3 and 3.4.

4. PicTURE Fuzzy SETS AND SOME OF THEIR PROPERTIES

In this section, we redefine the concepts of pf-sets and investigate some of their
properties according to new definition herein by considering the notations used
across this study.

Definition 4.1. Let f is a function from E to [0,1] x [0,1] x [0,1]. Then, the set

{(z, p(z),n(z),v(x)) : x € E} being the graphic of f is called a picture fuzzy set

(pf-set) over E. Here, for all x € E, pu(x) +n(z) +v(x) <2 and a pf-set is denoted
()

by {<ngrg>x rx € E} instead of {(z, u(x),n(x),v(x)): x € E}.

Moreover, u, 1, and v are called the membership function, neutral membership
function, and non-membership function, respectively, and 7(z) = 2— (u(z)+n(z) +
v(z)) is called the degree of indeterminacy-membership of the element z € E.

()
Manifestly, each ordinary fuzzy set can be written as {< 1( )>x rx €F } and
1— p(x
e e . n(z)
each intuitionistic fuzzy set can be written as (1 ) z:xeFEs;.

In the present paper, the set of all pf-sets over F is denoted by PF(E) and
f € PF(E). In PF(E), since the graph(f) and f have generated each other
uniquely, the notations are interchangeable. Thus, we denote a pf-set graph(f) by

f as long as it does not cause any confusion.
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Example 4.2. Let E = {x1, z2, 23, 24}. Then,

= { () (e (s (B}
o= { () (e (B (e}

are two pf-sets over F.

Definition 4.3. Let f € PF(E). For all z € E, if u(z) = A\, n(z) = &, and
A
v(x) = w, then f is called (A, &,w)-pf-set and is denoted by <a E.

w

Definition 4.4. Let f € PF(E). For all x € E, if pu(z) = 0, n(x) = 1, and
0

v(z) =1, then f is called empty pf-set and is denoted by <1>E or 0.
1

Definition 4.5. Let f € PF(E). For all x € E, if pu(z) = 1, n(x) = 0, and
1
v(z) = 0, then f is called universal pf-set and is denoted by <0>E orlg.

Definition 4.6. Let f1, fo» € PF(E). Forallz € E, if py(z) < pa(x), ni(x) > na2(x)
and v (x) > vp(x), then f; is called a subset of f, and is denoted by f1C fo.
Proposition 4.7. Let f, f1, f2, f3 € PF(E). Then,

. fé}E
iii. fCf ] ]

w. [fiCf2 A f2Cfs] = f1l/fs
Remark 4.8. From Proposition 4.7, it can be seen that the inclusion relation is a
partial ordering relation in PF(E).

Definition 4.9. Let f1, fo € PF(E). Forallz € E, if py(z) = pa(x), ni(x) = n2(x)
and vo(x) = v1(x), then f1 and f; are called equal pf-sets and is denoted by f1 = fo.

Definition 4.10. Let fi, f» € PF(E). if f1Cfo and fi # fo, then f; is called a
proper subset of fy and is denoted by f1C fo.
Proposition 4.11. Let f1, fo, f3 € PF(E). Then,

i. [ACLRARCH]= ="/

ii. [fi=fANfa=fil=fH=f
Definition 4.12. Let fi,fs,f3 € PF(E). For all z € E, if ps(z) =
max{p(x), u2(x)}, n3(z) = min{n(x),n2(x)}, and v5(z) = min{v(x),va(z)},

then f3 is called union of f; and fo, and is denoted by f3 = fiUfs.
Proposition 4.13. Let f, f1, fo, f3 € PF(FE). Then,

<

i fUf=f
1. fUlE—].E
121. fUOE—f

w. fiUfz=fUf
- iU (f2Ufs) = (f1Uf2) Ufs
vi. [f1Cf2 = f1Uf2 = fo]

ST
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Definition 4.14. Let fi,fo,f3 € PF(E). For all x € E, if puz(z) =

min{yu (x), p2(2)}, ns(x) = max{ni(z),n2(2)}, and vs(z) = max{vi(z),v2(2)},
then f3 is called intersection of f; and fs, and is denoted by f3 = fiNfa.

Proposition 4.15. Let f, f1, fo, f3 € PF(FE). Then,
i fOf=Ff

i. fOlg = f

119, fﬂOE =0g

w. finfa=foNf1
v i (f2Nfs) = (fi0f2) N fs

vi. [1Cfa= fi0f2 = f1]

Proposition 4.16. Let f, f1, fo, f3 € PF(E). Then,

i. flg(fzfjfg) = (f1@f2)@(f1gf3)
i, {10 (f2Uf3) = (f10f2) U (f10f3)

Proof. i. Let f1, fa, f3 € PF(E). Then, for all z € E,

min {p2(x), ps(z)}

U(f2N = f1U3 ( max{nz(x),ns(2)} )z
hUfNs) = A {<max{u§(w>,u§<w>}> }
masx {1 (<), min {412(), w3 (2)}}
= mln{nl z),maX{nz(:v) 3(z)}} )x
min {v1 (z), max {va(x), U3(m)}}
min {max {p1(2), p2(z)} , max {p1(2), us(z )}}> }

= { < max {min {7y (z), n2(x)}, min {n1 (z), n3(x)}}
max {min {vq(z), v2(x)}, min {v1(z), vs(z)}}
)s b

max {p1(x), p2(x) } - max {p1(z), p3 ()}

= min {n; (z), 772 (z)} N min {7 (z), 773(5”)} X
mln{ul(x),VQ(T)} min {vy(z), v3(z)}

= (AHUf2)N(f10f3) O

Definition 4.17. Let f1, fo € PF(E). For all z € E, if ps(x) = vi(x), n2(z) =
1—m(z), and va(z) = p1(z), then fo is called complement of f; and is denoted by
f2= 1

Proposition 4.18. Let f, fi1, fo € PF(E).

i (1) =1

n 0, =1

iii. 15, = 0

w. f1Sfe = f5CfT
Definition 4.19. Let fi,fs,f3 € PF(E). For all x € E, if uz(z) =

min{yu (z), v2(2)}, n3(2) = max{m (z),1 —n2(2)}, and v3(x) = max{v1(z), p2(2)},
then f3 is called difference between f; and fo, and is denoted by f3 = f1\ fa.

=3

Proposition 4.20. Let f, f1, fo € PF(E).
i f\0p = f

ii. \lp =0

ii. fi\fo = f1i0f§
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Remark 4.21. It must be noted that the difference is non- con%)n%utatlve and non-
associative. For example, Let f; = {<0 2>x}, fo = {<0 6> }, and f3 =

0.4
0.5
{<0-8>x}. Then,
0.2
- 0.1 0.4
i. fi\fa = {<8‘71>$} and fo\f1 = {<0 8>$} = fi\f2 # fo\ i
ii. fi\ (f2§f3) = {<§Z>$} and (fl\f2) \fs = {<§:‘;>l‘} = fi\ (fzif?)) #
(V1) \fs
Proposition 4.22. Let fi, fo € PF(FE). Then, the De Morgan’s Laws are valid,

i (flOfQ) = fiNfs
i. (fi0f2)" = f{Of5

Proof. i. Let f1, fa, f3s € PF(E). Then,

pi(x)

<771(ﬂ7 > } {<7]2(I)>x}>
vi(z) va(x)
max {11 (), iz ()

<mm {mn (2), 12 ()} > })
min {v1(z), va(z)}
mln{ul(z),uz r)} > }

1 — min {1 (z),
max {p1(z), /LQ(’I'

min {vy (z), va(z)}
max {1 —n1(z),1 —n2(x)}

(flOfQ)a =

max {1 (), pa(x)}

)t { (o > |
17771 (z) 1—na(z) Y
pi(x) pz(x)

<
<
{
{
A |
- (G (D)

Definition 4.23. Let fi,fe,fs € PF(E). For all z €
if  ps(x) = max{min{p(z),v2(2)} min{ps(z),1(x)}},  n3(x)

min{max{n (z),1 — na(z)}, maxfna(x), 1 — m(e)}}, and  vs(z)
min{max{v (), po(z)}, max{va(z), p1(x)}}, then f3 is called symmetric dif-

ference between fi and fo, and is denoted by f3 = f1Afs.

TS

Proposition 4.24. Let f, f1, fo € PF(E).

1. fAOE—f

1. fAlE—fc

iii. filfa= fabfr 3
w. ilfa = (H\f2)0(f2\f1)
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Remark 4.25. It must be noted that the symmetric difference is non-associative.

0.3 0.7 0.5
For example, Let f; = {<0.2>x}, fo = {<0.6>x}, and f3 = {<0.8>x}. Since
0.4 0.1 0.2
~ ~ 0.3 ~ ~ 0.3 ~ ~
R (fhfs) = {<g4>x} and ([1Af) Afs = {<83>x} then 1 (L2A) #
(1df2) Ao

Definition 4.26. Let fi, fo € PF(E). If fiNfs = 0g, then f; and fo are called
disjoint pf-sets.

5. CONCLUSION

In this study, concept of pf-sets was redefined for its theoretical consistency.
Then, some of their basic properties were investigated and it was corroborated that
pf-sets became more functional.

Cuong has also offered the concept of pfs-sets [5], a hybrid version of pf-sets and
soft sets [6], immediately afterwards his defining of pf-sets in the same study. After
a while,pfs-sets have been redefined [7] without mentioned the Cuong’s defining
of pfs-sets and studied the properties of them. Yet, in these two study, concept
of pfs-sets has been introduced based on Cuong’s definition of pf-sets and they
have some inconsistencies just as pf-sets have. Therefore, examining the aforesaid
studies, redefining the concept of pfs-sets, and investigating their properties are
worthwhile to study.

6. APPENDIX

In the present study, the latex command utilised for the picture fuzzy environ-
ments, an example, and its output are as follows:

Command

\newcommand{\pfe} [3]{{\scriptsize\arraycolsep=3pt\def\arraystretch{1}
\left<\begin{array}{c}

\hspace{-0.1lcm}#1\\

\hspace{-0.1cm}#2\\

\hspace{-0.1cm}#3
\end{array}\hspace{-0.1cm}\right>}\hspace{-0.025cm}}

Example Output

0.8
$£=\1eft\{\pfe{0.8}{0.1}{0.5}x\right\}$ f= { <0.1>:1:}
0.5
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ABSTRACT. In this study firstly, we prove an identity for twice partially dif-
ferentiable mappings involving the double generalized fractional integral. By
using the this obtained identity, we establish some midpoint type inequalities
for differentiable co-ordinated convex functions. Furthermore, by special cases
of our main results, we obtain several new inequalities for Riemann-Liouville
fractional integrals and k-Riemann-Liouville fractional integrals.

1. INTRODUCTION

The inequalities, introduced by C. Hermite and J. Hadamard for convex func-
tions, are comsiderable topic in the literature. These inequalities state that if
o : I — R is a convex function on the interval I of real numbers and p1, p2 € I with
p1 < p2, then

(1.1) - <"’1 ;"2> < iplja(n)dn < M,

if o is concave, then both inequalities in (1.1) hold to the reverse direction.

Over the years, considerable number of studies have been focused on obtaining
trapezoid and midpoint type inequalities which give bounds for the right-hand side
and left-hand side of the inequality (1.1), respectively. For example, Dragomir and
Agarwal first obtained trapezoid inequalities for convex functions in [6] and Kirmaci
first established midpoint inequalities for convex functions in [12]. In [18], Sarikaya
et al. generalized the inequalities (1.1) for fractional integrals and the authors
also proved some corresponding trapezoid type inequalities. Igbal et al. presented
some fractional midpoint type inequalities for convex functions in [9]. On the other
hand, Dragomir proved Hermite-Hadamard inequalities for co-ordinated convex
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mappings in [5]. The midpoint and trapezoid type inequalities for co-ordinated
convex functions were established in the papers [13] and [17], respectively. More-
over, Sarikaya obtained fractional Hermite-Hadamard inequalities and fractional
trapezoid for functions with two variables in [20]. Tung et al. presented some frac-
tional midpoint type inequalities for co-ordinated convex functions in [22]. In [16],
Sarikaya and Ertugral first introduced new fractional integrals which are called gen-
eralized fractional integrals. In addition, they proved Hermite-Hadamard inequali-
ties and several trapezoids and midpoint type inequalities for generalized fractional
integrals. Furthermore, Turkay et al. described the generalized fractional integrals
for functions with two variables. These authors presented Hermite-Hadamard and
trapezoid type inequalities for this kind of fractional integrals in [23]. For the other
similar inequalities, please refer to [3, 4, 11, 14, 15, 19, 21].

2. GENERALIZED FRACTIONAL INTEGRALS

In this section, we summarize the generalized fractional integrals defined by
Sarikaya and Ertugral in [16].
Let us define a function ¢ : [0,00) — [0, 00) satisfying the following condition:

/1Md7<m.

-
We consider the following left-sided and right-sided generalized fractional integral
operators

(2.1) pﬁfg,o—(m):/ E=T) dr, k>
b KT

and
p2 _

(22) eteo) = [ 2o myar, < o
K T =

respectively.

Some forms of fractional integrals, namely, Riemann-Liouville fractional integral,
k-Riemann-Liouville fractional integral, Katugampola fractional integrals, conformable
fractional integral, Hadamard fractional integrals, etc are generalized as the most
significant feature of generalized fractional integrals. These important special cases
of the integral operators (2.1) and (2.2) are mentioned below:

(1) If we choose ¢ (1) = 7, the operators (2.1) and (2.2) reduce to the Riemann
integral.

(2) Considering ¢ (1) = % and a > 0, the operators (2.1) and (2.2) re-
duce to the Riemann-Liouville fractional integrals .J Lo(k) and Jg _o(k),
respectively. Here, I" is Gamma function.

(3) For ¢ (1) = mT% and a, k > 0, the operators (2.1) and (2.2) reduce
to the k-Riemann-Liouville fractional integrals J¢ L0(k) and J2 _ o(k),
respectively. Here, 'y is k-Gamma function.

There are several papers on inequalities for generalized fractional integrals in the
literature. In [16], Sarikaya and Ertugral also proved Hermite-Hadamard inequali-
ties for generalized fractional integrals. In addition, Budak et al. proved Midpoint
type inequalities and extensions of Hermite-Hadamard inequalities in the papers [1]
and [2], respectively. In [7], Ertugral and Sarikaya presented some Simpson type
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inequalities for these fractional integral operators. For some of other papers on
inequalities for generalized fractional integrals, please refer to [7, 8, 10, 24, 25].

Generalized double fractional integrals are given by Turkay et al. in [23], as
follows:

Definition 2.1. The Generalized double fractional integrals ,, + ps+Lp s pr+,pa—dio 05
pr—pstlps pa—,ps—Lpp are defined by
(2.3)
Ko
p—1)Y(y—¢
P1+7P3+I<,O,1ZJU (K>7) = / / ( ) ( )0 (7—75) dde, K> p1, ¥ > p3,

o Jp BT A€

(2.4)
K P4 _ _
pP1t+,04— 4/7,1110- (KH’Y) = /p1 L go/(;ﬁ:_ TT) 1/)2-6_ 77)0- (Ta 5) dng7 K> P1, Y < P4,
(2.5) i
p2— 7P3+I<P 7/10— K Py / LPTT__I:: w (’7 gg) (Ta 5) dde, K< P2, Y > P3,
P3
and
(2.6)

P4

o(r—r)Y(E—7)
L TR €1

i T () = [ o (r,€) dédr, K < p2, 7 < pu.

Here, o € Li([p1, p2] X [ps, p4a]) and the functions ¢, : [0,00) — [0,00) satisfy

fol <P( ) P ir < o0 and fl ¢é§) d¢ < oo, respectively.

By using Definition 2.1, well-known fractional integrals can be obtained by some
special choices. For example;

(1) If we choose ¢ (7) = 7 and ¢ (§) = &, the operators (2.3), (2.4), (2.5) and
(2.6) reduce to the double Riemann integral.

2) Considering ¢ (1) = <—, ¥ (§) = i, then for a, 8 > 0, the operators

D(a) ()
(2.3), (2. ) (2.5) and (2.6) reduce to the Riemann-Liouville fractional inte-
grals J3° 1+ s+ (K5 7), J;l’f’pra (K, 7) Jpz’B,pﬁa (k,7) and pr pa—0 (K, 7),
respectlvely
a 8

(3) For p (1) = #kw) and ¢ (€) = #k(ﬁ), for a, B8,k > 0, the operators (2.3),
(2.4), (2.5) and (2.6) reduce to the k-Riemann-Liouville fractional integrals
ng’f—’];3+0 (K: 7) Jf?lﬁf-:lihx—o— (H’ P)/) ’ ‘];02’f ];s+0 ( ) and ‘]Pz;é ];4— (K’ ’Y)’ re-
spectively.

3. AN IDENTITY FOR GENERALIZED DOUBLE FRACTIONAL INTEGRALS

Throughout this study for brevity, we define

(3.1) Al(m)=/“’((”2T_“)“>du7 Aﬂlﬁ,T)Z/Mdu,
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and
1 1
(3.2) /w PL=NY g Ag(y,€) = /w )
£ 3
Moreover, we denote
E1(k) = A1(k,0) + Aq(k,0)
Z2(7) = A2(7,0) + As(7,0)
T(r,7) = E1(r)Z2(7)-
Lemma 3.1. Let 0 : A := [p1,p2] X [p3,p4] = R be an absolutely continuous

function on A such that the partial derivative of order azac;(gf) exist for all (1,€) €

A. Then, the following equality for generalized fractional integrals holds:
Q(pla P2, K5 P3, P4,7Y

1 1
o
_ p1 ’y p3) //AmTsz&)
0 0

82
xﬁa(TPQJF(I*T)(Pl+p2*H)7§P4+(1*5)(p3+p47'y))d§d7'
1 1
(fi—m P4—
A1 HTAQ ’7,5)
e
82
Xﬁg(7P2+(1*T)(P1+P2*H)75P3+(1*5)(P3+p4—fy))d§d7

_(p2—K) (v —p3)
Y (k,7)

A (k,7)A2(v, )

o _
o _

82
Xmg(Tpl‘F(l—T) (pr+p2—K),Epa+ (1 —&) (ps + psa — 7)) dédr

(p2 — k) (pa — )

T ()

Ak, 7)A2(7,€)

o —
o —

2

XaTiagU(Tler(l—T)(m+Pz—H)afpzﬂr(l—5)(P3+P4—’7))dfd77

where

Qp1, p2, K; P3, P4, 7Y)
= o(pr+p2—FK,p3+ps—7)

) [ pa—Typo(pr+p2—K,p3+ps =)+ pyilyo(pr + p2 — K, p3+ pa—7)]

[I]

1
2(7
1
(

[ po—Lp0(p1+p2— K, p3+ps =)+ piilpo(pr + p2 — K, p3 4 pa — )]

[I]

1H)
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1
+m [ po—pa—TLp (P14 p2 — K, 03+ ps =)+ poe pstdpuo(pr + p2 — K, p3+ pa — )

+ prtpa—Lowo(pr+p2 — K, p3+ps — V) + pivpstlowo(pr + p2 — K, p3+ pa — )]

Proof. By using integration by parts, we have

11
:!! 15,7 A2 ()

2
Xiafaga (Tp2+ (1 —=7) (p1 + p2 — K) ,§pa + (1 = &) (p3 + pa — 7)) dédr
o AI(KZ7O)A2(’Y¢0) o _ _
- (K_pl)(,y_ps) (pl +p2 "{ap3+p4 ’7)

A1 (k,0
(o p11() g )_ ) pa—Typo(p1+ p2 — K, ps+ pa — )
As(y,0
33) s Lol = R+ pr =)
1
(/f_pl)('y p3) p2—,pa— 4,071!10'(/01 + p2 —"fap3+P4—’Y)’
1 1
= [ [ M08,
0 0
82
87650(7P2+(1*7) (p1+p2 — k), Eps + (1 — &) (p3 + pa — 7)) dédr
A1 (k,0)A9(7,0
- (/fl(— P1; (/’24(1 7)) b1+ p2 = o3 + 4 =)
A1 (k,0
B4) s Lol pa = st =)
As(v,0
(k— pjgv(m)— 5y pe-leolont P2 = ps ¥ pu =)
1

H3=/1/1A1(’€7T)A2(%§)

88850( p1+ (L —7)(p1+p2 — k), &pa+ (1= &) (p3 + pa — 7)) dédr
= (m(f’ ;?j( p; o(p1+ p2 — K, p3 + ps—7)
(pQ_A ;?0) )P4*I¢J(p1 +p2_"€7p3+p4_'7)
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Ao (7,0
33) s g 2= R+ pr =)
1
—([)Q—H) (’Y—p3) p1+,p4—lcp,w‘7(p1+P2_“7P3+P4_7)7
and
1 1
:// (5, 7)A2(7,§)
00
52
XMU(TM+(1*T)(PlJer*’f),fPer(1*5)(P3+P4*7))d€d7
Aq(k,0)A5(~,0
= (p:(— n))(pi(z V;U(Pl +p2 =K, p3+ps—7)
Aq(k,0
3) o Lol pr = st =)
As (7,0
_(pQ_Zg (p4)_ ) pi+1o0(p1+p2 — K, p3s+ pa— 1)
1

Jr(p2 %) (pr—n) o1+ps+ 1o w0 (p1 + p2 — Ky p3 4+ pa — 7).

By using the Equations (3.3)-(3.6), we have
(=) (1= 13)

(k= p1) (pa —7) H,

T(k,7) L Y (k,7)
_(p2=£K) (v = p3) (p2 = K) (pa =)
Y (k,7) Hs Y (k,7) Ha

= Qp1, p2, K5 p3, p1,7Y)
which completes the proof of Lemma 3.1. O

4. NEW MIDPOINT TYPE INEQUALITIES FOR GENERALIZED FRACTIONAL
INTEGRALS

Theorem 4.1. Assume that the assumptions of Lemma 3.1 hold. Assume also

88;55’ is co-ordinated convex on A. Then, we obtain the following
inequality for generalized fractional integrals

that the mapping

|Q(p1a P2, K; 103794’7”

(k= p1) (v = p3) 9? 2
< A{B AB —
< T (5, 7) 1 87850(’02’/)4) +A1By |5 oe” o (p2,p3+ps—")
0?2 0?2
+A2 By 9r0e’ o (p1+p2 — K, pa)| + A2 B 787850@1 +p2 — K, p3+ps—)

(k= p1) (P =) 0? o -
T () |4 Grae” P pa)| A Bs | 5gee (02 st pa =)
0? 2
+A2By o€ 8{ o (p1+p2 — K, p3)| + A2Bs MJ (p1+ p2 — K, p3 + ps—7)

—
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(p2 — k) (v — p3) §
O e e o
2
+A3B, 5,0¢ 85 o (p1+p2 — K, pa)| + AzBo
(p2 — k) (P2 — ") >
T(m ) [A Bi |5z 2e° o (p1,p3)
2
+A3By ey 8§ o (p1+p2 — K, p3)| + A3Bs
Here,
A= }TAl(H,T)dT, Ay =
(4.1) |
As= [ —=7)A1(k,T)dr, A=
0
and
1
By = [&Aa(v,8)dE, Bs
(4.2) |
B3 = g( - f) AQ('Yag)d§7 B4

oTo€

oTo€

2

AuB
+4286§

2

2

AuB
+4388§

2

TA (K, T)dT,

O%»—AO%H

O%,_.O%,_.

Proof. By taking modulus in Lemma 3.1, we have

(4.3)

(k= p1) (v — p3)
T(k,7)
o

| oroe

+

(KJ - ,01) (P4 )

|Q(p15 P2, K; p37p477)|

1

//AlnTAQ('y{)

0 0

Y (k,7)
o

| oroe

(p2 — k) (v — p3)

+

Ai(r,7)As(7, )

o _
o —

Ay (Hv T)AQ (’77 f)

Y (k,7)
82
) ‘8 d€

+(p2*/€ pr

o _
o — _

82
x ‘ D¢

1
/All-zTAg’yf)
0

O\H

a(p1+p2—

o(p1+p2—

o (p1,p3+ps—7)

Ky P34 pa—7)

o (p1,p3+pa—")

K,p3+ ps—7y)

(1—=7) A1 (k,T)dT,

(1 =¢) Aa(y,§)ds,

2+ (L= 7) 1+ g2 = ) Epa+ (1€ (pa+ pu = 1) dedr
o (rpa+ (L= 7) (1 + pa — k) . €93 + (1 — €) (s + 1 —7))’d£d7
o(tp1+ 1 —=7)(pr+p2—r),Epa+ (1 —=&) (p3 + pa —7))‘d§d7

o(rpr+ (1 —7)(p1+p2— k), &ps+ (1= &) (p3 + pa 7))‘d€dT-
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%o
oT0

Since is co-ordinated convex, we get

s

(4' Al(KJvT)AQ(’Y?f)

o%\’i
O\H

2

o (rpa+ (1—7) (o1 + pa — &), Epa + (1 — &) <p3+p4—v>>\dsdf

" |orog
1 1 82 82
< [ [ aiterinae) (€| 2o tonpn| 470 =) | e (rpa =)
0 0
82
+(1- )5‘8 9’ o (p1+ p2 — K, pa)

+(1_T)(1_£)’8?'3§J(’01+p2 —K,pg+p4—v)D dédr
82
?850(/’2#4)

2

0
= AiB; +A1By 970¢ 6§ o (p2,p3 + ps — )‘

82
aroc’

Similarly, we have

1
/O/AlliTAQ’)/f)

(tp2+ (1 —7)(p1 +P2/‘6),€P3+(15)(P3+P4’Y))‘d€d7

2

0
+A2B, + AxBy 9. 0¢ 85 o (p1 +02—f€7,03+p4—7)’~

(pl + P2 — /i7p4)

‘8785
2

e ( ) ?
groc? P2 P

)
+ A1 Bs 97067 (P27P3+P4—7)‘

2

B
+ A2 B3 9r0e” o(p1+p2—k,p3+ps—7)|,

87( + p2 — K, p3)
87’350 P1 T P2 , P3

@6) [ [ Bas.rAs,6)
0 0
2
g (7014 (L= ) 1+ pa = ) &9+ (1) (o + 1 )

2

R ( ) ?
grog PP

0
+A4BQ 8 8§ (P17P3+P4_7)‘

2

0
+ A3Bs 97067 o(p1+p2—k,p3+ps—7)|,

87( + p2 — K, pa)
87’650 P1 T P2 ) P4
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|2 (o1 + (L= 014 7= ) 4 (1 €) (0 =)
2 82
< AyBy 57 0E 85 o (p1,p3)| + AsBs 970F 85 (P17P3+P4—7)‘
0? 9?
+A3B4 57067 o (p1+p2 — K, p3)| + A3B3 97067 (p1+p2—ﬁ,p3+p4—7)’-

If we substitute the inequalities (4.4)-(4.7) in (4.3), we obtain the desired result.
This ends the proof of Theorem 4.1. (]

Remark 4.2. In Theorem 4.1, if we assign ¢(7) = 7 and ¢(&) = £ for all (1,£) € A
and if we choose Kk = % and v = %, then Theorem 4.1 reduces to [13,
Theorem 2].

Corollary 1. In Theorem 4.1, if we assign (1) = % and ¥(&) = g(ﬁ) for all

(1,€) € A and if we choose k = 21522 and v = 25124 "then we have the following
midpoint type inequality for Riemann-Liouville fractional integrals

. p1+p2 p3+pa
2 72

27T (B +1) {Jﬁ 0<Pl+P2 P3+P4)+Jﬁ 0(P1+p2 p3 + pa ]
) p3+

(pa—ps)” L7 2 2 2 72
20-1p 1
_ (04+a) Jo o (Pt pstes e prtpe pstps
(p2 = p1) Pz 2 2 & 2 2

20082 (a+ 1) T (B + 1)
(Pz - Pl)a (,04 - 03)5

o [y o p1+p2 p3+pa 4 ges p1+p2 p3+pa
P2—5pa— 2 ’ 2 p2—.p3+7 2 ’ 9
B p1+p2 p3+pg B PL+p2 P3+ P4
o pa =0 (2’2> Tttt | T
< af (p2 — p1) (ps — p3)
= 16(a+1)(B+1)

82
‘87850 (p2,p3)| +

82
‘37‘850 (p1,pa)| +

82
‘37850 (p1,p3)

E

82
X HWU (P2, pa)| +

/3

Corollary 2. In Theorem 4.1, if we assign (1) = ka(a) and ¢¥(§) = kr for all

(1,€) € A and if we choose k = % and v = £2224 then we have the followmg
midpoint type inequality for k-Riemann-Liouville fractional integrals

o (PLEP2 P3tpa
2 2

2?_1Fk (ﬁ-f'k) % p1+p2 p3s+pa 3 p1+p2 p3+pa
_— Jp4 Xy , +J, .0 ,
’ 2 2 Pt 2 2
(pa 703)
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28Ty (a+k) [, pL+p2 p3tpa pL+pa p3+pa
- o p2— k0 ’ + p1+ kO 9
(p2 —p1)* 2 2 2 2

2 (a4 k) Ty (ﬂ+k)
(p2— p1)* (pa — ps)

.8,k p1+ p2 p3+ P4 a,B.k p1+ p2 p3+ P4
x |:JP2,P4J (2’ 9 ) + JP2* p3+ ( 2 ’ 9

a,B,k <P1+P2 P3+P4)+Ja5k <p1+p2 P3+P4>H

+J p1t+,pa—0 9 ’ 2 1+,p3+ 9 ) 2

aB (p2 — p1) (pa — p3)
16 (a+ k) (B+ k)

62
X HWU(M,M) +

IN

62
‘ o (p2,p3)| + o(p1,pa)| + o (p1,p3)

oTo€

|

o

oTo€

o

oTo€

Theorem 4.3. Suppose that the assumptions of Lemma 3.1 hold. Suppose also
q
that the mapping ‘6‘?7255’ , ¢ > 1 is co-ordinated convex on A. Then, we get the

following inequality for generalized fractional integrals,

|Q(p17p2a’% P35 P47 |

1 1
(H*pl ’y P3 p
g 2q (/0/ Al Ii T A2 "}/ f)] dde)

0
62 q
X (‘ (p2,p4)

P

2 q

o (p2,p3 4 pa —)

"

8T8§ ar0E

0 T a &
+’8¢6§U(p1+"’2_“’/’4) +‘8T3£0(,01+p2—m,03+p4—7) )

1 1 >

+(H—P1)(P4— //AlnTAQ(A/ &) dedr

2T (s, 0 0

32 q 82 q
X(‘WU(/’Q’P«?) + W%U(PQ,PSJMM*’Y)

Q=

02 a 52 q

+’(978§0(p1+p2_“7p3) +‘8Ta£0(01+p2—mp3+ﬁ4—7) )
11 1

+(p2—m v - p3 //AIKTAz(7 Ol dedr

24T (K 0 )

0? 52 q
X (‘87’86 (p17p4) + 8T6§ (p17p3 +p4—fy)

2 q 2 o L
+'67’8§U(p1+p2“’p4) +‘WU(P1+P2H,P3+P47) )
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11
(p2 — K) P4— ( )
+ Al Ii T AQ(’Y 5)} dfd/T
2q /!\

p

82 82 q
X(‘arag (m,ps) + 9r0e° o (p1,p3 + pa—")

o2 q 2 N
+’8T850(P1+02—H,p3) +‘W§U(01+P2—ﬁ’p3+ﬁ4—7) >

where % + % =1 and Q(p1, p2, K; p3, pa,7y) are defined as in Lemma 3.1.

Proof. With the help of Holder inequality and co-ordinated convexity of gfg& ,

we have

1
O/j(Q (K, 7)A2(7,§)

X ‘WJ(szJr(l—T) (p1+p2—K),Eps+ (1—8) (p3+p4—7))‘d§d7

(/1/1[A1(HvT)A2(%§)]pd£dT)p

I
x(//‘ 9 o(tp2+ 1 —7)(p1+p2—k),Epa+ (1 —=&)(p3s+ps—7))

00
11 5

(// AlliTAg’yE)]pdde)
00

2 q o2
o

q ‘82

1
q

q
dedr

.Q\m

o (p2, pa) (p2,p3+ pa— )

)

o(pr+p2—K,p3+ps—7)

873§
2
* ‘ 7o

Similarly, we get

1
Q)q

o(p1+p2—K,pa)| + 9r0¢

o _

1
/AlﬁTAZ %f)
0

‘afag (Tp2+ (L —=7)(p1 +p2 — K),{p3 + (1 = &) (p3 + pa —7))’d£dT

1 3
e (// [A1(k, 7)Ax( %5)]pd£d7>

’ q 82 q
(’3 a” o (p2,p3) ‘87550(02,p3+p47)
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a\ q
)

82
+ ‘67_850(01 + p2 — K, p3)

11
(4.10) //AllﬁTAQ”yﬁ)
00

o(tpr+ (1 —=7)(pr+p2—5),Epa+ (1 —=&)(p3+ pa 7))’d§d7

q 82
+‘W0(pl+pzﬂ,pg+p4v)

1O 8§
1
s 3z (//AlmAms)] dfd7>
20 0
q 82 q
X('aTaf (p1,p4) ’8785 (P1’03+P4—7)
0? q 2 N
+‘87’8§U(p1+p2_’€’p4) +’87_8§U(P1+P2—/€»P3+p4—7)> ;
and

1 1
(411) //Al :‘{ 7' AQ ’y,f)
0 0

|2 (Tﬂ1+(1—7)(p1+p2—H),£p3+(1—5)(p3+p4—7))’d£dT

e (//1 (k, 7)A2(7, )" d{dT)

IN

0
q

q 82
‘a 65 (plap3+P4*’Y)

<(|oe orm)
82
+ ’aTaga(pl +P2 - "@PS)

Q> q
By substituting the inequalities (4.8)-(4.11) in (4.3), we establish required result.
This is the end of the proof of Theorem 4.3. O

q 82
+ ’WU(P1+P2—K,P3+P4—V)

Theorem 4.4. Assume that the assumptions of Lemma 3.1 hold. If the mapping
82

67’5&
generalized fractional integrals

q
, q > 1 is co-ordinated convex on A, then we get the following inequality for

| p1, p2, K p3, P4, )|

(k—p1) (v = p3) [ o
< BT ( I/ m(m)AzmodsdT)

0 0

32
a aé- (p2’p4)

q
+ AlBQ

2

a q
a 8€ (p27/03+p477)

|:AlBl
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Q=

2 q 2 q
+A25, ey 8«5 o(p1+p2—k,pa)| + AsBs 908 85 o(p1+p2— K, p3+ps—7) ]
1 1 _E
+(H_p1 p4_ (//AlnTAﬂ,g)dng)
00
82 32 q
{A134 9r0e” o (p2,p3) +A133 9r0e” o (p2,p3+ pa—")
2 q 2 a1 s
+A2B, 5,0¢ 85 o (p1+p2 —k,p3)| + A2Bs 970¢ 6§ o(p1+p2—K,p3+ps—") ]
11 1-¢
+(p2_H 7 ) (//Amr/xﬂg)dgdr>
00
82 2 q
{A4Bl 9r0e° o (p1,pa) +A4Bz 9r0e” o (p1,p3+ps—7)
2 a 2 a;
+A3DB,; 3706 8{ o(p1+p2—k,pa)| + As3Bs 979¢ 85 o(p1+p2—K,p3+ps—7) ]
1 1 _E
+(p2_” p4_ (//Allﬁ:TAg’yf)dde)
00
2 2 q
[A4B4 9r0e” o (p1,p3) +A4B3 9r0e” o (p1,p3+ pa—")
92 q 52 a3
+A3Bs |5 or e° o(p1+p2—k,p3)| +A3Bs 9r0e” o (p1+p2—K,p3+ps—") ] :

Here, Q(p1, pa2, K; p3, pa,y) is defined as in Lemma 3.1, A;, i =1,2,3,4 are defined
as in (4.1) and B;, i =1,2,3,4 are defined as in (4.2).

Proof. Power mean inequality and co-ordinated convexity of yield

—

N
OKE\H

A1 (x5, 7)A2(7,€)

(=)

2
e T2+ (1) (o + = ) €+ (1= ) -+ 1 — )| dedr

(/1/1/\1(“77)/\2(%5)615657) a (/1/11\1(’%7')1\2(%5)
00 00

o(mp2+ (1 —7)(p1+p2—K),&pa+ (1 =€) (p3+ps—7))

X

IN

1
q a

X ‘87‘85 dde)
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1
q

1—
Al (’%7 T)AZ (77 f)dng)

q 2 q

OTO€

q

+T(1—§)‘ o (p2,p3+ps—7)

R ( )
87850 P2, P4

82
+(1_T)5‘67_850(P1+P2—/‘%P4)
o2 ‘ i
+(1=7)(1-¢) o (p1+p2 — K, p3+pa—7)| | dédr
oTo€
11 -
- (/] Al(/-”»,T)AQ(%i)dﬁdT)
0 0
2 q 2 q
X <A1B1 877650(”’/)4) +A1By 970¢ 65 o (p2,p3+ pa—7)
2 q 2 N
+A2B; 9r0e’ o(pL+p2—k,pa)| + AsBo 9rae’ o (p1+p2 — K, p3+ps—7) > :

Similarly, we have

gé.zémummz(m

82
X ‘MU(TPQ +A=7)(p1+p2—k),&p3+ (1 —&) (p3 + pa —7))‘d§d7'
11 -1
= (/ / Al("””’T)Az(%E)dde>
00
2 q 2 q
x (AlB4 a 85 (p27p3) +A]'B3 a 85 (P2ap3+P4_'7)
(92 q 62 a~ g
+As2By 9rOE 6€ o(p1+p2 —K,p3)| + AxBs 970F 8§ o(p1+p2—K,p3+ps—7) > ,

~

/zémmma

o(tpr+ (1 —=7)(p1+p2—r),Epa+ (1 =) (p3+ pa v))‘dﬁdf

1

q

X ‘ oroc’

(O/O/Al(H,T)AQ(%f)dEdT)
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82 q 82 q
AuB AyB —
( 41 87'8§ o (p1,pa)| + AsBo EEpY: 85 o (p1,p3+ ps—7)
2 q 82 a\ ¢
A3B - A3B - -
3By 5 50 o (p1+p2— K, pa)| +AsBo 9r0e° o (p1+p2— K, ps+ps—") ) :
and
11
( }g)ﬁl K, T)A2(7, )
00
62
g (7014 (L= ) 01+ p2 = ) €9 + (1) (o + 1 )
11 1-3
< | [ [ datensat.gdedr
00
a q 2 q
AuB + A4B -
< A oy 85 o (p1,p3) ekl wysvd 8{ o (p1,p3+ps—7)
2 q 82 a\ q
AsB — A3B - - .
+A3By DrOF 35 o (p1+p2—k,p3)| + A3Bs D7 0F 85 o (p1+p2 — K, p3+ ps—) )
If we substitute the inequalities (4.12)-(4.15) in (4.3), then we establish desired
result. This ends the proof of Theorem 4.4. O

5. CONCLUSIONS

We proved an identity for twice partially differentiable mappings involving the
double generalized fractional integral. This will lead to new research. The special
cases obtained show how valuable this study is. The new identity here can be
used in different studies. Researchers can do new studies with different types of
convexity.

REFERENCES

[1] H. Budak, H. Kara and R. Kapucu, New midpoint type inequalities for generalized fractional
integral, Computational Methods for Differential Equations, 2021.

[2] H. Budak, E. Pehlivan and P. Késem, On new extensions of Hermite-Hadamard inequalities
for generalized fractional integrals. Sahand Communications in Mathematical Analysis, 2021.

[3] H. Budak, S. Kiling Yildirim, M. A. Ali and H. Yildirim, On some new midpoint type inequal-
ities for co-ordinated convexr functions via Riemann-Liouville fractional integrals, Submitted,
2021.

[4] F. Chen, A note on the Hermite-Hadamard inequality for convez functions on the co-ordinates,
J. Math. Inequal., 8(4), (2014), 915-923.

[5] S. S. Dragomir, On Hadamard’s inequality for conver functions on the co-ordinates in a
rectangle from the plane, Taiwanese J Math., 4 (2001), 775-788.

[6] S.S. Dragomir and R. P. Agarwal, Two inequalities for differentiable mappings and applications
to special means of real numbers and to trapezoidal formula, Appl. Math. lett. 11 (5) (1998) 91—
95.

[7] F. Ertugral and M. Z. Sarikaya, Simpson type integral inequalities for generalized frac-
tional integral, Revista de la Real Academia de Ciencias Exactas, Fisicas y Naturales. Serie
A. Matemadticas, 113(4), 2019, 3115-3124.

[8] J. Han, P. O. Mohammed and H. Zeng, Generalized fractional integral inequalities of Hermite-
Hadamard-type for a convex function, Open Mathematics, 18(1), 2020, 794-806.



148 H. KARA, H. BUDAK, AND F. HEZENCI

[9] M. Igbal, M.I. Bhatti, K. Nazeer, Generalization of inequalities analogous to Hermite-

Hadamard inequality via fractional integrals, Bull. Korean Math. Soc. 52 (2015), no. 3, 707-716.
[10] A. Kashuri and R. Liko, On Fejér type inequalities for conver mappings utilizing generalized
fractional integrals, Applications & Applied Mathematics, 2020, 15(1), 135-150.

[11] H. Kavurmaci, M. Avci, and M. E. Ozdemir, New inequalities of Hermite-Hadamard type for
convez functions with applications, Journal of Inequalities and Applications, 2011(1), 1-11.

[12] U. S. Kirmaci, Inequalities for differentiable mappings and applications to special means of
real numbers to midpoint formula, Appl. Math. Comput., vol. 147, no. 5, pp. 137146, 2004, doi:
10.1016,/S0096-3003(02)00657-4.

[13] M. A. Latif and S. S. Dragomir, On some new inequalities for differentiable co-ordinated
conver functions, Journal of Inequalities and Applications, 2012(1), 2012, 1-13.

[14] M. V. Marcela, New inequalities for co-ordinated conver functions via Riemann-Liouville
fractional calculus, Tamkang Journal of Mathematics, 45(3), 2014, 285-296.

[15] M. E. Ozdemir, C. Yildiz and A. O. Akdemir, On some new Hadamard-type inequalities for
co-ordinated quasi-convex functions, Hacettepe Journal of Mathematics and Statistics, 41(5),
2012, 697-707.

[16] M. Z. Sarikaya, F. Ertugral, On the generalized Hermite-Hadamard inequalities, Annals of
the University of Craiova, Mathematics and Computer Science Series, 47 (1) (2020), 193-213.

[17] M. Z. Sarikaya, E. Set, M. E. Ozdemir and S. S. Dragomir, New some Hadamard’s type
inequalities for coordinated convex functions, Tamsui Oxford Journal of Information and Math-
ematical Sciences, 28(2), 2012, 137-152.

[18] M. Z. Sarikaya, E. Set, H. Yaldiz, N. Basak, Hermite-Hadamard’s inequalities for fractional
integrals and related fractional inequalities, Math Comput Model, 57 (9-10) (2013), 2403—2407.

[19] M. Z. Sarikaya, A. Akkurt, H. Budak, M. E. Yildirim, H. Yildirim, Hermite-Hadamard’s
inequalities for conformable fractional integrals, Konuralp Journal of Mathematics, 8 (2) (2020)
376-383.

[20] M. Z. Sarikaya, On the Hermite- Hadamard-type inequalities for co-ordinated convex function
via fractional integrals, Integral Transforms and Special Functions, 25(2), 2014, 134-147.

[21] T. Tung and M. Z. Sarikaya, On Hermite-Hadamard type inequalities via fractional integral
operators, Filomat, 33(3), 2019, 837-854.

[22] T. Tung, M. Z. Sarikaya and H. Yaldiz, Fractional Hermite-Hadamard’s type inequality for
co-ordinated convex functions, TWMS J. Pure Appl. Math., 11(1), 2020, 3-29.

[23] M. E. Turkay, M.Z. Sarikaya , H. Budak, and H. Yildirim, Some Hermite-Hadamard type
inequalities for co-ordinated convex functions via generalized fractional integrals, Submitted,
ResearchGate Article: https://www.researchgate.net/publication/321803898.

[24] F. Qi, P. O. Mohammed J.-C. Yao and Y.-H. Yao, Generalized fractional integral inequalities
of Hermite—Hadamard type for (o, m)-convez functions, J Inequal Appl 2019, 135 (2019).

[25] D. Zhao, M. A. Ali,A. Kashuri, H. Budak M. Z. Sarikaya, Hermite—-Hadamard-type inequali-
ties for the interval-valued approxzimately h-convex functions via generalized fractional integrals,
Journal of Inequalities and Applications, 2020(1), 1-38.

(H. Kara, H. Budak and F. Hezenci) DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE
AND ARTS, DUzCE UNIVERSITY, DUZCE, TURKEY
Email address, Hasan Kara: hasan64kara@gmail.com

Email address, Hiiseyin Budak: hsyn.budak@gmail.com

Email address, Fatih Hezenci: fatihezenci@gmail.com



IFSCOM2021

7TH IFrs AND CONTEMPORARY MATHEMATICS CONFERENCE
May, 25-29, 2021, TURKEY

ISBN: 978-605-68670-4-0

pp:149-159

ON NEW INEQUALITIES OF HERMITE-HADAMARD TYPE
FOR FRACTIONAL INTEGRALS

F. HEZENCI, H. BUDAK, AND H. KARA

0000-0003-1008-5856, 0000-0001-8843-955X and 0000-0002-2075-944X

ABSTRACT. In the present paper, we prove a new version of the Hermite-
Hadamard inequality for generalized fractional integrals. We also establish a
new identity for generalized fractional integrals. Furthermore, the fractional
integral operators have been applied to Hermite Hadamard type integral in-
equalities to provide their generalized properties.

1. INTRODUCTION & PRELIMINARIES

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are very significant in the literature (see, e.g.,[11, p.137], [5]). These inequalities
state that if ¢ : I — R is a convex function on the interval I of real numbers and
K1, ke € I with k1 < Ko, then

<p<m+'£2>< ! /mw(r)drgw.

2 T Ko — K1 2

K1

if ¢ is concave, then both inequalities hold in the reversed direction. Let us note
that Hadamard’s inequality may be regarded as a refinement of the concept of
convexity and it follows easily from Jensen’s inequality. Moreover, Hadamard’s
inequality for convex functions has been received considerable attention in recent
years and a remarkable variety of refinements and generalizations have been studied
extensively (see, for example, [1, 2, 5, 6, 11, 15, 16]).

On the other hand, a number of mathematicians have studied the fractional
integral inequalities and their applications using Riemann—Liouville fractional inte-
grals. For more information and result about Hermite-Hadamard type inequalities
involving fractional integrals, we refer the reader to [3, 4, 8, 12, 13, 14, 17, 19, 20]
and the references therein. In the following, we will give a brief synopsis of all nec-
essary definitions and results that will be required. More details, one can consult
[7, 9, 10].

Date: May 25, 2021.
Key words and phrases. Hermite-Hadamard’s inequalities, generalized fractional integral, in-
tegral inequalities.

149



150 F. HEZENCI, H. BUDAK, AND H. KARA

Definition 1.1. Let us consider ¢ € Lj[k1, k2]. The Riemann-Liouville fractional

integrals J2 , ¢ and JZ, ¢ of order a > 0 with k1 > 0 are defined by

Je p(r) = ﬁ / T 0 e, 7>

1

and ) s
Te) = g [ = e <

respectively. Here, I'() is the Gamma function and J2 (1) = J2 _¢(1) = ¢(7).

K

In [13], Sarikaya et al. proved a variant of Hermite-Hadamard’s inequalities in
Riemann-Liouville fractional integral forms as follows:

Theorem 1.2. Let ¢ : [k1, k2] — R be a positive function with 0 < k1 < kg and
© € Ly [K1,ka]. If ¢ is a convex function on [k1, ks, then the following inequalities
for fractional integrals
o K1 + Ko < F(Oz—l—l)Q
2 2 (I’ig — /il)
is valid with o > 0.

¢ (k1) + ¢ (k2)
2

(T2 s o(k2) + T2, (k)] <

Sarikaya et al. introduce the following generalized fractional integrals and they
also prove the corresponding Hermite-Hadamard inequality in [18].

Definition 1.3. [18] Let u : [k, k2] — R be an increasing and positive monotone
function on (K1, k2) and @, u € L[k1, k2] with k1 < k2. The generalized Riemann-
Liouville fractional integrals Jsl’iugp and ngfli,u@ of order & > 0 with k1 > 0 are
defined by

o 17 a
T2k (@) (1) = ) /K (1 =) (u(r) —u®)F e)dt, 7> K

and
o,k 1 2 a—1 k
o (@) () = 57— [ (E=7)" (u(t) —u(r))” e(t)dt, T < ke
’ L) /-
provided that the integrals exist, respectively, k € N U {0}.

Theorem 1.4. [18] Let ¢ : [k1,k2] = R be a convexr function on [k1, ks and u :
[k1, k2] = R be an increasing and positive monotone function on (k1,k2) and ¢, u €
L [K1, ko] with k1 < k2. Then, © is also integrable and the following inequalities for
fractional integral operators

(1) o (B [t () )+ 2 ) )
< Gk @) ) + Ik L) ()]
< [Tt ) sa) T () ()| BT )

is valid with « > 0 and k € N U {0}.

The aim of this paper is to establish new variant of the inequality (1.1) and to
obtaint some corresponding midpoint type inequalities.
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2. NEwW HERMITE-HADAMARD TYPE INEQUALITIES

Let us start with some notations given in [8] for obtaining our results. Let
@ : I° = R be a function such that x1,ko € I° and 0 < k1 < kg < 0o. Throughout
this article, we suppose that ©(7) = o(7) + @(k1 + k2 — 7) for T € [k1, k2]. Then it
is easy to show that if ¢ is a convex function, then © is also convex function.
Now, we prove a new version of the Hermite-Hadamard inequality (1.1).

Theorem 2.1. Suppose ¢ : [k1, k2] — R is a convex function on [k1,ke] and u :
[k1, k2] = R is an increasing, positive monotone function on (k1, k) . Suppose also
o, u € L[k, ka| with k1 < Kka. Then, © is also integrable and we have the following
Hermite-Hadamard inequalities for generalized fractional integral operators

(2.) o (P ) ey O )+ T (1) o)

1 a,k o,k
< 5 |:J( ,{,1_;_,\.,2 )Jr,u (@) (/‘f2) + J( “1‘5“"2 )7,u (@) (Kjl):|
ok ok @(K1) + ¢(k2)
< g 0+ Ty, )0 £
fora >0 and k € N U{0}.
Proof. Since ¢ is an convex mapping on [k1, ka], we have
Tty (1) + ply
(1Y) < e et
for 7,y € [k1,K2]. Now, for t € [0,1], let us note that 7 = Lk; + %k, and

y = 2t . Then, we find that

2 2
K1+ K t 2—1t 2—1t t
(2.2) 2p <122> <90(2 5 /{2> —|—<p< 5 /{1—1—2/{2).

If we multiply both sides of inequality (2.2) by t*~! (u(r2) — u (551 + %Kzg))k and
integrate the resulting inequality with respect to t over [0, 1], then the following

inequality holds:
Ly 221 ' dt
— U 9 K1 9 Ko

1
<H1+/€2)/ta 1<
0
I k
}/to‘l —u EKZ +Hf$ En —|—2_tl<3 dt
= 35 21 B) 2 2 21 B 2
0
1
+ [ ot by 4 2 (2t + )t
—ul =k K K —K
21 9 2 2 B 1 22
0

Using the change of variable y = %/{1 + %ng, we obtain

() () / (2 )" (ul2) ~u (0)" dy

K1+tko
2
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= % <m23m> / (k2 = )" (ulkz) = u ()" @ (y) dy
(,{23,,”1) / (r2 —9)" " (u(r2) —u(y))” ¢ (k1 + K2 —y)dy
- ;(3> / (k2 = )" (ul2) = w (®)" [p () + @ (k1 + 2 = )] dy.
That is
K1+ Ko ok ak
23) <P( 2 )J(“l*“2)+,u(1)< 2) < J(M)Jﬁu (©) (K2)-

Similarly, if we multiply both sides of (2.2) by t*~! (u (%m + %ng) — u(m))k and
integrate the resulting inequality with respect to ¢ over [0, 1], we have

1
k
—1 t
</{1+l€2)/ta 1< ( ,{1+2/<;2>—u(/<;1)> dt
0
! k
l/t’ll t/{ —|—E/£ —u(k1) El*i —|—2_t1~€ dt
= 5 1 22 1 12 21 D) 2
0
k
—|—/ta_1 u 2_tn -I-EFL —u(k1) | ¢ 2_t/~c +E/~@ dt
5t 5k 1 5 Lt 5k
0

Using the change of variable y = 25tk + K‘,Q, we get

N

)

(2.4 @(”IQ“Q)J;’:;@)_ (1) () < 5Ty (O) ()

If we collect the inequalities (2.3) and (2.4), then the following inequality holds:

o (P ) ey O )+ T ) 0]

1 ok ok
S P ©) (K2) + J iy any
—zhzw”(?) (Fgm2)

L©).

)

This completes the proof of first part of inequality in (2.1).
For the proof of the second part of inequality in (2.1), since ¢ is convex, we have

(2.5) © (; 2 ; t@) 4+ (2 ; s + ;nz> < lp(k1) + @(K2)] -



ON NEW INEQUALITIES OF HERMITE-HADAMARD TYPE FOR FRACTIONAL INTEGRAI53

If we multiply both sides of inequality (2.5) by t*~! (u(mg) —u (%m + %@))k
and integrate the resulting inequality with respect to ¢ over [0,1], then we obtain

1
k
t 2—1 t 2—1
/ta—l <U(I€2)—U(2K1+ B Hg)) @(2 9 K,2> dt
0
I k
+/to‘*1 u(ka) —u En +2_t/<; 2_t/<; +E/<; dt
2 5 1 B) 2 ® B) 1 B 2
0
1
oy t 2t F
< Je(k) +e(k2)] [t —u 5/@14- 5 K9 dt.
0

Then, we get
(2:6) Titisen), o (0) (2) S Tplkn) + ()l Ty, , (1) (),

Similarly, multiplying both sides of (2.5) by t*~* (u (25%k1 + Lk2) — u(m))k and
integrating the resulting inequality with respect to ¢ over [0, 1], we get

@1 ) (O)(m) < () + 2] Sk (1) ().

By adding the inequalities (2.6) and (2.7), we have
]‘ Ot,k: OC,k
2 [J(’”;"‘?)Jru (©) (k2) + J(%)fu (©) (Hl)}

a,k a,k (,0(/%1) + @(KJQ)
< Ty D)+ T (1) )] )

This is the end of the proof of Theorem 2.1. O

Remark 2.2. If we choose k = 0 in Theorem 2.1, then we have the inequality

K1 + K2 20-1p (Oé + 1) 90(”61) + @(HQ)
tp( B )S (72 — F1)° - 5

|:J(a~1;*€2 )_‘_(,D(KQ) + Jélﬂlérﬁz )_‘p(ﬁl)] <
which is proved by Sarikaya and Yildirim in [12].

Corollary 1. Let us consider u(t) = ¢t in Theorem 2.1. Then, we have the following
inequality for Riemann-Liouville fractional integrals

it he _ 22TF T+ R+ 1) [ ok otk p(r1) + p(k2)
< .
o(57) < (oo — o ® (o) $0) ) @) < 7
Proof. From Definition 1.3 with u(t) = ¢, we have
17
a,k _ _ a+k—1
Ty O ) = m [ w0y
r1tR2
2
R2




154 F. HEZENCI, H. BUDAK, AND H. KARA

TR [ e T
B I'(a) [J(:rﬁnz)p@( 2) + J(@) o( 1)}

and similarly,

a,k _ F(a+k) a+k a+k K
(2.8) J(~1+~2) u(@) (k1) = I(a) {J(;+~2)+‘P( 2) + J(jﬁwz) o( 1)}

On the other hand, we get

29) T @) () = (o)™
' (2p2)u Y T Q) T() 2
and
1 Ko — K1 athk
2.10 Jok 1 = :
(210) sy 000 = o (277)
By using the equalities (2.8)-(2.10), we obtain the desired result. O

3. NEwW MIDPOINT TYPE INEQUALITIES

Now, we give a new identity for generalized fractional integrals and we present
some new midpoint type inequalities.

Lemma 3.1. Assume ¢ : [k1,ke] — R is a differentiable function on (ki,ks2)
and assume also u : [k1, k2] = R is an increasing and positive monotone function
on (k1,k2) with k1 < Ka. If ¢',u € L[k, k2], then © is also differentiable and
O € L[k1,ka). Then the following equality

ity @) T (©) ()]

)

’

/{2—%1 atl —t
2°‘+2F /Gk ut ( Kvl—l— 5 2) dt

is valid. Here, ©'(y) = ¢'(y) — ¢'(k1 + k2 — y) and

(3.1) Gr(u;t) = /tsc‘_1 [(u(ng) —u (;m + 2 ; S@))k
0
+ (u (2 ; Sm + ;HQ) — u(m))k] ds.

Proof. With the help of the integration by parts, we have

(3.2) /1Gk(u;t)@’ (; 2 ; t@) dt
0

_ {J(a;’fw)ﬂa) (K2) +J(“;’fﬂ)_u(1) ('ﬂ)} 14 (lﬂ;m)
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1

2 2 —
= - Gr(u;t)O (tm + tm)

Ko — K1 2 2 0

1
L2 /t%1 (va) to 2t F
u(ke) —u | =k K
Ko — K1 2 2 ! 2 2
0

2—t t ¥ t 2t
+ <U< B K1 +2/€2> U(ﬂ1)> © <l€1+ ﬂg) dt

2 2
2 K1+ Ko
= - Gk(u; 1)@ ( B )

R2 — K1

1

k
2 t 2t t 2t
o1 —uf = (- dt
+/€2—n1/ (u(/-tz) u(2n1+ 5 Hz)) <2n1+ 5 Hg)
0
2 ; 2 k 2
—t t t —t
ot — - of- dt.
+Hz—/<a1/ <u( 2 H“L?HQ) uO{l)) <2m+ 2 52)
0

By Definition 1.3, we obtain

(38).(u;1) = /180‘_1 (u(mg) —u (;m + 2 ; S@))kds
0
+/lsa—1 (u (2;8%1 + ;52> —u(,{l)>kd8
0

(2 /(t 1 ((6) — u ()
- F‘“)<@3m>a[']?*r2>+y () 52) Ty, ()00

Il
7 N
O]
~~_
Q
—
B
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I
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=
X
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Similarly, we have

1
k
2—1t t t 2—1
(3.5) /t“_l (u( 5 :‘€1+2:‘€2)—u(/€1)> @(2/<;1+ 5 HQ) dt
0

- r(@( 2 )aJ(a;,’f;W)M(G)(m)-

R2 — K1

If we substitute the equalities (3.3)-(3.5) in (3.2), then we have
/ 2
4 -t
(#ﬁﬁk(u;t)@’ (2:‘@1 + 9 HQ) dt
0

_ —I‘(a)( 2 )aﬂ {Jﬁ;’f;@)mm (n2)+J€‘@)_,u(l) (nl)]@(m;@)

R2 — K1

o () i, @ @)

R2 — K1 T)-"_’u Tz
By using the fact thag S} (%) = 2p (%) and multiplying both sides of
1 —ky Ot
(3.6) by 20 (a) ("25)
Theorem 3.2. Let ¢ : [k1,k2] = R be a differentiable function on (k1,K2), u :
[k1, k2] = R be an increasing and positive monotone function on (k1,k2) and @', u €

L[k, ko] with kK1 < ka. If |¢'] is conver on [k1, k2], then the following inequality
holds:

(37) 5 [y @) )+ T (©) ()]

, we obtain the desired result. ([

2 |7 (2 ) (22)—u

[y 0y 0] o (5]

(K/Q _ Kl)a-‘,-l

1
< VIR 19 I+ 1 ()] [ (Gulwit)
0

Proof. By taking modulus in Lemma 3.1, we obtain

1 o,k a,k
5 [J(W)M (©) (k2) + Tty (6) (m)}

(K}Q _ Hl)a+1

t 2—-1
< 2R : . ,
< 20727 (a) /Gk(u,t)‘@ (2:‘{14- 5 KQ)‘dt
0

Since ©'(y) = ¢'(y) — ¢’ (k1 + K2 — y) and |¢’| is convex, we have

[t 2t [t 2t (2t t
\S] §n1+ 5 k2 = |p §n1+ 5 k2 ) = ) n1+§n2

T JrQ—t 4o 2—1 Jrt
—K K K —K
"2 9 1 9 2 "2 5 1 9 2

(3.8

IN
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< e (k)] + 1@ (k2)] -

By the inequality (3.8), we get
1 o,k .k
'2 [J('”;”‘z )Jr,u (6) ('%2) + J( “1‘5*’»2 )77u (@) (’il):|

_ [JE”,;’;W)J“U (1) (k2) + JFé]fwz)_,u (1) ('ﬂ)] 4 <M>’

2

2

2
— K1 o+l / / /
< o I el 1 ol [ [Gutuitdr
0

This finishes the proof of Theorem 3.2. (]

Remark 3.3. If we choose k = 0 in Theorem 3.2, then we have

20717 1
(a+1) [ o

D gy 9002 + Ty )| = (52|

Ko — K1

/ /
Tl ()l + 14 ()l
which is proved by Sarikaya and Yildirim in [12].

Corollary 2. If we assign u(t) = ¢ in Theorem 3.2, then we have the inequality
for Riemann-Liouville fractional integrals

201D (o + k + 1) [

«@ o K1+ K
J(:%m2)+¢(”2)+<](':§<2)90(”1)} @( L 2)|

(/'62 _Kl)a-i-k 2
_(R2 =R e + 1 ()]
4(a+k+1) '

Proof. By using equality (3.1) with u(t) = ¢, we obtain

[t ()]

k
_ 2(%2-%1) /8a+k—1d8
2
0

Gr(ust)

and

O/G’“(“;t)ldt (a+k)(2+k+1) (H22m>k

This completes the proof of Corollary 2. (]
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4. CONCLUSIONS

In this research paper, we established new Hermite-Hadamard inequality for
generalized fractional integrals which are defined Sarikaya et al. in [18]. Some
midpoint type inequalities are also presented. In the future works, authors can
provide some corresponding trapezoid type inequalities. It can also be studied to
obtain similar inequalities for the different types of convexities.
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ABSTRACT. In this work, we obtained the spherical images of a curve according
to type-2 Bishop frame in three dimensional Weyl space. We investigated the
relations among type-2 Bishop and Frenet-Serret invariants of these spherical
images. Besides, we expressed the conditions to be general helix, slant helix
and spherical curve of the spherical images. For this reason, we discussed the
equivalents of the above concepts in Weyl space. We have seen that, all of
these concepts are expressed depending on the first and second curvatures of a
curve and hence Bishop curvatures. Also, we gave the definition of circle and
the condition to be circle of a curve in Weyl space, using prolonged covariant
derivative. Finally, the condition to be the Chebyshev net of the first kind
for the net which is generated by Frenet-Serret vector fields of the spherical
images of C' was obtained.

1. INTRODUCTION

Bishop frame, which is also called alternative or parallel frame of the curves,
was introduced by L.R. Bishop in 1975 by means of parallel vector fields [1]. Many
researchers used this frame in their papers, in the Euclidean space, see [4,5]; in
Minkowksi space, see [6-11,20]; in Lorentzian space, see [3]; in Weyl space , see
[13]. Bishop and Frenet-Serret frames have a common vector field, namely the
tangent vector field of the Frenet-Serret frame. Later, Yilmaz and Turgut [19]
have introduced a new version of Bishop frame and they called it as type-2 Bishop
frame. This time, the common vector field of Bishop and Frenet-Serret frames was
binormal vector field of Frenet-Serret frame. Yilmaz and Turgut, by using type-2
Bishop frame, obtained new spherical images of a curve in Euclidean space. This
frame was used in Euclidean space, see [2,17,22]; in Minkowski space, see [21,23];
in Weyl space, see [14].

Date: May 25, 2021.

2000 Mathematics Subject Classification. 53B25; 53A25.

Key words and phrases. Weyl space, Spherical image, General helix, Slant helix, Spherical
curve.
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2. PRELIMINARIES

Let C be a curve in three dimensioanl Weyl space W3. Let {11),12;,%;, K1, ke} and
{711, nY, k1, ko} be the Frenet-Serret and type-2 Bishop apparatus of C, respectively.

Frenet-Serret formulas of C are expressed in the following form:

kg i i

v"Vpv' = kv

1R 12

(2.1) VPVivt = —k1vt 4 Koo
1 2 1 3

k7 0 i (1
zljvkgf K2y (i,k=1,2,3)

2
where k1 = ? and kg = — 3%1 [14] and also the derivatives of type-2 Bishop vector
fields are:
kg 0 _ 1. .
YV’ = —hy
kg i _ i
(2.2) v ng = kgg

=3

kvkgi _ /ﬁ?llz + k2g1

1. 2 - P o S
where k1 = 7sinf + 7 cosf(0 = <(v',n?)) or k1 = TUv'g;; = gi;a'n? =
1 31 31 ( (2 Y )) 1 31p 1 Gij 92331 1 (j7p

__1 2 . _pij_____ij
1,2,3) and ko = g’lcosﬁ—i—g'lsm(Q or ko = 3712 " gij = 9ij &' [14]. The vector

fields a i = 3% v are named as the Chebyshev vector fields of the first kind [15].
p

Besides k1 = —kgcosb,ky = —kosinf, k1 = g)kva(G =0(s)) and ko = \/ kT + k2

[14]. The relation between the vector fields of Frenet-Serret frame and type-2 Bishop
frame can be expressed as

§ _ sinf —cosf 0 711
(2.3) Y = | cosf sinf 0 n

i 0 0 1 o

3 3

3. SOME SPECIAL CURVES IN WEYL SPACE

Definition 3.1. Let C : 2' = z%(s) ( s is the arc length parameter of C' ) be a
curve in three dimensional Weyl space. C' is called a general helix if the tangent
vector field v of C has constant angle ¢ with some fixed vector field u, i.e.,

(3.1) giquﬁuj = cos = constant
where gijg)ill)j =1 and gijuiuj =1.
Theorem 3.2. C is a general helix if and only if

K2

— = constant

K1

where kK1 and ko are the first and second curvatures of C.
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Proof. Let C be a general helix in W3. By means of Definition 3.1, gijgziuj =

cos = constant can be written. Taking prolonged covariant derivative of this
equality in the direction of v, we get

(3.2) gz'j(ifkvk?fi)uj =0

(3.3) gijgiuj =0 (k1 #0)

where v is the principal normal vector field of C' and gijgifgj = 1. From (3.3), we
can write

(3.4) ul = oal;j + ﬂgj

T _

where o = gjhujg)h =cosp and 8 = gjhujgh = cos(§ — ) = sing

(h=1,2,3). Here v is the binormal vector field of C' and gijglgj =1.
Using a and S in (3.4), we get

(3.5) u? = cos gmljj + sin <p131j.

Taking prolonged covariant derivative of (3.5) in the direction of v, we obtain

(3.6) (k1 cos ¢ — Ko sin go)gj =0
or

(3.7) K1COS@ — Kosingp =0

or

(3.8) Z—j = Z?j;’f = cot ¢ = constant.

Its converse is also true.
Using [8], the following proposition can be given

Proposition 3.3. If C is a slant helix,
(3.9) . — («fv{j) = constant
is satisfied.
By means of [18], the following proposition can be expressed:
Proposition 3.4. If C is a spherical curve,
(3.10) :—j + !V, [:2 (gkw;ﬂ ~0
is satisfied.
With the help of [16], we can express the following definition and proposition:

Definition 3.5. C is called a circle if there exists a vector field z* and a positive
constant k such that

(3.11) ?kvkzlﬂ = k2’
(3.12) ykvkzi = —k"tlJi

where g;;2'2) = 1.
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Proposition 3.6. If C' is a circle, the equation
I kg i Ak AP
813) PV (Vi) e (1 9i) (5 9iy) =0

is satisfied (I = 1,2, 3). Conversely, if C satisfies (3.13), C is either a geodesic or a
circle.

4. THE SPHERICAL IMAGES OF A CURVE IN WEYL SPACE

Definition 4.1. Let C : ' = z%(s) be a curve in W3. If we translate of the first
vector field of type-2 Bishop frame to the center O of the unit sphere Sf, we obtain
a spherical image C : y* = y*(5) (5 is the arc length parameter of C'). C is called n
Bishop spherical image or indicatrix of the curve C.

Let us investigate the relations between type-2 Bishop and Frenet-Serret invari-

ants:
Taking prolonged covariant derivative of 4 in the direction of v, we get

(4.1) zljkwyi = —klgi

ko i I
(4.2) (11) Viy ) A= kzlg
(4.3) ? A= —kzlg

where v is the tangent vector field of C_',gij?i?j =1and A = A(s).
Taking norm of both sides of (4.3), we obtain

Let us take A = —k;. Then we get
(4.5) vt =yt

—~<

Taking prolonged covariant derivative of (4.5) in the direction of v, we get

kg =i _ sk i _ kg i

(40 P = (V) A=y Vg
R T Y i
(47) Hl’lQ)( k‘l) kﬂll +I€2721
i i ke
(4.8) Rt' = —n' — k—lg

k)’ gagy']’
(4.9) Fi=14/1+ (k> = |1+ ‘ZW
! Gij &
and
i i 1k g
(4.10) = ——ni-
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where v is the principal normal vector field of C, gijrgigj = 1 and &, is the first
curvature of C. )
137 is the binormal vector field of C' and we know that
4.11 o' = g, 000"
( ) ’13) €ij11} ’12}

Using (4.5) and (4.10) in (4.11), we have
1ky , 1
——=n

412 ot =
(4.12) =l

Taking prolonged covariant derivative of (4.12) in the direction of v, we get

1\ ke 1 -k . .1 .
_ k 2 i k 2 i k - i
(4.13) = (11) VkR1> Tﬁ? + = (11) kal) n <111 Vi /_ﬁ) n

and multiplying (4.13) by gijgj , we obtain

kx7, k2 g ]) i
um>@:_“(?ww):_ (g N i
k%Jrk% (gijainj)2_|_ (gijainj>2 ! gij??lZTllj

31 1 31 2

where Rs is the second curvature of C.
Corollary 4.2. Let C be n Bishop spherical curve of C. If Z—f = constant, then, n
Bishop spherical image y* = y%(3) is a circle.
Using Proposition 3.3, we get
Iy by i) — 0% by i) —
PV (§Ver) =y g V) -
(4.15) = (?lvﬂﬁ) Tlll + (?lvlka) T2Ll — (k% + k%) gi,
and on the other hand
kY i by =i\ (kS kg 23 0 — (12 1 1.2) .0
419 (V') (P9u) 7 = 0 (1 90) (19 ) ' = (8 D)
Summing (4.15) and (4.16), we get
I¢ ko =i e i by =3\ =i (1% i Ig i
410 ¥ (V) +u (P9) (P9p) 7= (3900 ) 1+ (Vi)
Using k1 = —kocosf and ky = —kosinf, we get
(4.18) g;lvlkl = ylvl (—kgcosl) = — (ﬁ;lvlng) cos B + ko (szw) sin 0
and

(4.19) ﬁ)lvlkg = ql)lvl (—kKosinf) = — ( lvlﬁg) sinf — ko (le)lVlﬁ) cos

. We know that ko = \/m,

1

kv ko
ViV =
1 k&

(3

where 6 = 6(s) = arctan % and Q{’kae =

then we have
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(4.20)
_ 1 kv k% +k§ 2k2 ko kz
- W{kl (1{ kal) [ 2 i VR
1 . 1 - ko ko - ko
=— <k kV ek k2+k2(kV ) k2<kv )
VT k3 1(11} ' 1)(1 ? (v’kaﬁ)k‘z VYV ) T T
1 kg ) 2
If ’,:—f = constant, ykvke = 0 and ykv,m = 0 are obtained. This means

g)lvkkl =0 and g)lvkkg = 0. Using these results in (4.17), we obtain

Iy, (kT Ak i AT
Py Vep) o (1 9ep) (Vg 7 =0
i.e. C:y'=y'(3) is a circle. Besides, let us note that &; = constant and &y = 0.

Theorem 4.3. Let C : y* = y(3) be n Bishop spherical image of C. If y* = y*(35)

is a general heliz, then
4 (4 Veit)
P Y R constant
(kf + k3)

is satisfied.

Theorem 4.4. Let C : y* = y'(5) be n Bishop spherical image of C. If y* = y*(3)

is a slant heliz, then

k2 kv ﬁ)
ki(k3 + k3)* Wiva ﬂ = constant
- 2 3/2
(1 + 1)+ 1t [phvue] | ()Y

Since C : y* = %%(3) is a spherical curve, by means of Proposition 3.4, we can
express the following theorem:

Theorem 4.5. Let C : y* = y*(5) be n Bishop spherical image of C'. The following

equation
B (V) g
1 v 1K2

K24k 1Rk

= constant

is satisfied.

Theorem 4.6. Let C : y' = y'(5) be n Bishop spherical image of C. If Z—f =
constant, then the the net (?,g,g) is the Chebyshev net of the first kind.

Proof. We know that
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1
k 1 k 1 1
_ ky M2 i 2 ke — i ke & i
(4.21) - (11} ka1> itk <11) vkm)Tf (11) V"m)g
or
S L
0"V v —:?1 =
1 = ko) 1 ko 1 1 1
4.92 — = k ey - i Ve k - i k - 7
(4.22) ks (11} kl) Rl R (11)V Hl)? k1 (1 k"ﬁ)g
Using
-1 kik -k
(4.23) VPV — = ——— 2 (v’“ka) ,
R R
under the condition ’1% = constant, we obtain from (4.22)
(4.24) a'=0.

31

From the equation (4.24), we have seen that the net (1;, 127, g) is the Chebyshev net
of the first kind.

Definition 4.7. Let C : 2' = z%(s) be a curve in W3. If we translate of the second
vector field of type-2 Bishop frame to the center O of the unit sphere S2, we obtain
a spherical image D : 2 = 2%(3) (5 is the arc length parameter of D). D is called
n Bishop spherical image or indicatrix of the curve C.

Let us investigate the relations between type-2 Bishop and Frenet-Serret invari-
ants:
Taking prolonged covariant derivative of z* in the direction of v, we get

(4.25) gk@kzi = —kzqgji
(4.26) (g/ﬂmzi) B = ~kyy'
(4.27) B = —hay

where 9 is the tangent vector field of D, giquizl’)j =1and B = B(s). Taking norm
of both sides of (4.27), we obtain

(4.28) B = Fk».
Let us take B = —ky. Then we get

(4.29) vt ="

—<
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Taking prolonged covariant derivative of (4.29) in the direction of v, we get

kg i _ sk i _ kT i

(430) Py = (Vi) B=y Vg
7= ki i
(4.32) L112) = —Erlz —n'.

Taking norm of both sides of (4.32), we have

_ ki) 2 9ij a'n’
(4.33) L, = <1> +1= L1149
) gijgllgj
and
Lk 1

where g is the principal normal vector field of D, gijgigj =1 and L; is the first

curvature of D. B
137 is the binormal vector field of D and we know that

(4.35) gﬂ = sz-jkzl‘;jg’“.
Using (4.29) and (4.34) in (4.35), we have
(4.36) P S B

3 L ka2 L1

Taking prolonged covariant derivative of (4.36) in the direction of v, we get

: 1 kl : 1 o kl . . 1 )
4. = — k — | —=n' — — k — ? k _ i
(4.37) (11} VkLl) k2g Ly (11) ka2>721 * (11} VkLl)Tll

and multiplying (4.37) by gijgj , we obtain

g tnd o atnd
438) I, — ko ke K1\ 9ii Y ky Jii
(438) Ly =5 =5 |V"Vi ) = 2 2 —ain
prRE A 2 (9'-ainj) +(g'-ainﬂ') ! Jiigy 'y

Y311 Y31 2

where Ly is the second curvature of D.
Corollary 4.8. Let D be n Bishop spherical image of C. If % = constant, then,
n Bishop spherical image 2t = 2(3) is a circle.

Let us note that L; = constant and L, = 0 under the condition % = constant.

Theorem 4.9. Let D : 2' = 2%(3) be n Bishop spherical image of C. If z* = 2(3)
is a general heliz, then
4 (Vi)

= constant
(k3 + k3)*/°
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is satisfied.
Theorem 4.10. Let D : z' = 2'(5) be n Bishop spherical image of C. If z* = 2'(35)
is a slant heliz, then
2 kx7 ki
ki(kf + k3)* oY k2 (11} Vi ’f2)

. " . L l 21 g2 3 | = constant
(k2 + k2)® + ki {?kvkﬁ} (kT + k3)

is satisfied.

Since D : z' = 2%(5) is a spherical curve, by means of Proposition 3.4, we can
express the following theorem:
Theorem 4.11. Let D : 2* = 2%(5) be n Bishop spherical image of C'. The following
equation
2 (kv k
BVE) bk
(+k)™ 1 VAR

is satisfied.

Theorem 4.12. Let D : z' = 2%(5) be n Bishop spherical image of C. If Z—; =
constant, then the net (?,g,g) s the Chebyshev net of the first kind.

Proof. We know that

ko i (ko k) [ _
P = (Vi) (k) =

1\ k 1 k 1
_ k I T S k M % k - i
(4.39) = (11) VkLl) kQQ I <11) \Y k2>n + (v Vkl_d)q
or
(4.40)
T A
PV =g =
1 e Nk 11k 1 e 1Y
_kQ (11} VkL1>k2g +k2f/l <11) ka2>2 ]{72 (11] Vkil 7/17/.
Using
-1 kik -k
(4.41) ’Ukka = —172( ('Ukvkl) )
UL e

under the condition Z—; = constant, we obtain from (4.40)

(4.42) al=o0.
From (4.42), the net (117, gz, g;) is the Chebyshev net of the first kind.

Definition 4.13. Let C : ' = 2'(s) be a curve in Ws. If we translate of the third
vector field of type-2 Bishop frame to the center O of the unit sphere S2, we obtain
a spherical image E : w’ = w'(5) (5 is the arc length parameter of E). E is called
binormal Bishop spherical image or indicatrix of the curve C.
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Let us investigate the relations between type-2 Bishop and Frenet-Serret invari-
ants:
Taking prolonged covariant derivative of w* in the direction of v, we get

(4.43) ykvkwi = kl’llli + kgrj
(4.44) (?k?koﬂ) F = kﬂlzi + k’ggﬁ
(4.45) UF = kin' + kap

where 117 is the tangent vector field of F, gij?iil_)j =1and F = F(s).
Taking norm of both sides of (4.45), we obtain

(4.46) F =5k} + k3.
Let us take F' = \/k? + k3. Then we get

_ k1 . ko .
4.47 vt = n' + n'.
(47 e wa .

Taking prolonged covariant derivative of (4.47) in the direction of v, we get

kg (Ukvk%) k’% (’Ukvk%>
kg ~i _ 1 2 i 1 1 i 2 2,0
(4.48) v Vkllz = R LR n'+ (2 + K22 n \/ ki + kzg

Using g}kvkll_ﬂ' = (?k?kzl_ﬂ) F and F = \/k? + k3, we get from (4.48)
() (V)

4.49 VT = Nyot = i i
I I MG

where N; is the first curvature of F, 127 is the principal normal vector field of E and

gijg}igi =1
Taking norm of both sides of (4.49), we have

. k; 2 . kj 2
4.50 N (Vi) K (Vi) 1
. = + +
(450) : GETIE 5 + 1)
and hence
k’g ’Ukvkh k‘% Ukvk@
(451) 61 _ 1 (1 kz)ni+ 1 (1 kl)ni 1 i.

TN (MR TN (k) S Nk

Since gl = Eijk?jgk; we have the binormal vector field of E as:

1 et S e re k1N
A RS S Vyi—2) - —2_ Vi — 7
5 .M[w%w&W<? %J (%+%W2@ kbﬂg
1 k1 . 1 ko .

K2

' ———=n'
N R NG E L

(4.52) +
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where gijgig}j =1
Taking prolonged covariant derivative of (4.52) in the direction of v and multi-
plying gijgj , we have
. 1
Ny = : 5
B [ohVedz]” + (0 + K3

{ — 3k? (gkvkk‘l) (’llevka) +

+ 3k1ks (Q{kvkkl) (q{kvkkl) ~ 3koky (gkvk/@) (kakkg) +
+ 383 (0 Viks ) (0 Vikt) + [o'V0 (0 Wik )| R (3 + R9)+
(4.53) + hﬂvl (?fkvkkl)} ko (K + k%)}

where N, is the second curvature of E.
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ABSTRACT. In this paper, we prove some fixed-disc results using new contra-
tions. To do this, we define the notions of Jleli-Samet type xo-S-contraction
and Li-Jiang type zo-S-contraction. Also, we obtain an equivalent theorem
using these type contractions Finally, we give an illustrative example.

1. Introduction and preliminaries

Fixed-point theory has been extensively studied with various aspects. One of
these aspects is to generalize the used metric spaces. For example, an S-metric
space are a generalization of a metric space [12]. After the notion of an S-metric
space was introduced, many researchers have proved some fixed-point theorems on
this space (for example, see [5], [6], [7], [13] and the references therein).

Recently, “Fixed-Circle Problem” has been investigated as a geometric general-
ization of the fixed-point theory. This problem was presented in [8]. After then,
fixed-circle problem has been studied on S-metric spaces with different approaches
(for example, see [4], [9], [10], [14] and the references therein).

At first, we recall some necessary notions about S-metric spaces.

Definition 1.1. [12] Let X be a nonempty set and S : X x X x X — [0,00) be a
function satisfying the following conditions for all z,y, z,a € X :

(S1) S(z,y,%2) =0if and only if v = y = z,

(52) S(a,y.2) < S(w,2,a) + S(y,y.0) + (=, 2,0).

Then S is called an S-metric on X and the pair (X,S) is called an S-metric
space.

Lemma 1.2. [12] Let (X, S) be an S-metric space and x,y € X. Then we have
S, z,y) = Sy, y, @)
In [10] and [12], a circle and a disc are defined on an S-metric space as follows,

respectively:
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C5  ={reX:S(z,x,20) =1}

zo,T
and
Dfo’r ={zxeX:S(zx,z,x0) <7}.

Let (X,S) be an S-metric space, C’fw, be a circle and g : X — X be a self-
mapping. If gz = x for every x € CZ . (resp. @ € D7, ) then the circle C5 . (the
disc DZ ) is called as the fixed circle (the fixed disc) of g (see [4] and [10] for more
details).

In this paper, we define the notions of Jleli-Samet type x-S-contraction and Li-
Jiang type zo-S-contraction on S-metric spaces modifying some known contractions
(see [2], [3] and [11]). Using these notions, we prove two fixed-disc theorems and
an equivalence theorem. Also, we give an illustrative example to show the validity
of fixed-disc results.

2. Main results
In this section, we introduce some contractions and prove new fixed-disc results.

Definition 2.1. Let (X,S) be an S-metric space and g : X — X a self-mapping.
If there exists zg € X such that

S(CL‘,,’L‘7g£L') > 0= (p(S(LL',Q?,g.%‘)) < [90 (S’(x,x,sco))]a,

for all x € X, where a € (0,1) and the function ¢ : (0,00) — (1, 00) is such that ¢
is nondecreasing, then g is called Jleli-Samet type xo-S-contraction.

Theorem 2.2. Let (X,S) be an S-metric space, g : X — X Jleli-Samet type
xo-S-contraction with o € X and the number r defined as

(2.1) r=inf {S(z,z,g92) :x # gz, v € X}.
Then g fizes the disc Dfo’r.
Proof. Let r = 0. Then we have Dfo,r = {zo}. To show gz = zp, we assume

Xo # gxg, that is, S (xg, xo, gxo) > 0. Using the Jleli-Samet type xg-S-contraction
hypothesis we get

¥ (S($07x039x0)) < [(p (S((Eo,.’bo,l’o))]a = [SD(O)]Q s

a contradiction with the definition of ¢. So it should be gxy = .
Now, we suppose 7 > 0 and x € wa is an arbitrary point such that S(x, x, gz) >
0. From the hypothesis and the definition of r, we obtain

¢ (S(z, 2, 97)) < [0 (S(@,2,20))]" < [p(r)]* < [p(S(z,z,92))]",

a contradiction with o € (0,1). Hence it should be z = gx. Consequently, g fixes
the disc D3 (]

To,T"

Definition 2.3. Let (X,S) be an S-metric space and g : X — X a self-mapping.
If there exists xy € X such that

S(x,x,gz) > 0= ¢ (S(z,z,gz)) < [p (mS(x’IEO))]a )
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for all x € X, where « € (0,1), the function ¢ : (0,00) — (1,00) is such that ¢ is
nondecreasing and

S(z,z,g9y) + S(y,y,gw)}

ms(%y) :max{S(m,%y),S(x,ac,gw),S(y,y,gy), 9

then g is called Li-Jiang type zo-S-contraction.

Theorem 2.4. Let (X,S) be an S-metric space, g : X — X Li-Jiang type xo-S-
contraction with xg € X and the number r defined as in (2.1). If S(gx, gx,z9) < r,
then g fizes the disc war.

Proof. At first, we show that xq is a fixed point of g. To do this, we assume that xg
is not a fixed point of g, that is, zg # gxo. Using the Li-Jiang type zo-S-contraction
property, we find

¢ (S(z0, 0, 970)) < [ (ms(wo, 20))]" = [ (S (w0, 0, 970))]" ,
a contradiction with a € (0,1). So it should be

(2.2) gro = Zp.

Let 7 = 0. Then we have D3 . = {xo}. From the equality (2.2), we say that g
fixes the disc DY, .

Now, we supposer > 0 and = € Dgw is an arbitrary point such that S(x, z, gx) >
0. Using the hypothesis, the definition of r, Lemma 1.2 and the equality (2.2), we
get

P (S(.’ﬂ, x,gx)) < [90 (mS(xa ZEO))]& < [50 (S(l’, Z, gx))]a )

a contradiction. Thereby, it should be z = gx. Consequently, g fixes the disc
DS O

To,r"
In the following theorem, we see some equivalence of contractions.
Theorem 2.5. Let X # (), the functions S1,S52 : X x X x X — R, be such that
(1) x =y = z implies S1(x,y,2) =0,
(ii) Sa(z,y,2) =0 implies x =y = z,
and g is a self-mapping on X. Then the followings are equivalent:
(a) There exist xg € X, a function ¢ : (0,00) — (0,00) and X € [0,1) such that
Si(z,z,92) > 0= @ (S1(z,z,g92)) < Ap (So(z, z,x0)),
forallz e X.
(b) There exist xg € X, a function ¢ : (0,00) = (1,00) and a € [0,1) such that
Si(z,z, gz) > 0= ¢ (Si(z, 2, 97)) < [0 (S2(, 2, 20))]" ,

forallz e X.
(¢) There exist xg € X, a function ¢ : (0,00) = R and t > 0 such that

S1(z,x,92) > 0=t + ¢ (S1(x,z,g92)) < @ (Sa2(z,z,x0)),
forallz € X.

Proof. Let Si(x,x,gx) >0 for all z € X.
(a) = (b) : Assume that the condition (a) is satisfied. Then using this condition,
we have

(2.3)  exp [ (Su(, 7, 92))] < exp [Ap (Sa(, 2, 20))] = oxp [ip (Sa(, 7, 20))]
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If we define o € [0,1) by @ = A and the function ¢; : (0,00) = (1,00) by p1(t) =
exp [¢(t)], then using the inequality (2.3), we find

o1 (S1(z, 2, gx)) < [901 (Sa(z,, xO))]a )

which proves the condition (b).
(b) = (c) : Suppose that the condition (b) is satisfied. Then using this condi-
tion, we get

In [In (¢ (S1(z, z, g2)))] In [In ([ (S2(2, 2, 70))]")]
(2.4) = In[ln(p (S2(z,z,20)))] + In(a).
If we define ¢ > 0 by ¢ = —In(a) and the function ¢3 : (0,00) — R by ¢a(t) =
In(In(e(t))), then using the inequality (2.4), we obtain
t+ 2 (Si(z, 2, 97)) < 92 (S2(z, 2, 70))

which proves the condition (c).
(¢) = (a) : Assume that the condition (c) is satisfied. Then using this condition,
we find
(2.5)
exp [ (S1(z, 2, 92))] < exp [ (S2(z, 2, 20)) — 1] = exp [p (S22, 2, 20))] exp [—1] .
If we define A € [0,1) by A = exp[—t] and the function @3 : (0,00) = (0,00) by
©3(t) = exp [p(t)], then using the inequality (2.5), we get

IN

¥3 (Sl(x,x,gx)) < /\4,03 (SQ(x’x’mO)) )

which proves the condition (a). O

Then we obtain the following consequences.

Remark 2.6. (1) Theorem 2.2 and Theorem 2.4 can be considered as fixed-circle
theorems. Also, they can be considered as fixed-point results in case r = 0.

(2) Theorem 2.5 can be consider as the equivalence of some fixed-disc or fixed-
circle contractive conditions.

(3) The condition (a) of Theorem 2.5 can be considered as the Banach type
contractive condition [1]. Similarly, the condition (b) can be considered as the Jleli-
Samet type contractive condition [3] and finally, the condition (c) can be considered
as Wardowski type contractive condition [15].

Now, we give the following example.
Example 2.7. Let X = R and the S-metric defined as
Sy, 2) = o — 2l + [z +2 -2y,
for all z,y,z € R . Let us define the function g : R — R as

B €T , x6[73,3]
g(x)_{x—kl ; @€ (—00,=3)U(3,00) ’

for all z € R. Then the function g is Jleli-Samet type xq-S-contraction with ¢y = 0,
a = 0.6 and the function ¢ : (0,00) = (1,00) defined by (t) = ¢t + 1. Also, the
function g is Li-Jiang type x(-S-contraction with zog = 0, « = 0.7 and the function
¢ :(0,00) = (1,00) defined by ¢(t) = ¢t + 1. Consequently, we have r = 2 and so ¢
fixes the disc D&Q =[-1,1].
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3. CONCLUSION

In this paper, we obtain new fixed-disc results as some solutions to the “Fixed-
Circle Problem”. The obtained results will contribute to the literature on this
subject. Some applications of these results can be investigated to the various ap-
plicable areas.
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ABSTRACT. This study is concerned with obtaining a numerical solution of
third order MHD Jeffery—Hamel nonlinear differential equation arising in fluid
dynamics, by constructing a matrix-collocation method involving the Nérlund
polynomial, matrix expansions of linear and nonlinear terms, and collocation
points. The method runs easily on a computer programme, which is devised
specifically for the model, after gathering its all matrix compounds into a
unique matrix equation. Hence, the precise numerical and graphical results are
demonstrated in table and figures, respectively. These comparable tools allow
us to discriminate the efficiency and accuracy of the method. One can thus
observe that the method is eligible scheme to treat the equation in question.

1. INTRODUCTION

Nonlinear differential equations govern many physical phenomena occurring in
mathematics, engineering, physics, fluid dynamics etc. [1]

The magneto-hydro-dynamic (MHD) Jeffery—Hamel nonlinear differential equa-
tion (JHE) appears in a cylindrical polar coordinate system in which two dimen-
sional steady flow of a viscous incompressible fluid through a source or sink at
channel walls lying on the plane and intersecting at z-axis [2, 3, 4, 5, 6]. Some
details of JHE on cylindrical polar coordinate system can be viewed in [4, 5, 6]. In
this study, we focus on JHE of ordinary type as the following (see [4, 5, 6]):

(1.1) y" (x) 4+ (4 — H)ay'(z) + 2aRey(z)y' (z) =0, 0 <z < 1,

subject to the initial and boundary conditions

(1.2) y(0) =1, 4 (0) =0, y(1) =0,
where « is the angle between two rigid plane walls, Re and H denote Reynolds
and Hartman numbers, respectively [6].

Date: May 25, 2021.
Key words and phrases. Collocation points, Jeffery—Hamel flow, Matrix-collocation method,
Nonlinear differential equation.
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The numerical solution for Eq. (1.1) turns out to be the Norlund polynomial
form (see [7]):

N
(1.3) yn () = ynBY,
n=0

where y,,’s are the unknown coefficients to be acquired by the proposed method
and BS” is the Nérlund polynomial, which is defined to be (see [7, 8])

iBWﬁ: L]
v " onl et —11] "’

and its first four bases yield

—r 2?2 2 x> 2?
{Bg@, B, BY, Bf,f)} = {1, 5 T 1 g7 8} :
Notice that one can refer to [7, 8] for further information about the Nérlund poly-
nomial.

Our goal in this study is to obtain the Nérlund polynomial solution of JHE, im-
plementing consistently matrix-collocation method at the high level of computation
limit.

2. MATRIX—COLLOCATION METHOD AND ITS OUTCOME: NORLUND POLYNOMIAL

SOLUTION

In this section, the matrix—collocation method is constructed under the Norlund
polynomial base and its outcome holds the numerical solution as given in Eq. (1.3).
Next, the matrix relation of solution form (1.3) is of the form (see [7])

(2.1) y(z)=BWY,
where
B@ = [ B B® B ... BY }
and
T
Y=[w wn - yn |

In view of the matrix relation (2.1), the differentiated parts of Eq. (1.1) can be
expanded as the matrix relations

v (@)= (89)"y,
(2.2)

where

and
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(B(:r))(l) - { (Bé@)(l) (B§$>)(1) (B](\ﬂ;))(” }

When the Chebyshev-Lobatto collocation points, which are defined to be

1 -1 j
(2.3) t¢:2+2005(7;;)72‘:0,1,2,...,N, to=0<t;<.. <ty=1,

on [0,1], are inserted into the matrix relations (2.2), it follows that

™" (z;) = (B(M))(S)Y _ B(S)Y>

(2.4)
Y (z;) = (B(”“'i)>(1)Y - B(l)Y7
where
[ (Be=)? ] (z0)) @ (z0)\ ) ENOR
Ei(ﬂ:)g(?’) (i(()x(:)g(?’) Eiiﬂ:))( ) EBJ(\;(:))(S)
B® — _ 0 ! (@

i (B(x;v))(3) | _ (B(()m:\,))(B) (BY”;V))(?’) (B](\g;;)>(3) |

and BW is similarly obtained.
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Now, the matrix form of linear part of Eq. (1.1) can be stated using the matrix

relations (2.4) as

(2.5) L= [B<3> b (4- H)oﬂBm] Y.

As a next construction, we shall build the matrix relation of the nonlinear term in
Eq. (1.1). By the matrix relation (2.1) and the collocation points (2.3), the matrix

relation of the nonlinear term admits

V@) = (B)" (B®)¥,

or, equivalently,

(2.6) Y (z:)y (@) = BY (B)Y,
where
Béfo) Bizﬂ) .. B](\fo)
B(()ih) Bixl) .. B;\i;l) . .
B= : : : : , B = diag[B] w41y« (v+1)2>
B[()f”N) BYEN) . B](\”,”N)

and
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Y=[wY nYy - Z/NY}T

1X(N+1)2 )
Then, the matrix form of the nonlinear term is implied using the matrix relation
(2.6) as

(2.7) N=BY (B)Y.

By (2.5) and (2.7), we are now ready to reveal the fundamental matrix form as

(2.8) L+ N=G=WY+ZY =G or [W; Z:G],

where

W = [B<3> +(4- H)aZB(l)} , Z = {B‘” (P)] :
and

T
G = [ 00 - 0 ]1><(N+1)'

The matrix expansions of the initial and boundary conditions (1.2) are formed using
the matrix relations (2.1) and (2.2) as

(2.9)
y(0)=B<°)Y:>[Bg°> B® ... BO . 1 }
vo=(80) "y = [ (5" (50)" (570 .
y(1)=B<1)Y:>[B(§” BV ... BY . o }

The augmented matrix system, which is ready to be treated by Solve command on
Mathematica, after replacing the condition matrices (2.9) by the last three rows of
W in the matrix form (2.8), then takes its final form

[VT/;E;G.

We thus obtain the unknown Norlund coefficients, which are later inserted into Eq.
(1.3), eventually, the Norlund polynomial numerical solution is appeared.

3. A MHD JEFFERY—HAMEL MODEL

In this section, a MHD Jeffery—Hamel model is numerically solved by the pro-
posed method for different values of Re, H and «. In doing so, a computer pro-
gramme, which was devised to treat JHE, is deployed. Numerical and graphical
results are shown in table and figures. Note that since the exact solution of JHE
(1.1)-(1.2) is unknown, the present results are compared according to Mathematica
solution.

An Example
Consider JHE (1.1)-(1.2) for different values of Re, H and «. After deploying the
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proposed method and NDSolve module on Mathematica, the Norlund polynomial
solutions are illustrated along with the Mathematica solution in Figs. 1 and 2, in
which {Re, H, a} take their values as {0.1, 3, 2} and {0.5, 15, 1.5}, respectively.
Fig. 3 emphasises that the physical behaviours of Norlund polynomial solutions
ye(x) are modified in proportion to Hartmann number H = 5,7,9,10. Also, Table
1 indicates the absolute error values, which are obtained by the Norlund polynomial
and Mathematica solutions, at the Chebyshev-Lobatto collocation points.

10(m— g 4
| -
s
0.8 e 1
<
0.6 2
0.4+ ] 4
Mathematica solution 3
N
el @ yslx) - |
. _.
0.0 i i i i m-
0.0 0.2 0.4 0.6 0.8 1.0

FI1GURE 1. Comparison history of the Norlund polynomial and
Mathematica solutions incurred to Re = 0.1, H = 3 and o = 2.

1.0 -B— —— 4
-
il
—a_
08+ i ]
06+ LN ]
0.4 \
Mathematica solution \

0.2 = ye(x)
0.0 .

0o 0z 04 “os "o BT ]

b §

FiGure 2. Comparison history of the Norlund polynomial and
Mathematica solutions incurred to Re = 0.5, H = 15 and a = 1.5.

4. CONCLUDING REMARKS

A matrix-collocation method based on the Norlund rational polynomial has been
properly established to obtain the numerical solution of JHE. In doing so, the
suitable and simple matrix forms at the Chebyshev-Lobatto collocation points have
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b 4

FicUrRe 3. Comparison history of the Norlund polynomial solu-
tions yg(z) with Re =2 and a = 2 versus H.

TABLE 1. Absolute error computations at the Chebyshev-Lobatto
collocation points for Re = 0.01, H = 3 and a = 0.1.

0.000000 0.00e-00
0.038060 3.80e-08
0.146447 6.80e-07
0.308658  3.00e-06
0.500000 7.43e-06
0.691342 1.17e-05
0.853553 1.09¢-05
0.961940 4.29e-06
1.000000 2.37e-08

been easily coupled with a polynomial method. Upon the investigations of Figs.
1 and 2, the numerical solutions coincide suitably with Mathematica solutions.
Fluctuation of Hartmann number changes the physical response of the solutions, as
seen in Fig. 3. Furthermore, it can be overseen from Table 1 that the method takes
six-seven decimal places precision for N = 8, which means that highly remarkable
numerical values are obtained via the proposed method.
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NUMERICAL EXPERIMENTS WITH AN INFEASIBLE
PRIMAL-DUAL ALGORITHM
FOR SOLVING THE SEMIDEFINITE LEAST SQUARES
PROBLEMS

CH. DAILI AND M. ACHACHE

ABSTRACT. This paper focuses on the numerical resolution of a Semi-definite
least squares problems (SDLS) by an infeasible primal-dual type interior-
point method based on the directions of Alizadeh-Haeberly-Overton (AHO)
(Monteiro, 1997). Moreover, we also present some numerical experiments to
illustrate the efficiency of this algorithm and a conclusion that ends the article
is stated.

1. INTRODUCTION

Path-following interior-point methods of primal-dual type are the most attrac-
tive for solving linear optimization[1,7]. Their corresponding algorithms enjoy im-
portant theoretical and numerical properties such as the polynomial complexity
and numerical efficiency. Thus motivated researches to extend it to more gen-
eral optimization and mathematical problems, namely, complementarity problems,
convex optimization, semidefinite optimization and convex quadratic semidefinite
optimization. Interior-point methods are divided into two classes, namely, feasi-
ble and infeasible primal-dual interior point methods. Feasible primal-dual interior
point algorithms require that the primal-dual starting point must be feasible i.e.,
it lies in the feasible set. This task is very hard to release in numerical practice.
In order to eliminate this handicap, we shall use any starting point not necessarily
lies in the feasible set of the considered problem. This type of methods is named
as the infeasible interior-point methods.

We consider the following semidefinite least-squares problem (SDLS):

min f(z) = § | X — C|5
(1.1) (SDLS ) (A;; X)=bji=1,...,m
X esy

Date: May 25, 2021.
Key words and phrases. Semidefinite programming, Interior point method, semidefinite least-
squares problem, Primal-dual interior point algorithm.
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and it’s dual :
2 2
max b’y — 3 || X% + 3 [|ICll

m

i=1
X, ZecSY,yeR™
where the vector b € R™, the matrices C' € R™*" and A;, i = 1,--- ,m, are given
and belong to the linear space of n xn symmetric matrices S”. I denotes the identity
matrix in R™.The (,) operation is the inner product on S™ of two matrices X and
Y, which is the trace of their product, i.e., (X,Y) = tr(XY) = >, ; @i;y;;. The
inequality constraint X > 0 indicates that the matrix X , belong to the cone of
positive semidefinite matrices S’f. We denote by S, the cone of positive definite
matrices of S™ and ||| denotes the Frobenius norm, i.e.,

IX]p = (er(XTX)* = | X% | L X = ()

We denote by
-F(SDLS y = {X S Si : <A1-, X> =b;,1 = 1,...,m}
and
Flsprs)={X €Sh i (A, X) =bii=1,...,m}
the set of feasible and strictly feasible primal solutions for (SDLS), respectively.

F(pspLs) = {(y,Z) cR™ XSi:ZyiAi—X—FZ:—C}

i=1

and

m
FpspLs ) = {(y,Z) ER™ XS}, Y pidi—X+7Z= —C}
i=1

the sets of feasible and strictly feasible dual solutions for (DSDLS), respectively.

The SDLSs problem have recently attracted considerable attention because it
has a lot of applications in the domain of the applied mathematics and numerical
linear algebra such as the nearest correlation matrix (NCM) and in preconditioning
of linear system and error analysis of such iterative methods [12]. Many methods
have been proposed to solve this problem. Alternating projections method is pro-
posed by Higham in [11] to solve particular instances of semidefinite least-squares
(and it could be generalized to any semidefinite least-squares). J. Malick propose
a Lagrangian dualization of this least-squares problem, then he propose to solve
the latter problem with a quasi-Newton algorithm [9]. Our aim is to propose an
efficient primal dual interior point algorithm to solve the SDLSs problem.We are
particularly interested by the infeasible primal dual path-following interior point
algorithm. These methods enjoy best results such as polynomial complexity and
numerical efficiency. This paper is organized as follows. In Section 2, we associate
to the (SDLS) problem the (SDLS), perturbed problem by introducing the log-
arithmic barrier function followed by the optimal conditions for the (SDLS), then
we briefly present the primal-dual method of trajectory central. In section 3, we
give a description of the interior-point algorithms obtained. In section 4, we present
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some numerical tests on several different examples to illustrate the effectiveness of
this algorithm in solving the (SDLS) problem.

2. BARRIER PENALIZATION PROBLEMS

In the rest of this document, we assume that the (SDLS) problem meets the
following conditions:

e Interior point Condition : (IPC) The set .7-"(OSDLS ) X ]-"(ODSDLS ) is non-
empty.
e The matrix A; i =1,...,m are linearly independent.
We associate to the (SDLS) problem the following perturbed problem:

min f,,(X)

(2.1) (SDLS), { (A, X)=bii=1,...,m

where @)
z)—plndet X si X >0

Tn(X) = { +00 si non
The function —Indet X is called the logarithmic barrier function associated with
the cone S" and p > 0,is the barrier parameter. It is shown if the IPC condition
holds, that the problem (2.2) has a unique solution (X (p),y(r)), that the solution
of (2.1) as a function of u. The problem (2.1) is convex and differentiable. So the
necessary and sufficient conditions for X (u) to be an optimal for (SDLS),, is the
existence of a vector y(u) such as:

Vfu(X) - i_"’:lyz»m)Ai —0

(2.2) i=
A; e X =0, i=1,...,m
where
Vi(X)=X—-C—puX*
Letting
Z(p) = pX!
then

X(w)Z(p) = pd,
and the system (2.2) can be rewritten as

X(p) = Z(p) — Z)mlyi(u)Ai =C, X»0,2>0

AZ‘.X(,LL):bi,_ iil,...,m
X(w)Z(p) = pd, p>0.
We set (X (), y(pe), Z(p))as a solution of the system (2.3). The set

C={(X(u),y(p), Z(p)) : p>0}

is called the central-path of the problem (SDLS). If p tends to zero then the
limit of the system (2.2) exists and therefore it yields an optimal solution of (1.1)
and (1.2). The infeasible primal-dual path-following interior point algorithms aim
to trace approximately the central-path C by using at each iteration a damped
Newton step while the initial starting point is not necessarily feasible i.e., it does
not lie in D and get closer to the optimal solution of (1.1) as u goes to zero.

(2.3)
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Now we proceed to describe a damped Newton step produced by the algorithm
for a given p > 0. Applying the Newton’s method for (2.3) for a given infeasible
point (X,y,7) i.e.,, X = 0,y € R™ and Z >~ 0 not necessarily in F(sprg )-Then the
Newton direction at this point is the unique solution of the following linear system:

AX—AZ—EAylAZ:C—(X—Z—EyzAl), X>=0,72>=0
i=1 i=1

AZQAX:bifAZ.X, iil,...,m,

AXZ + XAZ = opl — X7, >0,

where o € (0, 1) the centrality parameter.

However, the resulting system may yields as a solution a search direction which
is not symmetric. Since we want X and Y to be symmetric matrices, one must
“symmetrizing” the perturbed complementary equation X7 = ul. Based on differ-
ent symmetrization schemes, several search directions have been proposed in the
literature of semidefinite optimization problems such as Kojima et all [19], Helm-
berg et all [21], Monteiro [20] and Nesterov and Todd (NT) [17],[18]. In this paper,
we use the direction determined by the following system:

(2.4)

X—Z—ZyiAi:C,X>'O,Z>-O

1=1
(2.5) A e X =b, i=1,....,m
XY +YX
— =opl, p>0.

This symmetrization is introduced by Alizadeh—Haeberly—Overton [23] and is called
AHO-direction. Therefore the AHO direction is determined by the solution of the
system:

AX —AZ =Y Ay Ai=C—(X—-Z->yA), X=0,Z2>0
i=1 i=1
Ai.AX:bi*Ai.X, i:l,...,m,
AXZ+ XAZ+AZX + ZAX =20pl — (XZ+ZX), u>0.
The system (2.6) has a unique symmetric solution (AX, Ay, AY ). We will refer
to the assignment:

Xt =X+aAX, y"=y+alAy, ZT =Z +aAZ
as the damped Newton step with o > 0, is the step-size.

(2.6)

3. AN INFEASIBLE PATH-FOLLOWING ALGORITHM FOR SDLS

We present an infeasible path-following interior-point algorithm for computing
an optimal solution of (SDLS) that uses the primal-dual interior-point framework
proposed by many authors. In each iteration the algorithm starts with guesses
(matrices) X9, Z% = 0, y° € R™, not necessarily feasible. We would like to update
these matrices until we are within our desired tolerance of satisfying equations .
We will stop our algorithm when the

max (
F

is small enough. In order to implement our algorithm we need to compute a direc-
tion from and a suitable step size a > 0 in each iteration such that X + «AX >
0, and Z + aAZ > 0.For computing the step-size a > 0, so that X = X + aAX >

C-(X-2Z- Zm:yvAv)
i=1
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0, and Z = Z + aAZ = 0,we need to determine the maximum step-size amax SO
that if 0 < o < apmax then X = X +aAX = 0and Z = Z+aAZ = 0. Let ax and
az be the maximum possible step-size on the direction AX and AZ, respectively.
It is known that the condition X +aAX = 0 is equivalent to I —aX 'AX > 0. In
the other words, we must have 1 — aApmax (X TAX) > 0 where Aoy (X TAX) is
the maximum eigenvalue of X 'AX. Thus

1
————if A (X TITAX 0
ax ={ dme(X-TAX) | ( )>
00 Otherwise.
Similarly for Z + aAZ, we have
1
i Aa(Z7TAZ) >0
az =14 Al ZAZ) ( )>
00 Otherwise.

Once these two allowed maximum step-sizes are determined, then the setep size
a is taken as:

a = min(l, pmin(ax, ay)) : p €]0,1].
The outline of the generic infeasible primal-dual IP algorithm is presented in Figure
1.

4. THE ALGORITHM

Input
(1) An accuracy parameter € > 0;
(2) initial guesses X%, Z° = 0,y € R™ and p > 0;

(3) matrices A;, C, a vector b ; 1=1,...,m;
While max( C—(X—-Z-Yud)| .lIb—AX|x, ||XZF) > e do
=1 F

begin
(1) Solve the system to obtain (AX, Ay, AZ);
(2) Determine a step size o > 0 s.t. X + «AX = 0 and Z + aAZ > 0;
(3) Update X := X + aAX =0, Z =: Z + aAZ > 0;

end

Fig.1. Infeasible interior-point algorithms for solving (SDLS).

5. COMPUTATIONAL EXPERIMENTS

We consider some problems of differents sizes, each problem is followed by a
table containing the results obtained by our method. we implement the algorithm
in Matlab (R2013b) and the experiments were conducted on a Pentium 4 3.0GHz
PC with 2GB of RAM. In the implementation, we use ¢ = 1076, we start wilth a
point (XY, y°, Z%) not necessarily feasible. The number of iterations required and
the time executed by the algorithm are denoted by “Iter” and “CPU” respectivly.

Exemple 1[5](Nearest correlation matrix problems (NCM)). This example of
SDLS, is constructed from the following nearest correlation matrix problem:

1
Ir}}nQHX—CHzF st. A, e X =0b;,i=1,....m X =0,
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with
1 05 1 1 0 0 0 0 O 0 0
C=1]05 1 025 |,Ai;=]0 0 0]|,4=]10 1 0]|,A3=1]10 0
1 025 1 0 0 0 0 0 O 0 0

In this example the triplet starting point is taken as

Xo=2x1,Zy=1 yo =22 2"

The obtained numerical results are summarized in Table 1.

I 0.5 0.05 0.005
Iter | 19 16 13
CPU | 0.0374 | 0.0353 | 0.0338

Table 1. Numerical results for Example 1.

The obtained approximate primal-dual optimal solution is:

1 0.4910 0.9684 0.0351 —0.0090 —0.0316
X*=1 04910 1 0.2582 | ,Z* = | —0.0090 0.0023  0.0082 ,
0.9684 0.2582 1 —0.0316 0.0082  0.0285

y* = [—0.0350, —0.0023, —0.0285]"".
The optimal values for both problems are p* = d* = 0.0011.

6. CONCLUSION

In this paper, we introduced a primal-dual infeasible interior point algorithm to
solve a semidefinite least-squares problem using the directions of Alizadeh-Hueber-
Overtion (AHO). The obtained algorithm gives a strictly feasible solution of
(SDLS) and a primal-dual solution of (SDLS) and (DSDLS). Moreover, the
numerical tests show that when the size becomes large the system becomes unsta-
ble and that is the disadvantage of this approach.
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ABSTRACT. In this paper, we construct and study timelike special ruled sur-
faces, which are generated by S- Curves, in Minkoswki 3- Space. We investigate
different properties of the constructed ruled surface.

1. INTRODUCTION

In differential geometry, surface theory is an important working area in differ-
ential geometry. It has been carefully studied by for researchers. A ruled surface
is one of the special surfaces and it is thinkable as a geometric set of lines. [2, 4,
9, 10]. It is defined by the moving of a straightline (ruling) along a curve (base
curve). This entrancing special surface is of great interest to many applications
and has contribution in several areas, such as mathematical physics, kinematics
and Computer Aided Geometric Design (CAGD) [11, 12].

Nowadays, a good deal of research on ruled surface theory has been conducted
about ruled surfaces in Euclidean and Minkowski space [5, 15, 16]. In [3], the
authors studied the ruled surface whose rulings are linear combinations of Frenet
frame vectors of its base curve. They gave its position vector in the case of the
base curve as general helix [1] and slant helix [7], respectively. Furthermore, in [13]
the authors were interested in the study of ruled surface with alternative moving
frame of its base curve. They investigated its most important properties and gave
characterizations. Then, in [ |, the authors introduced ruled surfaces generated
from any vector X ,Bishop Darboux vector and Bishop vectors. Finally, in [8] they
studied special ruled surfaces, whose rulings are linear combinations of Darboux
frame vectors of its base curve relative to an arbitrary regular surface in Euclidean
3-space.

In [6], they construct a new coordinate system by rotating the axes of space
system about the time one. We should care that the axis of time rotates differently
than the axes of space. Therefore, the rotation of the Frenet frame of (t) which lies
on a surface in E$ should be depend on the types of the curve, surface and axis of

Date: May 25, 2021.
Key words and phrases. Ruled surface, S- frame, Gaussian curvature, mean curvature.
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rotation. They called this frame ”Shonoda-Saad frame” or simply S-frame. This
frame gives us a relative differential geometry between Euclidean and Minkowski
invariants of a chosen curve on a regular timelike surface . They investigated this
special frame according to a regular spacelike curve « (t) on the surface in E$ .

In this paper, we deal with timelike special ruled surfaces, which is generated by
S- Curves, in Minkoswki 3- Space. We obtain some properties of these surfaces.

2. SOME PROPERTIES OF S-CURVES AND RULED SURFACES

Definition 2.1. Let ¢ (u,v) be a timelike surface in E and a(s) be a regular
spacelike curve lies on ¢ with timelike principal normal vector U. The curve a(s)

is called a spacelike S-curve of first or second type, if 79 — tanh ¥ or ¢ = tanh v,
Kg Ty
U =~ or B, ¥ # 0, respectively. Then, we have
T, , 0 X n;—T; 1—1‘%2 Tar
!/
N/M = Tg T hy L 0 ) Tg — Ky Ny
By, —Kn, T, — Ky 0 B
. de
Here, k4 = ksinh®, k, = kcoshf and 7, = 7 — I 0= 2Zg(N,G), G =
s

1

—TxuNu, K

= Kgcoshv, KZ?] = Kgsinh~, T; = T4coshv, 7'92 = T4sinhy and
d
—Kp = Kp — d;sy’ v=Z2u (T, Ty, [see 6].

The standard unit normal vector on a regular surface ¢ (u,v) is identified by

[ PuXPu
llu X ol
The Gauss curvature and mean curvature of the surface ¢ (u,v) defined by
K— hi1ho — h%Q _ Fhoy — 2Fh1s + Ghy;
EG—-F?2 "~ EG — F? ’

respectively.
On the other hand, a ruled surface in E$ is generated by a one-parameter family
of straight lines and has the parametric representation

0: I xR —=E} ¢(u,v) =a(u)+vX (u)

where I is an open interval of the real line R.a (u) is called the base curve of the
ruled surface and X (u) are the unit vectors representing the direction of straight
lines (rulings), [14].

3. RULED SURFACES WITH S- CURVES

In this section, we deal with ruled surfaces, which are generated by spacelike S-
Curves with timelike unit normal vector field, in Minkoswki 3- Space.

Theorem 3.1. Let ¢ (u,v) = a(u) + vThs (u) be ruled surface, where a (u) is
a unit spacelike S- Curves with timelike unit normal vector field in Minkoswki 3-
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Space. Then, principal curvatures are

Fmax = H+VH?-—K
1

= [olkn(=(rg —75)* + K7)

2 (k2 + (k) — 72)2)"”

+(H; — Tj)(—nn + v[(n; — 7'92)(791 — Hg) —kn]) + 2/@1(@ — 7'92)] +VA
fmin = H—VH?2-K
1
= [wlkn(=(kg — 75)* + K2)
2 (k2 + (k) — 72)2)"° g
—l—(,‘ié — 7'92)(—.%" + v[(m; — 7';)(791 — /15) —k]) + 2/171(/@; — 7'92)] VA
where
A = P(rp(—(rg = 120) + K0)% 4 2kn(—(ry — 72)% + K1)
(kg = T =k +0[(kg — 7)) (15 = K3) = rp]) + 2k (15 — 77))
H((rg = 12)(—hn + 0[(rg — 72) (5 = K3) = K3]) + 26 (kg — 75))
7!43727’(1’12; — 7'92)2 (/{i + (H_(l, - 7'5)2)
Proof. First derivatives of the surface ¢ (u,v) are
oy (u,v) =T + ’U[(/ﬁ; - 7'92)NM — knBu],
oy (u,v) = Ty
The unit normal vector field of the surface is
U _linTM + (n; — T;)BM
K2+ (ky — 72)?
Components of the First fundamental form are
E=1+403(— (sl — 72)° = k2),
F=G=1.
Second derivatives of the surface ¢ (u, v) are
Puu (U’a U) = U(—(Ii; - T(?)Q + ’Qi)TM
H(rg = 7o) +v((rg = 72) = kn(7y — 7)) Ny

+(—rn +0[(kg —72) (1, — K2) — K1,]) B,

Puv (1,0) = (kg — 79) Ny — kB,
Ovo (u,v) = 0.
Second fundamental form of the surface ¢ (u,v) are
v
hi1 = — [ (—(ky — 72) + K3)

K2 + (Hé — 7'g2)2

+(tg = 1) (=tin + (kg — ) (15 = k) = KD,
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k0 (kg —72)
his = — ;
K2 + (mé — 7'92)2

h22 =0.
Then, the Gauss curvature of ¢ (u,v) is
201 _ - 2)2
K — K“n('%g - Tg) -
(K2 4 (k§ —72)?)

v
H = [on(— (kg — 72)? + K2.)
2 (k2 + (kb — 72)2)"/* s
—l—(m; — 7'92)(—&” + U[(KJ; — 7';)(7'91 — H;) — kL)) + fon(m; — 7'92)].

Then, principal curvatures of this surface are

Fmax = H+VH?-K
1

= [oltn (= (kg = 75)* + K7)

2 (k2 + (r} — 72)2)*

(g = 1) (—rn + 0l(ky = T2)(1g = K3) = Kp]) + 260 (rg — 77)] + VA
Fmin = H—-—+VH?-K
1 1 _2v2, 2
B R DR A
H(rg = 1) (—n + v[(ky = T2)(1g = K5) = Kp]) + 260 (ry — 77)] = VA
where
A = Rl — 72 R 2o () — 72+ )
(kg = 79)(=n + (kg — 79)(rg = K3) = K}]) + 26 (kg — 7))
+((kg — 7o) (= +0[() — 7)1y — K2) — K3]) + 26 (kg — 72))°
R 7P 6 0 )

Conclusion 3.2 Let Q (u,v) = a (u) + vINys (u) be ruled surface, where « (u) is a
unit S- curve in Minkoswki 3- Space. Then Gauss curvature and mean curvature
of the surface Q (u,v) are

(Tl _ ,{2)2
NG . 2)2)° [(75 = rig) = (L v(7] = mg))P%,
1 /
o (7F = K2)2 + (-1 +v((k} — 72))2)3/2 [0((1g = K5) (7] — Kg)' = fin(7y — K
—(L4v(1) = k) (—rn (L +o(r) — Ky)) +v(y — K2)")].

Conclusion 3.3 Let Q (u,v) = a (u) + vNy; (u) be ruled surface, where a (u) is
a unit S- curve in Minkoswki 3- Space. Then principal curvatures of the surface
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Q (u,v) are
1 U222 — Y — g (2
Rmax = — ((7—; B H!QI)Q N (_1 N U((Hé B 7—3))2)3/2 ([U((Tg g)( g g) ( g
—(L+o(ry = rg)) (= (L + o(ry = Ky)) + v(ry = K3))] + VA,
1
Bmin = — 5 ([’U((T; — Iﬁ:Z)(ng — n;)' — nn(Tgl
(7 = 22 + (-1 o((sh ~ 7))
(14 v(rg — k) (—kn(L+0(72 — Ky)) +v(ry — k7)) — VA,
where
A" = [ol(ry = Ky) () — ky) = kin(7y — 7)) = (L+0(7; — Kg))
(=t (1 +0(1y = Ky)) +v(7y = 3)')]24-(791—/‘65)2[(72—% ) = (1 + (7]
Conclusion 3.4 Let T' (u,v) = a (u) + vBys (u) be ruled surface, where « (u) is a

unit S- curve in Minkoswki 3- Space. Then Gauss curvature and mean curvature
of the surface I' (u,v) are
K =0,
1

H = (1 —vky) — UQ(Tgl — “Z))?’/Q (92(791 - 53)2(7_5 _ R;)

+(1- ’Ulin)Q(Tj - m;).

Conclusion 3.5 Let I' (u,v) = a(u) + vINps (u) be ruled surface, where a (u) is
a unit S- curve in Minkoswki 3- Space. Then principal curvatures of the surface
T (u,v) are

1 2/ 1 2\2/, 2 1
Kmax = ((1 — Unn) — UQ(T; _ Hg))g/Q( (Tg - ﬁg) (Tg - Hg)
+(1 - ’Ulin)2(7'92 - Iﬁ;é),
Rmin = 0
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ABSTRACT

Tourism has always been an important part of economic revenue for growing countries to
balance their foreign trade. But with the pandemic, there has been an incredible decline in these
incomes. Therefore, governments of growing countries have provided some advantages to tourists
for enliven the economy. This situation has led tourists to consider more destinations.
Multicriteria decision making methods (MCDM) are very practical tools to select best possible
alternatives among many. In this paper, Pythagorean fuzzy COPRAS method is applied to
tourism management problem and compared with some aggregation operators.

1. Introduction

For many years, classical sets have been used for real life problems and are still in use. But these
problems also contain uncertain information which cannot be expressed by crisp numbers. Zadeh
(1965) have paved the way for researchers by defining fuzzy sets which can use uncertain data while
expressing the information. Zadeh expanded the characteristic function of classical set to interval of
[0,11 and defined it as membership function to measure the belonging of an element in this set. This
work has drawn great attention and fuzzy sets have started to be studying extensively. Atanassov (1986)
defined intuitionistic fuzzy sets (I1FSs) by adding a non-membership function to I'Ss and limited the
sum of these two functions as 1. This approach was very important in terms of information expression
since it was the first time that an information was presented as pairs. Yager (2013) extended the values
of the membership and the non-membership functions of 1I'Ss while the sum of them stayed in the
interval [0,11 and called it Pythagorean fuzzy sets (PIFSs). In PEFSs sum of squares of membership
functions is limited with 1 and thus, the pairs whose sums is greater than 1 can be processed in
decision making problems. PEFSs are in development (Biswas and Sarkar 2018; Garg 2016, 2017a,
2017b; Khan et al. 2019; Peng and Garg 2019; Peng and Selvachandran 2019; Rahman et al. 2017;
Rani, Mishra, and Mardani 2020) and widely applied to real life problems with MCDM methods
(Bolturk 2018; Liang et al. 2018; Pérez- Dominguez et al. 2018; Ren, Xu, and Gou 2016; Wu et al.
2019).

Date: May 25, 2021.
Key words and phrases. COPRAS, multi-criteria decision making, Pythagorean fuzzy sets, tourism management
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Among MCDM methods, COPRAS (Complex Proportional Assessment) method proposed by Zavadskas
et al. (1994) is known with its simplicity and practicability. It evaluates the alternatives considering
the minimization and maximization of the criteria. The power of this method comes from the
comparing of the alternatives with each other and reveal how good or bad they are from the other
alternatives as a percentage. COPRAS method was applied to fuzzy sets by Zavadskas and
Antucheviciene (2007) and then it was extended to intuitionistic fuzzy sets by Razavi Hajiagha, et al.
(2013). With the definition of the PI'S, COPRAS method has recently applied to PFSs (Buyukozkan
and Gocer 2019; Dorfeshan and Meysam Mousavi 2019).

Tourism management has become a significant sector in economy due to pandemic conditions.
Governments have granted some privileges to visitors that coming their countries. Turkey is one of the
best tourism locations in the world and excuse tourists from restrictions such as lockdown and trip.
These advantages make Turkey attractive for a travel location. In this work, PI-=COPRAS method is
simplified from hybrid models and applied to choose the best possible trip location for a tourism
management problem which has not been studied before. Then, results are compared with basic
aggregation operators to show the effect of PF-COPRAS method.

2. Pythagorean Fuzzy Sets

In this section, PI"Ss are presented which will be used on farther sections.

Definition 1. (Atanassov 1986) Let X be a non-empty set, then an IFS 4 in X is defined as

A = {(x, ua(x),va(x))|x € X} M

where py,v4 ¢ X = [0,1] represents the degree of membership and the degree of non-membership of
the element x such that for any x € X,

0 < us(x) +va(x) <1 )

Here, my = 1 — (ua(x) + v4(x)) is called hesitancy degree of the element x in the set A. Moreover,
the pair of (,u (%), vy (x)) is called intuitionistic fuzzy number (IFS) and denoted as a = (4, v,).

Definition 2. (Yager 2013) Let X be a universe of discourse. A PSS P in X is given by

P = {(x, up(x), vp (X)) |x € X} €)

where pp : X = [0,1] represents the degree of membership and vp: X = [0,1] the degree of non-
membership of the element x such that for any x € X,
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0< (1) + (vp() < 1. 0

- . . 2 2 ) . . ..
The degree of indeterminacy is Tp = \/ 1- ((,up (x)) + (Vp (x)) ) For convenience in decision

making problems pp(x),vp(x) a Pythagorean fuzzy number (PFN) denoted as p = (up, vp).

The effect of PES comes from its corresponding constrain conditions. The information can be stated
more in depth. In other words, all IIFNs are PFNs but not all PFNs are the II'Ns. The representation
of the membership functions of IFS and PIS is given in Fig. 1.

v () + (vp(0)*

ta() +v4(x) =1

v

Fig. 1 Comparison of IFS and PI'S membership functions.

Definition 3. (Zhang and Xu 2014) Let p; = (,upl, Vp, )p2 = (upz,vpz) and p = (Up, vp) be three
PENs. Then, for 4 > 0 the corresponding operations are defined as follows:

1) p1 @ P2 = <\/ﬂ12;1 + “2272 - [112,1[122,2,1/1311/132)

2) P1 ® P2 = <#P1HP2’\/V§1 + ng - VI%1VI%Z>
_ AN
3) Ap—<,/1—(1—up) ,vp>
A
N e

Definition 4. (Zhang and Xu 2014) For any PEN p = (up, vp), the score and the accuracy functions of
p is defined as

®

s() = (up)?* — (vp)? and a(p) = (up)? + (vp)? )
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where s(p) € [-1,1] and a(p) € [0,1]. For any PFNs p; and p,

L Ifs(py) > s(pz), then p; > p,.

2. 1If s(py) = s(py), then
i Ifa(py) >a(pz) = p1>pe
ii. Ifa(pi) =a(py), thenp; = p,

Definition 5. (Zhang 2016) Let p; (i = 1,2, ..., n) be a collection of PENs, a Pythagorean fuzzy
weighted averaging (PFWA) operatoris defined as follows:

PFWA(p1, D2, -, Pn) =BF1 (Wipi)

which can be described as

PFWAGwpz ) = | 1= [ = oo ] oo ®
i=1 i=1

where w = (Wy, Wy, ... wy,)" is the weight vector of p; with w; € [0,1] and X1, w; = 1.

Definition 6. (Zhang 2016) Let p; (i = 1,2, ..., n) be a collection of PENs, a Pythagorean fuzzy
weighted geometric (PEFWG) operatoris defined as follows:

PFWG(p1, Dz, - ) =@z (0"

which can be written as

PFWG(py1, D2, --o)Pn) = H(ui)‘”% 1- 1_[(1 — (AW ®)
i=1 i=1

where w = (Wy, Wy, ... wy,) is the weight vector of p; with w; € [0,1] and X7=; w; = 1.

Definition 7. (Zhang and Xu 2014) Let A and B be two PFSs, then the distance between these two sets
defined as:
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1 n
d(A B) = %Z(Iui(xi) — g G|+ VA —vEQe)| + |3 () — mh(x)|) )
i=1

3. Pythagorean Fuzzy COPRAS Method

The proposed method is adapted from AHP integrated COPRAS method which was proposed in
(Buyukozkan and Gocer 2019).

Let A = {A1,4,, ..., Ay} be a set of alternatives, C = {Cy, C,, ..., Cp} be a set of criteria and w =
[wi, Wy, ..., Wy ] be a weight vector with respect to criteria where 27:1 w; = 1 and w; = 0. Then, the
steps of PES-based COPRAS method are given as follows:

Step 1. Construct decision making matrix A = (a; j)mxn = ((w i Vi j))mxn:

Cy C, Cn
Aq [ {11, V11) (M12,V12) - (Man,Vin)
A=Ay | (M21,V21)  (Ha2,V22) - (Han Van) (10)
Am (#ml: le) (#mz: sz) o <.umn: an)

Step 2. Obtain weighted normalized decision matrix D:

Dinn = Amn @ Wy = D

|:a11W1 o aWn ]

AmiW1 - GmnWp
where w; = (W, Wy, ...wy,)T is the weight vector and Y1, w; = 1.
Step 3. Determine the sum of criteria values for benefit and cost:

Let J; = {1,2, ..., 1} be a benefit criterion set and J, = {{ + 1,1 + 2, ..., n} be a cost criterion set, then
St is the sum of benefit criteria values and S;” is the sum of cost criteria values which are formulated
as
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St =@j=q dyj
B
Si =@®j=141 dij

Step 4. Defuzzify S l+ and S; using the following equation which is suggested by (Kahraman et al.
2018):

o 2
Deff(us,vy) = M (13)

Step 5. Calculate the degree of relative importance:

S—min X Zﬁl Si_

- S_mi
57 x T, g

Q=S¢+ i=12,.,m (1)

where S,,;,, is the minimum value of ~ S;". The bigger Q; is, the better alternative is.

Step 6. Rank the alternatives with performance index:

Q;

max

P, = [ ] X 100% a5)

After the performance of each alternative is determined, alternatives are ranked according to
descending order of P;.

4. Numerical Application and Results

Tourism has become an important part of economic income for countries during the pandemic.
Especially, the growing countries need that revenues for keep their foreign trade in balance. Therefore,
governments provide convenience to tourists and ease the restrictions for travels. For example, tourists
coming to Turkey are exempt from the lockdown. Recently, Turkish government has announced that
the (PR test will not be requested from the tourists coming to Turkey. These eases make Turkey
attractive for tourists. In the following, we develop a numerical example of tourism management
adapted from (Merigo et al. 2012) using PFNs.
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Assume that a group of tourists are planning a travel to Turkey. Since Turkey can be considered as
tourism attraction centre, there are lots of options to decide for a trip. After a general evaluation for
different alternatives, 7 trip locations are chosen for alternatives.

Aq: Ayvahik
A, Kusadasi
Az: Didim
A, Bodrum
As: Marmaris
Ag: Datca

A5 Alanya

Each of them suggests criteria to evaluate these alternatives and choose the best option. After each
ones wishes is considered thoroughly, 8 criteria are selected for assessment.

Cy: Price of trip

C,: Tourist activities

C5: Beaches

C4: Road length to destination

Cs: Bars and restaurants close to the destination
Cg: Peace and stability.

C5: Shopping opportunities

Cg: Night entertainments

The weights of criteria are determined by the tourist group asw =

[0.130.100.120.11 0.16 0.17 0.10 0.11 ]. The decision matrix A is constructed as Table 1 according
to their preferences with respect to criteria. The steps of Pythagorean fuzzy COPRAS Method are
performed in MATLAB.

Step 1. Decision making matrix A = (al- j)7><8 is constructed according to given information by tourists
which is given by Table 1:
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Table 1. Decision Matrix A

Step 3. Sum of criteria values for benefit and cost are determined using Kq. (12):

Si+ =

Here, C; and C, are the cost criteria, others are benefit criteria.

1(0.4501, 0.4941)7
(0.5599,0.4921)
(0.6430,0.3892)
(0.5740,0.3452)
(0.6044,0.3576)
(0.4607,0.4313)

and S;” =

(0.3526,0.6105).

1(0.3863, 0.7490)"
(0.3278,0.8138)
(0.3730,0.8363)
(0.2345,0.9131)
(0.5202,0.7106)
(0.4140,0.6210)

[(0.3332,0.7669).
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Cq C; Cs Cy Cs Ce C; Cs
Ay (0.7,0.3) (0.3,0.5) (0.1,0.9) (0.7,0.3) (0.6,0.1) (0.6,0.6) (0.7,0.4) (0.1,0.5)
A, (0.1,0.8) (0.6,0.3) (0.3,0.8) (0.8,0.2) (0.6,0.5) (0.8,0.3) (0.1,0.5) (0.7,0.2)
Aj (0.5,0.7) (0.9,0.4) (0.8,0.3) (0.8,0.3) (0.3,0.1) (0.4,0.5) (0.4,0.3) (0.9,0.4)
A, (0.5,0.6) (0.5,0.3) (0.9,0.1) (0.4,0.8) (0.7,0.2) (0.3,0.6) (0.5,0.5) (0.4,0.1)
As (0.8,0.2) (0.4,0.4) (0.9,0.1) (0.9,0.3) (0.3,0.5) (0.8,0.3) (0.6,0.4) (0.2,0.1)
Ag (0.2,0.1) (0.6,0.7) (0.6,0.1) (0.9,0.2) (0.4,0.3) (0.6,0.7) (0.4,0.8) (0.4,0.1)
A, (0.2,0.2) (0.2,0.3) (0.1,0.7) (0.8,0.6) (0.6,0.4) (0.2,0.7) (0.6,0.8) (0.2,0.4)
Step 2. Weighted normalized decision matrix D is obtained using Eq. (11):
D
(0.29,0.88) (0.10,0.93) (0.03,0.99) (0.27,0.88) (0.26,0.69) (0.27,0.92) (0.26,0.91)
(0.04,0.97) (0.21,0.89) (0.12,0.97) (0.33,0.84) (0.26,0.90) (0.40,0.81) (0.03,0.93)
(0.19,0.95) (0.39,0.91) (0.34,0.87) (0.33,0.88) (0.12,0.69) (0.17,0.89) (0.13,0.89)
(0.19,0.94) (0.17,0.89) (0.43,0.76) (0.14,0.98) (0.32,0.77) (0.13,0.92) (0.17,0.93)
(0.35,0.81) (0.13,0.91) (0.43,0.76) (0.41,0.88) (0.12,0.90) (0.40,0.81) (0.21,0.91)
(0.07,0.74) (0.21,0.97) (0.23,0.76) (0.41,0.84) (0.17,0.82) (0.27,0.94) (0.13,0.98)
1(0.07,0.81) (0.06,0.89) (0.03,0.96) (0.33,0.95) (0.26,0.86) (0.08,0.94) (0.21,0.98)

(0.03,0.93)
(0.27,0.84)
(0.41,0.90)
(0.14,0.78)
(0.07,0.78)
(0.14,0.78)
(0.07,0.90)



Step 4. S;" and S;” are defuzzified using Eq. (13):

St =1[0.2134 0.2531 0.3252 0.3192 0.3248 0.2463 0.1106]

S; =[0.0302 —0.0449 -—0.0443 -—0.1747 0.1081 0.1289 —0.0054]

Step 5. The degree of relative importance is calculated using Eq. (14):

Q =[0.2138 0.2528 0.3249 0.3192 0.3249 0.2464 0.1085]

Step 6. The alternatives are ranked with performance index using Eq. (15):

P =[65.7855 77.8025 100.0000 98.2321 99.9890 75.8411 33.3926]

According to the performance index, the alternatives are ordered as

A3 > As > A, > Ay > Ag > Ay > A,

Then, A3 (Didim) is the best location to travel.

Comparison of results

In order to compare this result with the existing aggregation operators given in Eq. (V) and Eq. (8), an
analysis is conducted to calculate results with score function given in Eq. (6). Using tourists’
preferences from Table 1, first PEWA operator is used to aggregate the decision matrix and then score
function is used to rank the alternatives. Same operations are conducted for PEWG operator. The
results are given as follow:

i.  If PFWA operator is applied to decision matrix A4, aggregated values are evaluated as:

1(0.5671,0.3701)7
(0.6223,0.4005)
(0.7036,0.3255)
PFWA(A) = |(0.6053,0.3152)
(0.7328,0.2541)
(0.5893,0.2679)
(0.4707,0.4682).

Then, the score values are obtained as:
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ii.

S(PFWA(A)) =[0.1846 0.2269 0.3891 0.2671 0.4725 0.2755 0.0024]
According to score values, ranking of the alternatives are ordered as

As > As > Ag > Ay > Ay > Ay > 4,

Then, A5 (Marmaris) is the best location to travel.
If PEWG operator is applied to decision matrix A, aggregated values are evaluated as:

1(0.3907,0.5606)
(0.4031,0.5528)
(0.5468,0.4313)
PFWG(A) = |(0.4943,0.5042)
(0.5469,0.3295)
(0.4681,0.5143)
(0.2852, 0.5790).

Then, the score values are obtained as:

s(PFWG(A)) = [-0.1616 —0.1431 0.1130 —0.0099 0.1905 — 0.0454
—0.2539]

According to score values, ranking of the alternatives are ordered as
As > A3 > A, > A > A, > A1 > A,

Then, As (Marmaris) is the best location to travel.
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Ranking of the Alternatives
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Figure 1. Ranking comparison of the alternatives with COPRAS, PFWA and PFWG.

Table 2. Ranking comparison

Methods Rankings
PF COPRAS A3 > A5 > Ay > A, > Ag > A1 > Ay
PEFWA Operator A > A3 > Ag > Ay > A, > A1 > Ay
PFWG Operator As > A3 > A, > Ag > Ay > AL > A5

As can be seen in the Figure 1 and Table 2, PF COPRAS method affect the results. Although Ag is the
best option for aggregation operators, A3 is the best option for P COPRAS method. MCDM method
have a great effect on selecting alternatives when compared to aggregation operators.

5. Conclusion

In this study, Pythagorean fuzzy COPRAS method is applied to a decision-making problem
considering all countries tourism incomes worldwide. The tourism management area is picked for
numerical example and the selection of the best trip option problem is examined. Seven travel locations
are selected with respect to eight criteria. First, a decision matrix is created in accordance with a group
of tourists requests and the importance of each eriteria is identified. Then, the best possible trip
location is acquired with PF COPRAS method. To compare results, same decision matrix is aggregated
with PEWA and PEFWG operators. Then alternatives are ranked with score function. The results
obtained with aggregation operators are quite similar while the best option changes with PF COPRAS
method. These results show the power of the MCDM methods.
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In future studies, this problem can be adapted to other MCDM methods such as TOPSIS, TODIM, etc.
Furthermore, picture fuzzy set, spherical fuzzy set and neutrosophic set extensions of these MCDM
methods can also be applied to this kind of problems.
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ABSTRACT. Quaternions and split quaternions are not commutative by mul-
tiplication. A split triplet is obtained when the coefficient of one element of
the vector part of split quaternions is zero. In some special cases, triplets are
commutative. In this study, partial derivatives of split triplet functions are
obtained.

1. INTRODUCTION

A real quaternion @ is defined by

Q=a+bi+cj+dk
where w, z,y, z are reel numbers and

i? =42 =k =ijk=-1
ij =k gk=1i, ki=j,
ji = —k, kj=—i, ik=—j.

The conjugate of a real quaternion @
Q=a—bi—cj—dk

viQr
VQQ

= Va+ b2+ +d
The set of quaternions is denoted by H [1].

and the norm of @ is

Q)

If one of the coefficients of 4, j or k is zero, then quaternion @ is defined as
a triplet. The triplets are components of three-dimensional space. They can be
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Key words and phrases. Triplet, Split quaternion, Partial derivate.
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obtained from quaternions which are four-dimensional space components [5].

A split quaternion ¢ is defined by
qg=t+zxi+yj+zk
where t, z,y, z are reel numbers and
i?=—1, ’=k*=ijk=1
ij =k, jk=—i, ki=j.
The set of split quaternions is denoted by A [2]. Similarly, the norm of ¢ is

2
lal =/l
= Vdaqq
\/wQ + 22 —y2 — 22,

If one of the coefficients of i, j or k is zero, then quaternion ¢ is defined as a
split triplet. If the coefficient of k is zero than ¢ = ¢t + i + yj + 0.k is a triplet.
The split triplets are components of three-dimensional Lorentzian space. They can
be obtained from split quaternions which are four-dimensional Lorentzian space
components.

2. PRELIMINARIES

Consider the split quaternionic function f = f1 +ifa + jf3 + k f4, whose compo-
nents are real valued functions. If one of the coefficients of i, j or k is zero, then
quaternion f is defined as a triplet function. Let’s coefficient of k is zero. Then,
f=fi+ifs+7fs+ k.0 is a triplet function.

We can give the definition of derivative that

_d_ lim [/(q+ Ad) — f(@)(A0) Y

/ —_—
where g =t + zi + yj + 0k is a triplet. Then, f(q) = f1(q) +if2(q) + jf3(q) + k.0.
In complex numbers algebra,
0f1/0y Of2/0y
where z = x + iy complex number and f = f; + ify complex function. So, f(z) =
f1(2) + ifa(2) is wrtten.
of of 0z _ of

df /dz =

o~ vzoe s 40
0 0
= =200,
of  afox of ., ..
87y = %%757/7']0(2:)1
s frm =Y 0k Oh,

oy Oy oy
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Real parts and the coefficient of i are equal. Also,

nef 2 1]

—y oz
is the matrix representation of z complex number and
o5 o, ot
Ooxr Oz Ox

is complex derivative. We can write that

T, . [ df1/0x 3f2/3$]

—0f2/0x 0f1/0x

B 0f1/0y 0fa2/0y

by considering the matrix representation of z. Here,
0f1/0x = 0f2/dy, Of2/0x = —0f1/0y

are Cauchy-Riemann terms [4].

3. PARTIAL DERIVATIVES OF SPLIT TRIPLET FUNCTIONS
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We can give the following theorem similar to the case with complex numbers

and by considering the theorem given in [6].

Theorem 3.1. We can write that

df1/0t  dfa)Ot Ofs/dt 0
df _ | 0fi/0x Of2/0x 0 0
dg | 0fi/0y O Ofs/dy O

0 0 0 0

f=fi+ifo+3ifs+ k.0 is a split triplet function whose components are real

valued functions and q =t +ix + jy + k.0 is a split triplet.

Proof. We can write

of _ 9foa_0f, .,
o T agot ol @
3] 0 0
= f’(Q)=§+i£+J’£+kz0
af  9fdq of. .. .
% %%—aql—f@l
oy —Of. Ofs Ofi . dfs
or _ 0tog_of. o
oy 8q8y78q‘77 5
of . 0fs dfr |, 0fs

e f/(Q):afyjiaiy+ZO+]87y+kaiy
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equations. Here, coefficients are equal. Also,

t T Y 0
I e A 0 -y
Ty = y 0 t

0 -y —x t
is the matrix representation of split triplet and

of _Oh 0f  0f
E_ ot +28t +7 ot + k.0

is split triplet derivative. We can write that

ofi/ot  Ofy/ot  Ofs/0t 0

T _ —0fy/0t  Of1/0t 0 —0fs/0t

= Dfs/)0t 0 fr)ot  Bfs/0t

| 0 —0fs/0t —0fy/0t Of1/0t
[ 0f1/0t Of:/0t Ofs3/0t O
_ 0f1/0x Ofa/0x 0 0
df1/0y 0 dfs/d0y 0
|0 0 0 0

(See [3] for similar operations). Thus, proof is complete. O
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ABSTRACT. A triplet is the special case of a quaternion. Likewise, a split
triplet is the special case of a split quaternion. In general, they are not com-
mutative according to the multiplication process. In this paper, the gradient
of split triplet functions are obtained.

1. INTRODUCTION

A real quaternion @ is defined by

Q=a+bi+cj+dk
where w, z,y, z are reel numbers and

i’ =42 =k =ijk=-1
ij = k, jk=1, ki=j,
Jji = —k, kj=—i, ik=—j.
The norm of a real quaternion ¢ is
QP =QQ =a®+ b +c* +d.
The set of quaternions is denoted by H [1].

If one of the coefficients of i, j or k is zero, then quaternion @ is defined as
a triplet. The triplets are components of three-dimensional space. They can be
obtained from quaternions which are four-dimensional space components [5].

A split quaternion ¢ is defined by
qg=t+xi+yj+zk
where t,z,y and z are reel numbers and
P?=—1, ’=k*=ijk=1
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ij =k, jk=—i, ki =]

The set of split quaternions is denoted by H [2].

If one of the coefficients of i, j or k is zero, then quaternion ¢ is defined as a
split triplet. If the coefficient of k is zero than ¢ = ¢ + i + yj + 0.k is a triplet.
The split triplets are components of three-dimensional Lorentzian space. They can
be obtained from split quaternions which are four-dimensional Lorentzian space
components.

2. PRELIMINARIES

For split quaternions ¢; and gs

0 = pgop”!
considering that the split quaternions ¢; and g, are similar if there is at least one p
split quaternion satisfying the equation. We can apply this feature for split triplet,
which is the special case of split quaternion. Similar calculates are in [3] for split
quaternion. Hence,

¢ = —igi=—i(t+iz+ jy+02)i
= —i(ti —x — ky+0z2)
= t+ix—jy

¢ = —jqj=—jt+iz+jy+0z)j
= —j(tj+kz+y+02)
= —t+ix—jy

" = —kqk=—k(t+iz+jy+02)k
= —k(tk —jx —iy+0z2)
= —t+ix+jy

involutions are obtained. Then, it is written

qg = t+iz+jy
L= ttir—jy
¢ = —t+iz—jy
k —t+iz + jy
equation system. So,
b= Sgtd—d -
= qla+d —d -4
1 . .
vo= La+td+d +d"
i
_ 1 i gk
y = 4].(61 ¢ —d+q)

are obtained. Hence,
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1 _ .
dt = 1(dq +dq" — dg’ — dq¥)
dr = —(dq+dg' +dg’ + dg")
dy = i(dq —dq' — d¢’ + dg*)

are written.

3. THE GRADIENT OF SPLIT TRIPLET FUNCTIONS

Now let’s replace these values in partial derivatives of the function f. Using
these values in the partial derivatives of the function f,

g oo ofow  ofoy
dq ot 0q 0x dq 0Oy dq
of1  of (—i of j
f1 0f(=i) 0fj

ot4 dr 4 oy 4
L of of  .Of

= 1 e Ty
G _ oo ofox of oy
dgi Ot dgt  Ox gt Oy g

af1  af 1 af (-1)
o1 ordi Toy 4
1.0f Of of

= Z(E—Z%—Jafy)

df of ot af Ox af oy

dg ~ tog ' 0xdg | Oyog
af1 af 1 af(-1)

= otd T osdi oy 45

1, of Of Of

= Z(—E—Z%—Jafy)
df  of ot  Of dx | Of Oy
dgt Ot dgF T Dz dgk T Dy dgk

of(=1)  of1 of 1
ot 4 Ox4i Oy 4j
1, of of .of
1T ety

equations can be written.It is obtained that

CR )
)q 1 — g df
CR ) . <
aqz‘ . _ 1 1 —1 —] gi
af(q,g”,qj’q ) 4 -1 —i —j le?
q7 . . =
df(¢,q" a7 ,q%) L) dy

OqF
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in matrix form. It can be written that

af(a,q4%,4°,q")
a *

9 1 ¢ -

0/(a.0"".a") ) L %

9q" - i daf
0f(a,9" .4’ ,a") 41 -1 i 3 d

9g7" : o
0f(a,9',97.4") -1 i = %

aqk*

for conjugate. Here,
df

oo | 4

is the gradient of f.
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