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A HIGH ACCURACY NUMERICAL SOLUTION OF THE EQUAL
WIDTH WAVE EQUATION
MELIS ZORSAHIN GORGULU AND DURSUN IRK

Abstract. In this study, the equal width wave (EW) equation is solved numerically by Galerkin finite element method, based on cubic trigonometric
B-spline (CTB-spline) for the space discretization and fourth order Runge
Kutta method for time discretization. The numerical example related to single solitary wave is considered as the test problem. To see the accuracy and
efficiency of the proposed method, the error norm L∞ is computed and the
conservation constants are calculated. According to the obtained results, the
proposed algorithm exhibits high accuracy and efficiency.

1. Introduction
The equal width wave (EW) equation
ut + εuux − µuxxt = 0
is a nonlinear partial differential equation that proposed by Morrison et al. [1],
which modeled the same wave phenomena with the simulated by Korteweg de Vries
(KdV) equation, which models the time-dependent motion of shallow water waves.
The EW equation has analytical solutions for only a restricted set of the boundary
and initial conditions. Because of the non-existence of the analytical solutions of the
EW equation for various boundary and initial conditions, the studies of numerical
solutions for the EW equation has an importance. Numerical methods such as
Collocation, Petrov-Galerkin, Spectral, Least-Squares and Meshless methods have
been used to solve numerically the EW equation in the literature [2, 3, 4, 5, 6, 7,
8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]. Generally in the existed studies, Crank
Nicolson method has been used for the time discretization of the EW equation. In
this study, it is aimed to get a high accuracy numerical solution for the interested
equation. So, for the time discretization of the EW equation the fourth order Runge
Kutta method is used instead of the Crank-Nicolson method which has second order
accuracy.
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2. Numerical Method
For the computational works, it has been chosen the space-time domain [a, b] ×
[0, T ] with the parameters ∆t and h for the time and space steps, respectively. The
analytical solutions at the grid points is indicated by
u(xp , tn ) = unp , p = 0, 1, . . . , N ;

n = 0, 1, 2, . . .

where xp = a + ph, tn = n∆t and the notation Upn shows the numerical value of unp .
The space interval [a, b] have been divided into equal length N sub-interval as
a = x0 < x1 < . . . < xN −1 < xN = b.
At these sub-intervals the CTB-spline functions are as
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The approach U can be chosen as a linear combination of CTB-spline functions
as follows
(2.2)

U (x, t) =

N
+1
X

Tp (x)δp (t).

p=−1

Over the element [xp , xp+1 ], the approximation can be rewritten as
(2.3)

U (x, t) =

p+2
X

Tj (x)δj (t).

j=p−1

Using (2.1) and (2.3), the values of Up = U (xp , t), Up0 and Up00 at knots can be
written as
(2.4)

Up

= α1 δp−1 + α2 δp + α1 δp+1 ,

(2.5)

Up0
Up00

= α3 (−δp−1 + δp+1 ) ,

(2.6)

= α4 δp−1 + α5 δp + α4 δp+1 ,
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We consider the EW equation of the form
(u − µuxx )t = −εuux .

(2.7)

When the Galerkin method in Eq. (2.7) is used with weight function W (x), the
following weak form of the equation is obtained:
Zb

Zb
W (x) (ut − µuxxt ) dx = −

(2.8)
a

W (x) (εuux ) dx.
a

By specifying the weight function W (x) with the cubic trigonometric B-spline
shape function Tp and using (2.3) in Eq. (2.8), the fully discretized form of the EW
equation is found over the element [xp , xp+1 ] as
#
"
xR
p+1
p+2

P
Ti Tj − µTi Tj00 dx (δt )j
j=m−1
xp
"
(2.9)

 #
xR
p+1
p+2
p+2
P
P
0
−
−εTi
(Tr δr ) Tj dx δj
j=m−1

r=m−1

xp

where i, j, r = m − 1, m, m + 1, m + 2.
The approximation (2.9) over the element [xp , xp+1 ] can be written in the matrices form as
[Ae − µB e )] δte − [−εDe (δ e )] δ e

(2.10)

where the element matrices and parameters are defined as
Aeij

xZp+1

=

Ti Tj dx,

e
Bij

xZp+1

xp
e
Dij

Ti Tj00 dx,

=
xp

xZp+1

Ti Tr δr Tj0 dx, (δ e ) = (δp−1 , δp , δp+1 , δp+2 )T .

=
xp

The following matrix equation can be obtained by combining all elements
(2.11)

[A−µB] δ t

=

[−εD] δ

(2.12)

δt

=

Eδ

−1

[−εD]

where
E =

[A−µB]

δ

(δ−1 , δ0 , . . . , δN , δN +1 )

=

T

and A, B, D are calculated from the corresponding element matrices Ae , B e and
De .
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0
0
0
After initial vector δ 0 = (δ−1
, . . . , δN
−1 , δN +1 ) are found with the help of the
n+1
n+1
n+1 n+1
boundary and initial conditions, δ
= (δ−1 , . . . , δN
, δN +1 ) unknown vector is
found by using following fourth order Runge Kutta method for a system of ODEs
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where
n
n
n
fi (.) = Ei,1 δ−1
+ Ei,2 δ0n + . . . + Ei,N +2 δN
+ Ei,N +3 δN
+1 .

3. Test Problem
In this section, to see the accuracy of the proposed method, it should be checked
whether it keeps the conservation properties of the interested equation. For this,
the following conservation constants for the mass, momentum and energy will be
calculated:
I1 =

R∞
−∞

(3.1)

I2 =

R∞

udx ≈

Rb

U dx,

a

Rb
(u2 + µ(ux )2 )dx ≈ (U 2 + µ(Ux )2 )dx,

−∞

I3 =

R∞
−∞

a

u3 dx ≈

Rb

U 3 dx.

a

These integrals are calculated approximately with the trapezoidal rule and the
error of the proposed algorithm is calculated by the help of the following error
norm:
(3.2)

L∞ = max |up − Up | .
p

The order of convergence is obtained by the following formula:
u − U∆tp
u − U∆tp+1
,
∆tp
log
∆tp+1

log
(3.3)

order=

where u is the exact solution and U∆tp is the numerical solution with time step
∆tp .
The analytical solution of the EW equation which propagates as a solitary wave
is
(3.4)

u(x, t) = 3csech2 (k[x − x̃0 − vt]),
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where the magnitude of the velocity of the wave is v = c, the amplitude of the
solitary wave is 3c, the magnitude of the x̃0 shows
rthe peak position of the initially
1
centered wave and the parameter k is equal to
. By this solution a solitary
4µ
wave which is propagated towards the right across the interval [a, b] over the up to
the time T without change of shape at a steady velocity v is obtained.
The simulation of the single solitary wave is seen in Fig. 1 for the solution domain
[−15, 45] and the time period [0, 80] with the parameters h = 0.01, ∆t = 0.1,
ε = µ = 1, x̃0 = 10 and the amplitude 3c = 0.3 up to time t = 80. Examining
the figure it can be seen that the initial form of the obtained solitary wave is not
changed.

Fig. 1: U (x, t) at various time with h = 0.01, ∆t = 0.1
Three invariants for the EW equation using the initial condition
u(x, 0) = 3csech2 (k[x − x̃0 ]),
can be determined analytically as

I1 =

R∞
−∞

I2 =

R∞

udx =

6c
,
k

(u2 + µ(ux )2 )dx =

−∞

I3 =

R∞
−∞

u3 dx =

12c2
48kc2 µ
+
,
k
5

144c3
.
5k

After the run of program up to time t = 80 with h = 0.01 and ∆t = 10, 5, 2, 1, 0.5, 0.2, 0.1,
the error norm, invariants and rates of the convergence for the proposed algorithm
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are listed in Table 1.
Table 1: Error norms and invariants at time t = 80 with c = 0.1, −15 ≤ x ≤ 45, h = 0.01
and various time step.
∆t
L∞
I1
I2
I3
Order
10
7.47×10−3 1.200000000012401 0.280370167973401 0.055317922838768 3.904
5
5.00×10−4 1.200000000012152 0.287681654241034 0.057504504937117 4.191
2
1.07×10−5 1.200000000012143 0.287996528295417 0.057598958486406 4.033
1
6.55×10−7 1.200000000012134 0.287999890592238 0.057599967177302 4.015
0.5
4.06×10−8 1.200000000012132 0.287999996574999 0.057599998972143 4.006
0.2
1.03×10−9 1.200000000012132 0.287999999966080 0.057599999989468 3.966
0.1
6.60×10−11 1.200000000012139 0.288000000000089 0.057599999999670
Exact 0
1.200000000012139 0.288000000000089 0.057599999999670
The maximum error distribution can be observed from Fig. 2 in which it is seen
that the maximum error occurs in the peak of the wave.

Fig 2: Absolute errors with h = 0.01, ∆t = 0.1
4. Conclusion
In this study, for the numerical solution of the EW equation, weight and trial
functions for space discretization using the Galerkin method based on CTB-splines
and fourth order for time discretization are presented using Runge Kutta method.
The proposed method has been tested on the propagation of a single solitary wave.
To see the accuracy of the methods, the error norms and the conservation quantities
are documented according to the obtained results. According to these results, it can
be said that the proposed numerical solution algorithm is effective in maintaining
both the error norm and conservation constants, and has high accuracy because
the error is so much small.
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RELATIVISTIC TREATMENT OF SPIN-0 PARTICLES WITH
GENERALIZED KRATZER POTENTIAL VIA THE QUANTUM
HAMILTON-JACOBI FORMALISM
A. ÖZFİDAN AND A.DURMUS

Abstract. We investigate the solutions of the Klein-Gordon equation for a
generalized Kratzer potential under the condition of equal scalar and vector
potentials. The radial wave function expressed by the generalized Laguerre
polynomials are constructed with the quantum Hamilton-Jacobi approach.
Rovibrational energy spectrum is also obtained in relativistic theory.

1. Introduction
With the dawn of quantum mechanics, various methods have been formulated
to determine energy spectrum of bound states in stationary quantum systems.
Supersymmetric quantum mechanichs [1], the factorization and path integral [2-4]
are just a few of these methods in literature. Recently, quantum Hamilton-Jacobi
formalism has been of great interest. This method was firstly developed by Leacock
and Padgett [5-6]. Subsequently, it was applied to a set of potentials such as two
dimensional potentials, non-central and separable potentials [7-9]. Kapoor and his
collaborators [10] have contributed considerably to quantum Hamilton-Jacobi(QHJ)
method. Their proceeding way enable us to find the corresponding eigenfunctions
as well as energy spectrum irrespective of the exact quantization condition whereby
Leacock and Padgett have utilized in this method.
The generalized Kratzer potential is defined as

2
r − re
+γ
(1.1)
V (r) = De
r
where re and De are the equilibrium intermolecular separation, the dissociation
energy, respectively. In spherical coordinates,
• In case of γ = −De , the potential reduces to Kratzer potential.
• In case of γ = 0, it will reduce to the modified Kratzer potential.
Kratzer potential was introduced by Kratzer in 1920 [11]. Due to its wide application in various fields of physics and chemistry, this potential has been studied
Date: xxxx a, 2019, accepted yyyy b, 2019.
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by many researchers. In the first case , the potential has been extensively investigated in Refs. [12-15]. On the other hand, the modified Kratzer potential has
been worked out by many authors [13,16]. In this study, we concentrate on the
generalized Kratzer potential. To our knowledge, the quantum Hamilton-Jacobi
method has not been applied to solve the Klein-Gordon equation with the generalized Kratzer potential. For this reason, we attempts to probe the relativistic
solutions for this potential through the quantum Hamilton-Jacobi approach.
The organization of this paper is as follows: The application of the quantum
Hamilton-Jacobi formalism to Klein-Gordon equation for equal scalar and vector
potentials has been investigated in Section 2. In Section 3, we present the bound
state solutions of the relativistic wave equation for the generalized Kratzer potential
within quantum Hamilton-Jacobi method. Finally, Section 4 contains the brief
conclusions.
2. A Concise Outlook into Quantum Hamilton-Jacobi Formalism for
the Klein-Gordon Equation

Considered the relativistic behaviour of a spinless particle, Klein-Gordon equation with the mixed vector and scalar potentials is given as
i
h
2
2
(2.1)
−~2 c2 ∇2 ψ (~r) + µc2 + S (r, θ) − (E − V (r, θ)) ψ (~r) = 0
where E and µ are relativistic energy and reduced mass of a spin-zero particle,
c is the velocity of light and ~ is Planck constant. From Refs.[17], Klein-Gordon
equation with equal scalar and vector potentials can be expressed in the following
form
2 
2 #

V (r, θ)
V (r, θ)
2
+ µc −
ψ (~r) = 0
−~ c ∇ − E −
2
2

"
(2.2)

2 2

2

The wave function ψ (~r) is defined with respect to quantum characteristic function W (~r) as

(2.3)

ψ (~r) = exp

i
W (~r)
~



Substitution of this expression into Eq.(2.2) enables us to obtain the following
equation


2
E + M c2 V (~r) E 2 −M 2 c4
~~2
~
(2.4)
∇ W (~r) + ∇W (~r) +
−
=0
i
c2
c2
which is the relativistic quantum Hamilton-Jacobi equation. In three dimensions,
the quantum momentum function (QMF) is introduced as follows
(2.5)

~ (~r)
p~ = ∇W

When used the above expression and Eq.(2.3), the QMF can be written as
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(2.6)

p~ =

~ (~r)
~ ∇ψ
i ψ (~r)

We take into consideration the generalized Kratzer potential given in Eq.(1.1).
By taking the quantum characteristic function as W (~r) = Wr (r) + Wθ (θ) + Wφ (φ)
and employing the way of separating variables, we obtain the following equation
for the quantum characteristic function Wr (r)
(2.7)


 
2
E + M c2
E 2 −M 2 c4
~ ∂ 2 Wr (r) 2 ∂Wr (r)
∂Wr (r)
+
=
−
+
i
∂r2
r ∂r
∂r
c2
c2
If we use the definition pr =

∂Wr (r)
∂r


De

r − re
r

2

, Eq.(2.7) becomes in the following form

(2.8)



E + M c2
~ ∂pr
2
E 2 −M 2 c4
2
+ pr + pr =
−
i ∂r
r
c2
c2


De

r − re
r

!

2

+γ +

~2 l (l + 1)
r2

It is note that Eq.(2.8) will be used to built the relativistic energy spectrum and
wave function for the generalized Kratzer potential by means of quantum HamiltonJacobi approach. We take the spherical total wave function as
R (r)
Y (θ, φ)
r
Combining this wave function, the definition of pr and Eq.(2.6), we find the
following form for the radial function

(2.9)

ψ (r, θ, φ) =

(2.10)

pr =

0

~ R (r) ~ 1
−
i R(r)
ir

3. Bound State Solutions for the Generalized Kratzer Potential
In this section, we establish the rovibrational energy spectrum and the radial
wave function for the generalized Kratzer potential in relativistic quantum system
through QHJ method. We first introduce a radial QMF in the following form
~1
(3.1)
p̃r = pr +
ir
From Eq.(2.10), the radial wave function can be written as
(3.2)

R (r) = exp

 Z

i
p̃r dr
~

Inserting Eq.(3.1) into Eq.(2.8), we obtain the radial quantum Hamilton-Jacobi
equation in terms of p̃r
E + M c2
E 2 −M 2 c4
~ ∂ p̃r
+ p̃2r =
−
(3.3)
i ∂r
c2
c2




De

r − re
r

!

2
+γ

+

~2 l (l + 1)
r2

!
+γ +

~2 l (l + 1)
r2
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equation becomes

r
re
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and p̃y = p̃r re to Eq.(3.3), this

~ ∂ p̃y
2ξ 2 2 ξ 2 + l(l + 1)
+ p̃2y = −~2 ε2 +~2
−~
i ∂y
y
y2

(3.4)
with


2
( E + M c2 (γ + De ) − E − M 2 c4 ) 2
(E + M c2 )
2
(3.5) ε =
r
,
ξ
=
De re2
e
~2 c2
~2 c2
Making use of Eq.(3.2) and the definition of p̃y , we can derive the as
2

0

(3.6)

~ R (y)
i R(y)

p̃y =

From this relation, we can obtain the radial wave function with regard to the
QMF p̃y
(3.7)

 Z

i
R (y) = exp
p̃y dy
~

p̃y can be expressed as the sum of the Laurent expansions around different singular points, plus a constant C to be determined
0

(3.8)

p̃y =

~ Qn (y) b1
+
+C
i Qn (y)
y

in which Qn (y) is a nth degree polynomial and b1 is the residue of p̃y at y = 0.
So as to compute b1 p̃y can be expanded around y = 0 in Laurent series as follows
(3.9)

b1
+ a0
y

p̃y ≈

Upon plugging Eq.(3.9) into (3.4), we compare the coefficients of 1/y 2 on both
sides and then we find the values of b1 at y = 0
(3.10)

b1 = −



i~
1
± i~ Λ −
2
2

where Λ is defined as

(3.11)

1
Λ= +
2

s
ξ2



1
+ l+
2

2

To arrive at the right solution, we have to select the residue which provides the
correct physical behaviour. Inserting Eq.(3.10) into (3.7), we obtain the proper
residue ensuring the boundry conditions
(3.12)

b1 = −i~Λ
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When substituted Eq.(3.8) into Eq.(3.4), for large y, the constant C is found as
C = ±i~ε. Provided that the boundry condition is applied, the uncertainness in
the sign of C can be vanished, so we find that C = +i~ε. Hence, the radial QMF
p̃y can be written in the following form
0

(3.13)

p̃y =

~ Qn (y) i~Λ
−
+ i~ε
i Qn (y)
y

We make the change of variable x = 2εy and insert the above expression in
Eq.(3.4) to find the polynomial Qn (y).

(3.14)

00

0



xQn (x) + ((2Λ − 1) + 1 − x) Qn (x) +


ξ2
− Λ Qn (x) = 0
ε

This equation assumes the form
(3.15)

0

yz ” (y) + (α + 1 − y) z (y) + nz (y) = 0

where

(3.16)

ξ2
−Λ
ε

n=

,

α = 2Λ − 1

If we insert the definitions of ξ, Λ, ε into the above expression, we obtain the
relativistic rovibrational energy spectrum for the generalized Kratzer potential as
follows
(3.17)

n + 1 +
2


 
2 ! 21

 21
De re2 E + M c2
De re
1
E + M c2

=
+ l+
~2 c2
2
~c
γ + De + M c2 − E

We report that this relativistic energy spectrum given in Eq.(3.17) in case of
γ = −De agrees with the result of Refs. [12-13] in non-relativistic limit and Refs.[1415], while Eq. (3.17) in case of γ = 0 in non-relativistic limit matches with the ones
obtained in Refs.[13,16].
It is note that Eq. (3.15) is of the form of the well known the generalized Laguerre
differential equation [18] and therefore the polynomial Qn (x) can be expressed as
follows
(3.18)

Qn (x) = L(2Λ−1)
(x)
n

Using Eq.(3.7), we construct the radial wave function for the generalized Kratzer
potential in the following form

(3.19)

R (r) = C2

r
re

Λ

where C2 is normalization constant.

e

−ε rre

L(2Λ−1)
n



r
2ε
re
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4. Conclusion
We present non-zero angular momentum solutions of the Klein-Gordon equation
for the generalized Kratzer potential. The relativistic rovibrational energy spectrum have been derived. We have obtained the radial wave function in terms of
the generalized Laguerre polynomials in relativistic theory. The solution methodology considered in this paper is based on the quantum Hamilton-Jacobi formalism.
We emphasize that this formalism solutions agree with those obtained from other
methods.
References
[1] G., Levai, On some exactly solvable derived from supersymmetric quantum mechanics, Journal
of Physics A: Mathematical and General, vol. 25, pp. L521, (1992).
[2] L., Infeld, T.E., Hull, The factorization method, Reviews of Modern Physics, vol. 23, pp. 21,
(1951).
[3] A. Stahlhofen, K., Bleuler, An algebraic form of the factorization method, Nuovo Cimento B,
vol. 104, pp. 447, (1989).
[4] B.P., Mandal, Path integral solution of noncentral potential, International Journal of Modern
Physics A, vol. 15, pp. 1225, (2000).
[5] R.A., Leacock, M.J., Padgett, Hamilton-Jacobi theory and the quantum action variable, Physical Review Letters, vol. 50, pp. 3, (1983).
[6] R.A., Leacock, M.J., Padgett, Hamilton-Jacobi action-angle quantum mechanics, Physical
Review D, vol. 28, pp. 2491, (1983).
[7] R.S., Bhalla, A.K., Kapoor, P.K., Panigrahi, Quantum Hamilton-Jacobi formalism and the
bound state spectra, American Journal of Physics, vol. 65, pp. 1187, (1997).
[8] G., Chen, P., Xuan, J.L., Wang, Quantum action-angle variable of the Hamilton-Jacobi theory
in two dimensions, Physica Scripta, vol. 73, pp. 443, (2006).
[9] A., Gharbi, A., Bouda, Energy spectra of Hartmann and ring-shaped oscillator potentials using
Quantum Hamilton-Jacobi formalism, Physica Scripta, vol. 88, pp. 045007, (2013).
[10] S.S., Ranjani, K.G., Geojo, A.K., Kapoor, P.K., Panigrahi, Bound state wave functions
through the quantum Hamilton-Jacobi formalism, Modern Physics Letters A, vol. 19, pp. 1457,
(2004).
[11] A., Kratzer, Die ultraroten rotationsspektren der halogenwasserstoffe, Zeitschrift für Physik,
vol. 3, pp. 289, (1920).
[12] A.R., Matamala, Discrete and continuum quantum states for the Kratzer oscillator, International Journal of Quantum Chemistry, vol. 89, pp. 129, (2002).
[13] K.J., Oyewumi, Realization of the spectrum generating algebra for the generalized Kratzer
potentials, International Journal of Theoretical Physics, vol. 49, pp. 1302, (2010).
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N-DIMENSIONAL KLEIN-GORDON EQUATION IN THE
PRESENCE OF THE NON-CENTRAL YUKAWA-LIKE
POTENTIAL
A.DURMUS AND A. ÖZFİDAN

Abstract. We examine approximate bound state solutions of the N-dimensional
Klein-Gordon equation with the non-central Yukawa-like potential. In hyperspherical coordinates, the relativistic energy eigenvalues and the corresponding
wavefunctions have been obtained by means of the asymptotic iteration approach. So as to exhibit the correctness of this efficient method proposed for
solving second order linear differential equations, we emphasize that the approximate analytical solutions obtained in this study are in agreement with
the previous works in literature.

1. Introduction
The analytical solutions of the relativistic wave equations with a number of
special potentials play substantially a key role in quantum mechanics over the
years. Known as the fundamental equations of relativistic quantum mechanics,
Klein-Gordon and Dirac equations have been used to understand the motion of a
spin zero particle, the motion of a half-spin particle, respectively. It is a widespread
matter among researchers that approximations must be applied to calculate enegry
spectra and wavefunction. Provided that we use some approximations such as
Greene-Aldrich, Pekeris, we can find the analytical solutions of the Klein-Gordon
equation with exponential types potential for any l-states. In this study, our aim
is to examine approximately bound state solutions of the N-dimensional KleinGordon equation in the presence of the non-central Yukawa-like potential via the
asymptotic iteration approach. In order to solve second-order homogeneous linear
differential equation, asymptotic iteration method has been developed by Ciftci et
al. [1-3].
Recently, it is an important matter that quantum mechanical problem is studied
by using hyperspherical coordinates. Besides, arbitrary lstate solutions of the N
dimensional non-relativistic and relativistic equations is one of the most priority
problems in the field of quantum mechanics. Louck and Shaffer [4], Louck [5,6]
and Chatterjee [7] have extensively examined a generalization to hyperspaces of
Date: xxxx a, 2019, accepted yyyy b, 2019.
2000 Mathematics Subject Classification. 81Q05; 33C05.
Key words and phrases. Asymptotic iteration method, Klein-Gordon equation, Hyperspherical
coordinates, Non-central Yukawa-like potential.
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the term of orbital angular momentum. The work of non-central potentials has an
important applications in various fields of nuclear physics and quantum chemistry.
Recently, investigations on quantum systems with non-central potentials have been
attracted the attention of theoretical physicists and researchers owing to the great
importance of these potentials. In this paper, we focus on the N–dimensional
relativistic solutions of the non-central potential proposed by Chen and Dong [8-9].
In hyperspherical coordinates, the non-central Yukawa-like potential is given by
2

γcos2 θN −1
1
V (r, θN −1 ) = −V0 1 + e−αr + 2 2
r
r sin θN −1
where V0 is the coupling strength of the potential, α and γ are the screening,
potential parameters, respectively. In spherical coordinates, various forms of the
potential given in Eq.(1.1) have been studied by using different approaches such
as parametric Nikiforov-Uvarov, asymptotic iteration method etc. [10-12]. On the
other hand, the N-dimensional case of the angle-dependent part in Eq.(1.1) has been
examined by using Nikiforov-Uvarov [13] in relativistic theory, asymptotic iteration
method (AIM) [14] in non-relativistic theory. However, as far as we know, one has
not reported any investigation on the approximate solutions of the N-dimensional
Klein-Gordon equation with non-central Yukawa-like potential by means of asymptotic iteration approach. For this reason, we attempts to probe the N-dimensional
bound state of the non-central Yukawa-like potential.
Our work is arranged as follows: In Sec. 2, we review shortly asymptotic iteration method. Radial and angular Klein-Gordon wave equations in hyperspherical
coordinates are obtained briefly for bound state and approximate solutions of the
N-dimensional relativistic radial and angular wave equations for the non-central
Yukawa-like potential are given in Sec. 3. After all, Sec. 4 contains the conclusions.
(1.1)

2. A General View to Asymptotic Iteration Method

We now present a brief outline of AIM. The details of this method can be found
in Refs. [1-3]. AIM can be used to solve the second order differentail equation of
the form
y 00 (r) = λ0 (r)y 0 (r) + s0 (r)y(r)

(2.1)

in which λ0 (r) and s0 (r) functions in C∞ (a,b) are sufficiently differentiable.
The general solution of Eq.(2.1) can be obtained in the following form
! #
 Z r
"
Z r
Z r0
0
(2.2) y(r) = exp −
αdr
C2 + C1
exp
[λ0 (τ ) + 2α(τ )] dτ dr0
For adequately large k,
sk (r)
sk−1 (r)
=
≡ α(r)
λk (r)
λk−1 (r)

(2.3)
in which
(2.4)

0

λk = λk−1 + sk−1 + λ0 λk−1

0

sk = sk−1 + s0 λk−1
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If the eigenvalue problem has exact analytic solutions, the termination condition
Eq.(2.3), or equivalently,
(2.5)

δk (r) = λk (r)sk−1 (r) − λk−1 (r)sk (r) = 0

produces, at each iteration, an expression that is independent of r. It is note
that k displays the iteration number. Physically meaningful solution of Eq.(2.1) is
provided by the first term of Eq.(2.2) not the second term, so we can use the first
term as the wavefunction generator
 Z
y(r) = C2 exp −

(2.6)

r

sk (r0 ) 0
dr
λk (r0 )



where C2 is an integration constant which can be determined by normalization.

3. Approximate Bound State Solutions for the Non-central
Yukawa-like Potential in N-dimensions
We briefly outline of seperating variables of the Klein-Gordon equation in Ndimensions. Firstly, when we consider the behaviour of a spin-zero particle in the
presence of a non-central potential in hyperspherical coordinates, Klein-Gordon
equation is written in the following form
(3.1)
−~2 c2 ∇2N Ψ(r, θN −1 ) +

h

i
2
2
µc2 + S(r, θN −1 ) − (E − V (r, θN −1 )) Ψ(r, θN −1 ) = 0

where Eand µ are relativistic energy and reduced mass of a spin-zero particle, c is
the velocity of light and ~ is Planck constant. Eq.(3.1) for S(r, θN −1 ) = V (r, θN −1 )
reduces to Klein-Gordon equation in hyperspherical coordinates for the potential
2V in the non-relativistic limit. Following the works of Alhaidari et al.[15] , we
draw conclusion that only the choice S = +V produces a nontrivial non-relativistic
limit with a potential function 2V and not V . The choosing S = −V also reveal
free fields in the non-relativistic limit. For this reason, if the potential terms in
Eq.(3.1) are scaled, in case of the non-relativistic limit the interaction potential
becomes V , not 2V . Hence, Klein-Gordon equation with equal scalar and vector
potentials in hyperspherical coordinates is obtained as follows
(3.2)



−~2 c2 ∇2N Ψ(r, θN −1 ) + E + µc2 V (r, θN −1 ) − E 2 − µ2 c4 Ψ(r, θN −1 ) = 0
The N-dimensional Laplacian is defined with respect to Cartesian coordinates x1 , x2 , x3 , ....xN
as
(3.3)

∇2N

N
X
∂2
=
∂x2j
j=1

In accordance with the works of Louck [5] and Chatterjee [7], we introduce the
hyperspherical coordinates in N- dimensional space as follows
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x1

= rcosθ1 sinθ2 sinθ3 ......sinθN −1

x2

= rsinθ1 sinθ2 sinθ3 ......sinθN −1

x3

= rcosθ2 sinθ3 sinθ4 ......sinθN −1
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x4 = rcosθ3 sinθ4 sinθ5 ......sinθN −1
..
.
(3.4) xj

3≤j ≤N −1

= rcosθj−1 sinθj sinθj+1 ......sinθN −1

xN

= rcosθN −1

for N = 3, 4, 5..., where the range of the variables is 0 ≤ r ≤ ∞, 0 ≤ θ1 ≤ 2π,
0 ≤ θj ≤ π, for j = 2, 3, ...., N − 1 and r is the radius of an N-dimensional sphere.
The Laplacian is given in terms of hyperspherical coordinates by
(3.5)
∇2N =

1
r N −1
1
r2

∂ N −1 ∂
∂r r
∂r



1

+

1
r2

∂

sinN −2 θN −1 ∂θN −1

NP
−2



1
sin2

k=1
N −2

sin

θk+1

sin2

θk+2
∂

θN −1 ∂θN −1

...... sin2

θN −1

1
sink−1

∂
θ k ∂k


sink−1 θk ∂θ∂k +



We use method of seperation of variables to Klein-Gordon equation for a general
non-central potential in N- dimensions. That is, we look for solutions of the form
(3.6)

Ψ(r, θ1 , θ2 , ...., θN −1 ) = r−

N −1
2

R(r)YlN −1 ,lN −2 ....,l2 ,l1 (θ1 , θ2 , ...., θN −1 )

where R(r) is radial wave function and YlN −1 ,lN −2 ....,l2 ,l1 (θ1 , θ2 , ...., θN −1 ) is generalized spherical harmonics. Consequently, we obtain the radial part of the Ndimensional relativistic wave equation in the following form
(3.7)
 2



E − µ2 c4
E + µc2
(N − 1)(N − 3) lN −1 (lN −1 + N − 2)
d2 R(r)
+
−
V
(r)
−
−
R(r) = 0
dr2
~2 c2
~2 c2
4r2
r2
and the angular parts of the N-dimensional relativistic wave equation are given
as follows
d2 H (θN −1 )
2
dθN
−1
(3.8)

(3.9)

cos θN −1 dH (θN −1 )
−
sin θN −1 dθN −1



E + µc2
~2 c2



r2 V (θN −1 )

+

(N − 2)

+


lN −2 (lN −2 + N − 3)
− lN −1 (lN −1 + N − 2) H (θN −1 ) = 0
sin2 θN −1

d2 H(θ1 )
+ l12 H(θ1 ) = 0
dθ12

It should be noted that the Klein-Gordon equation for the potential involved is
separable into (N - 1) angular equations for the angular parameters (θ1 , θ2 , ..., θN −1 )
and to one radial equation for the radial parameter r[16].
3.1. Analytical Solutions of Angular Klein-Gordon Equation in N-dimensions.
In N-dimensions, angular relativistic wave equation for the potential V (θN −1 ) can
be written in the following form
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d2 H (θN −1 )
2
dθN
−1
(3.10)

+
+


(E + µc2 ) γ cos2 θN −1
cos θN −1 dH (θN −1 )
−
sin θN −1 dθN −1
~2 c2
sin2 θN −1

lN −2 (lN −2 + N − 3)
−
l
(l
+
N
−
2)
H (θN −1 ) = 0
N
−1
N
−1
sin2 θN −1

(N − 2)

When we apply a transformation z = cosθN −1 , this equation becomes
"
#
2
2
`0 N −1 − 14 (N − 2)
d2 H(z)
(N − 1) z dH (z)
m0 + βz 2
(3.11) 2 −
−
H (z) = 0
−
dz
1 − z2
dz
1 − z2
(1 − z 2 )2

with
(3.12)
1
(E + µc2 )
2
2
lN −1 (lN −1 +N −2) = `0 N −1 − (N −2), m0 = lN −2 (lN −2 +N −3), β =
γ
4
~2 c2
We use the following ansatz
(3.13)

H(z) = 1 − z 2

1
 3−N
4 +4

√

(N −3)2 +4(m0 2 +β)

f (z)

If this proposed wavefunction is substituted into Eq. (3.11), we have secondorder homogenous linear differential equation in the following form

(3.14)



2
d2 f (z)
(4Λ + N − 1)z df (z) m02 + 2Λ + 14 (N − 2) − `0 N −1
=
+
f (z)
dz 2
1 − z2
dz
1 − z2

with
(3.15)

Λ=

3−N
1
+
4
4

q
2
(N − 3) + 4(m0 2 + β)

It is notice that Eq.(3.14) is convenient to an AIM solution. By comparing
Eq.(3.14) with Eq.(2.1), we can determine the values of λ0 and s0 . With Eq.(2.4),
it is then easy to obtain the values of λn and sn as follows
λ0

=

s0

=

λ1

=

s1

=

(4Λ + N − 1)z
1 − z2
2
02
m + 2Λ + 14 (N − 2) − `0 N −1
1 − z2
2
4Λ + N − 1 m02 + 2Λ + 14 (N − 2) − `0 N −1
2(4Λ + N − 1)z 2
(4Λ + N − 1)2 z 2
+
+
+
2
2
2
2
1−z
1−z
(1 − z )
(1 − z 2 )2




2
2
2 m02 + 2Λ + 14 (N − 2) − `0 N −1 z
m02 + 2Λ + 41 (N − 2) − `0 N −1 (4Λ + N − 1) z
+
(1 − z 2 )2
(1 − z 2 )2
(3.16)

From Eq.(2.3), we can find the generalized energy eigenvalues in hyperspherical
coordinates and then when substituted into used abbrevation and `0N −1 , the lN −1
value is obtained as

N-DIMENSIONAL KLEIN-GORDON EQUATION

19

(3.17)
lN −1

v
"
#1/2
u
2 
2
2
N −2 u
2n + 1
(E + µc2 )
N −3
N −3
t
=−
+
+ (2n + 1) lN −2 +
+
γ
+
lN −2 +
2
2
2
2
~2 c2

where lN −1 reported for the non-central potential in Eq.(3.17) agrees with the
results of Refs.[14] in non-relativistic limit.
We can also construct the corresponding wavefunctions of the angle part of
the Klein-Gordon equation with this potential Eq.(1.1) by using the wavefunction
generator given by Eq.(2.6).


N −1 1−z
;
= C2 = C2 2 F1 0, 4Λ + N − 2, 2Λ +
2
2
f1 (z) = C2 (4Λ + N − 1) z




N −1
N −1 1−z
= C2 2 2Λ +
;
2 F1 −1, 4Λ + N − 1, 2Λ +
2
2
2


2
f2 (z) = C2 (4Λ + N + 1) (4Λ + N ) z − (4Λ + N + 1)





N +1
N −1 1−z
N −1
2Λ +
;
= C2 4 2Λ +
2 F1 −2, 4Λ + N, 2Λ +
2
2
2
2


3
f3 (z) = C2 (4Λ + N + 1) (4Λ + N + 2) (4Λ + N + 3) z − 3 (4Λ + N + 1) (4Λ + N + 3) z




N −1
N +1
N +3
= C2 8 2Λ +
2Λ +
2Λ +
2
2
2


N −1 1−z
×2 F1 −3, 4Λ + N + 1, 2Λ +
;
2
2
..
.
f0 (z)

Thus, the wavefunction f (z) can be written as follows
(3.18)

fn (z) = C2

2Λ +

N −1
2


n



N −1 1−z
F
−n,
4Λ
+
N
−
2
+
n,
2Λ
+
;
2 1
2
2

where 2 F1 is the Gauss hypergeometric function which is defined as 2 F1 (−n, b, c, z) =
n
P
(−n)k (b)k z k
and the Pochhammer symbol (α)k is defined by (α)0 = 1 and
(c) k!

k=0

k

(α)k = α(α + 1)(α + 2)..............(α + k − 1)= Γ(α+k)
Γ(α) for k = 1, 2, 3, ....
Hence, the angular wavefunction for the non-central potential in hyperspherical
coordinates is
Λ
H(θN −1 ) = C2 1 − cos2 θN −1 (4Λ + N − 2)n


N − 1 1 − cos θN −1
(3.19)
×2 F1 −n, 4Λ + N − 2 + n, 2Λ +
;
2
2
where C2 is normalization constant. We point out that Eq.(3.19) reduces to
non-relativistic angular wave function in N-dimensions obtained by Durmus [14].
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3.2. Radial Energy Spectrum and Wave Function in N-dimensions. When
we substitute Eq.(1.1) into Eq.(3.7), we obtain the radial Klein-Gordon equation
for the Yukawa-like potential in N-dimensions as
"

d2 R(r)
dr2

+

(3.20)

−




E 2 − µ2 c 4
E + µc2
(N − 1) (N − 3)
A −2αr B −αr
e
+
C
−
+
e
+
~2 c2
~2 c2
r2
r
4r2

lN −1 (lN −1 + N − 2)
R (r) = 0
r2

in which A = C = V0 and B = 2V0 . Eq.(3.20) cannot be solved analytically for
any l-state on account of the centrifugal term. For this reason, in order to solve
this equation, we have to use an approximation in the following form

(3.21)

1
4α2 e−2αr
≈
2
r2
(1 − e−2αr )

If we apply this approximation to Eq.(3.20) and introduce a new variable y =
e−2αr , we rewrite the hyperradial relativistic wave equation
(3.22)
#

 2
0
E + µc2
κ (κ + 1)
d2 R(y) 1 dR(y)
ε
B
A
+
+ − 2+
+
2 −
2 R (y) = 0
dy 2
y dy
y
y (1 − y)
~2 c2
(1 − y)
y (1 − y)
with
(3.23)


E 2 − µ2 c4 + C E + µc2
−ε =
4α2 ~2 c2
2

,

N −3
κ = lN −1 +
2

,


E + µc2
B =
B
2α~2 c2
0

To solve Eq.(3.22) via asymptotic iteration method, the wave function ensured
the boundry conditions is proposed in the following form
(3.24)

ρ+1

R (y) = (1 − y)

y ε f (y)

where f (y) is a function to be determined and ρ is defined as
q
(3.25)

1
ρ=− +
2

2

(2κ + 1) −

4A(E+µc2 )
~2 c2

2

If we insert Eq.(3.24) into Eq.(3.22) , we obtain the second-order homogeneous
linear differential equation as follows
(3.26)
"
#


0
d2 f (y)
(2ρ + 2ε + 3) y − (2ε + 1) df (y)
κ(κ + 1) + (1 + ρ) (2ε + 1) − B
=
+
f (y)
dy 2
y(1 − y)
dy
y (1 − y)
which is convenient to apply asymptotic iteration method. When compared
Eq.(3.26) with Eq.(2.1), we can determine the values of λ0 and s0 . By means of
Eq.(2.4), we may calculate λn and sn as follows
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λ0

=
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(2ρ + 2ε + 3) y − (2ε + 1)
y(1 − y)
0

s0

=

λ1

=

κ(κ + 1) + (1 + ρ) (2ε + 1) − B
y (1 − y)
2ρ + 2ε + 3 (2ρ + 2ε + 3) y − (2ε + 1) (2ρ + 2ε + 3) y − (2ε + 1)
−
+
2
y(1 − y)
y 2 (1 − y)
y (1 − y)
0

+

κ (κ + 1) + (1 + ρ) (2ε + 1) − B
((2ρ + 2ε + 3) y − (2ε + 1))
+
2
y (1 − y)
y 2 (1 − y)

2

0

s1

=

−

+

κ (κ + 1) + (1 + ρ) (2ε + 1) − B
κ (κ + 1) + (1 + ρ) (2ε + 1) − B
+
2
2
y (1 − y)
y (1 − y)


0
κ(κ + 1) + (1 + ρ) (2ε + 1) − B ((2ρ + 2ε + 3) y − (2ε + 1))
y 2 (1 − y)

0

2

(3.27)
After constructing the generalized energy eigenvalues by means of Eq.(2.3), we
take into account the used abbreviations, so we obtain the N-dimensional relativistic
energy spectrum for Yukawa-like potential
(3.28)
! 2
r
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(

)

~ 2 c2

For N = 3 , this relativistic energy spectrum is in agreement with the one obtained
previously in Refs.[10].
As mentioned in the foregoing part, we can establish the corresponding wavefunctions in hyperspherical coordinates by employing Eq.(2.6) and then we can see
that f (y)in the general form can be written as follows
(3.29)

n

fn (y) = C2 (2ε + 1)n (−1) 2 F1 (−n, 2ρ + 2ε + 2 + n, 2ε + 1, y )

Therefore, we write the hyperradial wave function in the following form
(3.30)
ρ+1
n
R (y) = C2 (1 − y) y ε (2ε + 1)n (−1) 2 F1 (−n, 2ρ + 2ε + 2 + n, 2ε + 1, y )
in which C2 denotes the normalization factor.
4. Conclusion
In this work, we have studied the N-dimensional Klein-Gordon equation with the
non-central Yukawa-like potential under the condition of equal vector and scalar
potentials. For the first time, in hyperspherical coordinates, the angular energy
equation and angular wave functions have been constructed with the help of asymptotic iteration method in relativistic theory. On the other hand, we have scrutinized the relativistic energy eigenvalues and the corresponding wavefunctions for
Yukawa-like potential in the framework of AIM. So as to analyze the accuracy
of asymptotic iteration method devised for solving second order linear differential
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equations, we show that the approximate analytical solutions obtained in this work
are in agreement with the previous works in literature.
We emphasize that asymptotic iteration formalism is a robust computational
method to obtain the analytical solutions of the N-dimensional relativistic wave
equation for central potential. This method can also allow to the comprehension of
the solvable non-central field problems.
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COMPARISON OF BOOTSTRAP CONFIDENCE INTERVALS
BASED ON ROBUST ESTIMATORS FOR POPULATION MEAN
HE.AKYZ AND B. ARSAN

Abstract. In order to obtain parameter estimations in statistics, assumptions
such as normality, independence and homogenity variance should be provided.
However, it is recommended to use robust estimators where there are no assumptions or where there are extreme values in the data set. In this study,
the confidence intervals of the population mean were obtained from the median, trimmed mean and winsorized mean based bootstrap confidence intervals.
These confidence intervals are compared in terms of coverage probability and
average width under different scenarios. For this purpose, a simulation study
was performed with statistical codes written in MATLAB program. Normal
and some skewed distributions were used to obtain confidence intervals, sample
sizes n = 10, 20, 30 and 50, I. Type error level α = 0.05 and bootstrap replication B=1000. According to the results of the simulation study; it was obtained
that the confidence intervals based on these estimators were very close to the
nominal confidence level in all distributions. In addition, it was seen that as
the sample size increased, the coverage probability increased. When the average widths for similar coverage probabilities were examined, it was determined
that the widths of confidence intervals based on the trimmed mean were narrower than the others. As a result, it is said that bootstrap confidence intervals
based on the trimmed mean give more reliable results than the median and
winsorized mean confidence intervals.

1. Introduction
If a statistic is used to determine an unknown value, it takes the estimator name,
meaning that the statistic is any function of the stochastic variables, which is called
the parameter estimation. In order to obtain parameter estimations in statistics,
assumptions such as normality, independence and homogeneous variance should be
provided. The least squares (LS) estimators are widely used to estimate population
parameters in sampling studies. However, LS estimators are only effective estimators under normal distribution assumption. In practice, there may be cases where
the population parameter is normal, identical and independent of each other, the
variance is not homogeneous, the data set is not large enough. In the event that
Date: xxxx a, 2019, accepted yyyy b, 2019.
2000 Mathematics Subject Classification. 62F10, 62F35, 62F40.
Key words and phrases. Average width, Coverage probability, Median, Trimmed mean, Winsorized mean.
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these assumptions cannot be achieved or if there are extreme values in the data set,
it is recommended to use robust estimators (Tiku and Akkaya, 2004).
Robust estimators are divided into three groups as L-estimators, R-estimators,
and M-estimators based on their computation formats. L-estimators were first proposed by Daniel (1960). They are defined as linear combinations of order statistics.
M-Estimators are robust estimators based on the minimax principle, which can be
minimized to a specific purpose function. R-Estimators are determined based on
rank tests. In the case of a single sample, the most commonly used R estimator is
the Hodges-Lehmann estimator.
In this study, we obtained bootstrap confidence intervals based on median,
trimmed mean and winsorized mean. These confidence intervals are aimed to be
compared under different scenarios in terms of coverage probabilities and average
widths. The robust estimators used in the estimation of the population average in
the study belong to the L estimators of the L, M and R robust estimator groups
commonly used in statistics.
2. The Robust Estimators of Population Mean
The population mean is an average of a group characteristic. It is used to indicate
the characteristic of the data set. Values that represent the center point of a data
set, which is an indication of the normal value of the series and express the data
with a single value, are called the central tendency measurements. The average of
a data is among its smallest and largest. Any data group can be summarized by
classification or grouping, and this data group can be summarized by taking the
average. In this case, the data group is also represented by a single number. Robust
estimators of population mean are known as follows:
- Arithmetic mean
- Median
- Trimmean Mean
- Winsorized Mean
They are classified as L estimators from robust estimator groups.
Definition 2.1. The arithmetic mean is widely used average. It is simple; the data
is collected and divided by the number of data. If the data are distributed normally
(symmetrical), it is the mean, arithmetic mean that best represents such series if
it is obtained with a interval scale or a ratio scale. The values that the X variable
receives increase or decrease in arithmetic sequence. If the distribution of data has
nonsymetrically and extreme end values, the arithmetic mean is unreliable.
Definition 2.2. The median is found by ordering all data points and picking out
the one in the middle (or if there are two middle numbers, taking the mean of those
two numbers). To find the median, the data should be arranged in order from least
to greatest. If there is an even number of items in the data set, then the median is
found by taking the mean (average) of the two numbers.
Definition 2.3. A trimmed mean is calculated by discarding a certain percentage
of the lowest and the highest scores and then computing the mean of the remaining
scores. It is robust to random errors. If there are outliers in a data set, another
robust estimator for the estimation of population mean is trimmed mean. Trimmed
mean can be defined as the mean obtained after observation values at certain ratios
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are removed from the high/low end or both ends of the consecutive sample of size
n.
Definition 2.4. When there are outliers in a data set, winsorized mean, which a
robust estimator, may be used as the estimator of the population mean instead of
sample mean. Winsorized mean defines the centre of distribution for skew distributions better than the sample mean. This estimator was used for the first time in
the field of sampling to reduce the effect of extreme values in the sample [Rivest,
1993]. When Winsorized Mean is obtained, the lowest ln number of observations is
replaced with (ln + 1). observations and the largest un number of observations is
replaced (n − un ). with observations. If random sample of size n is , X1 , X2 , ..., Xn ,
ith order statistics is defined with Xi . While replacement is made only on the high
end of the consecutive data in operations performed with sample data produced
from positively skewed distributions, replacement is made on both ends for the
sample data produced from symmetric distributions.
3. The Classical Student-t Confidence Intervals for the Population
Mean
The classical method to construct the (1-α) 100 % CI for the population mean is
still the most used approach because it is a well understood, simple, and widely
used to construct such CI. Let X1 , X2 , . . . , Xn be a random sample of size n from
a normal distribution with population mean (µ) and population variance (σ 2 ), that
is,X1 , X2 , ... , Xn ∼ N (µ , σ 2 ). Then, the (1 – α) 100% CI for the population
mean (µ), can be constructed as follows:
σ
C.I. = X̄ ± Z1− α2 √
n
√
whereσ = σ 2 is the known population standard deviation and Z1−α/2 is the
upper (α/2)th percentile of the standard normal distribution. In real life, however,
it is unlikely that the population standard deviation (σ) is known, and then an
estimate of σ is used. When the sample size n is large (n ≥ 30), we can use
the sample standard deviation instead of σ and apply the normal distribution to
construct the (1 – α) 100% CI for the population mean (µ) as follows:
S
C.I. = X̄ ± Z1− α2 √ ,
n
q
P
Pn
n
−1
2
where S = (n − 1)−1
i=1 Xi is the sample mean
i=1 (Xi − X̄) , X̄ = n
and Z1−α/2 is the upper (α/2)th percentile of the standard normal distribution.
On the other hand, for the small sample sizen (n < 30) and unknown population
standard deviation (σ), the (1 – α) 100% CI for the population mean (µ) due to
Student (1908) and known as the Student-t CI can be constructed as follows:
S
C.I. = X̄ ± t( α , n − 1) √
2
n
where t(α/2 , n−1) is the upper α/2 percentage point of the student-t distribution
with(n − 1) degrees of freedom, i.e. P (t > t(α , n−1) ) = α. Since the classical
Student-t CI depends on the normality assumption, it may not be the best CI for
skewed distributions. It is well known that if the data are from a normal distribution
or the sample size n is large (n ≥ 30), the CP will be exact or close to 1-, but when
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the population distribution is skewed, the Student-t CI has a poor CP. According
to the Boos and Hughes-Oliver (2000), the classical Student-t CI is not very robust
under extreme deviations from normality.
In this study, median, trimmed mean and winsorized mean were used instead
of sample mean in order to obtain sample
Thus, confidence
p variance, respectively.
Pn
2 is as:
(X
−
median)
nterval based on median for Smedian = (n − 1)−1
i
i=1
Smedian
√
n
Similarly, confidence intervals based on trimmed and winsorized means for population mean are obtained as follows:
C.I. = X̄ ± t( α , n − 1)
2

C.I. = X̄ ± t( α , n − 1)
2
and
C.I. = X̄ ± t( α , n − 1)
2

Strimmed
√
n

Swinsorized
√
n

where
Strimmed

v
u
n
X
u
= t(n − 1)−1
(Xi − trimmedmean)2
i=1

Swinsorized

v
u
n
X
u
(Xi − winsorizedmean)2
= t(n − 1)−1
i=1

4. Bootstrap Percentile Confidence Interval
The bootstrap percentile confidence interval is based on the percentile of the
distribution of bootstrap replications, which includes the percentile and adjusted
percentile intervals. Theoretically, this method has better coverage probability than
the bootstrap-t method [Efron and Tibshirani, 1993]. The lower and upper limits
of the confidence interval are obtained as follows.
1. Calculate estimators sample mean, median, trimmed mean and winsorized mean
based on random samples of size n.
2. Obtain bootstrap samples of size n by simple random sampling with replacement.
3. Calculate mean, median, trimmed mean and winsorized mean based on bootstrap samples.
4. Repeat steps (2) to (3) 1000 times (B).
5. Sort the values of estimators based on bootstrap in ascending order.
6. The lower and upper values of the bootstrap confidence interval are the th and
th quantiles of the estimators.

5. Material and Method
In this study, it is used median, trimmed mean and winsorized mean for the
estimation of population mean with sample size n = 10, 20, 30, 50, type I error
level α = 0.05, trimming/winsorizing ratio=0.10. In this simulation study, the data
are produced from Normal, Gamma and Chi-square distributions with different
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parameters and it was used with the program written in MATLAB. The results
were compared in terms of the coverage probability and average width. Average
length widths are obtained by dividing the total differences of the lower limit and
upper limits of intervals found for each replication to the number of replications.
Coverage probabilities are determined by dividing the number of cases where the
difference between the variances of two populations were between the lower and
upper interval limit values in the simulation study to the number of replications.
The aim of our study is to compare the robust estimators available in the literature
under the different scenarios in terms of the coverage probability and average width.
6. Results
According to Table I-II; the coverage probabilities of confidence intervals are
quite close to nominal confidence level in sample sizes (n ≥ 30). When these
confidence intervals are compared in terms of average length widths, it is determined
that confidence interval based on trimmed mean provided narrower intervals than
the others. According to this result, bootstrap confidence interval based on trimmed
mean should be preferred if it is required to establish a narrower confidence interval
for the population mean.
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FORMAN-RICCI CURVATURE FOR SOFT SETS AND
APPLICATIONS
MEHMET ALİ BALCI, ÖMER AKGÜLLER, AND SİBEL PAŞALI ATMACA

Abstract. Soft sets are efficient tools to determine uncertainty in complex
systems. Mathematically, a soft set over an initial universe is a parameterized
family of subsets of the universe. Hence, a soft set is not a set but set systems.
By employing a convenient metric structure, such systems involve some geometry. Based on Riemannian geometry, we propose a discretization of the Ricci
curvature called Forman-Curvature that stresses the relational character of
universe elements in a soft set through the analysis of parameters rather than
the elements themselves. The Forman-Ricci curvature we propose here quantifies the trade-off between parameter size and the cardinality of participation
of parameterized universe elements in other parameters. Such discretization
of the Ricci curvature has already been applied to complex systems; however,
it has not yet been formulated for soft sets. We also calculated the curvature
for two large soft sets and give statistical results in details.

1. Introduction
Complex systems are the systems formed by many components in interaction
with each other. The problem of determining the characteristics of systems such
as the human brain and world economy, whose behavior is difficult to predict and
control, is one of the fundamental questions of complex systems. Uncertainty can
also be observed in the behavior of components in non-linear relationships. In order
to define such uncertainties, soft set theory emerges as an effective tool.
Soft set theory is firstly presented by Molodtsov [1]; such as the theory is separated by arbitrary selection of parameters regarding to fuzzy sets, vogue sets, and
rough sets theories. Mathematically, a soft set is characterized by the help of arbitrary parameter transformation of the elements given in the initial universe. The
soft set theory has application in real world problems [2, 3, 4] as well as in many
areas of mathematics [5, 6, 7, 8].
In this study we first present the combinatorial curvature called Forman-Ricci
curvature on geometric soft sets. Forman’s definition of such curvature is first
given in [9], then defined on networks [10, 11, 12]. In this study we extend such
idea to geometric soft sets. Then study the computational values of such geometric
measure on two different soft sets.

2000 Mathematics Subject Classification. Primary 03E72, 51F99; Secondary 55U10, 90-08 .
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2. Geometric Soft Sets
In mathematical point of view, a soft set (F, E) is a parameterized family of
subsets of the universe set U which can be sated as a set of ordered pairs
(F, E) = {(e, F (e)) : e ∈ E, F (e) ⊂ U } ,
where F : E → 2U is a parameter mapping [13].
The definition of the geometric soft sets regarding to incidence relation is first
given in [13] by considering the elements of the universe U are the points in Rd in
general position.
Definition 2.1. Let U ⊂ Rd be the finite set of points in general position, A ⊆ U ,
and P (A, i) denotes the set of subsets of A with i elements. For FA : E → 2A \ {∅}
incidence mapping, (FA , E) is called a geometric soft set if
i. for A = {a1 , . . . , ak }, the tuple (e0 , P (A, 1)) ∈ (Fa , E)
ii. for all i = 1, . . . , k − 2, if (ek−1 , P (A, k)) ∈ (Fa , E), then (ei−1 , P (B, i)) ∈
(FA , E) for ∃B ⊂ A.
The dimension of a geometric soft set (FA , E) is the maximum number k − 1 of
(ek−1 , P ({a1 , . . . , ak }, k)), and the connectivity of a soft set is determined by the
connectivity of its first skeleton. For more details on geometric soft sets, we refer
[13] to the readers.
Forman’s definition of Ricci curvature is given by general discrete setting. Intuitively, Forman-Ricci curvature is based on Bochner-Weitzenbück formula for
weighted cell complexes [9], which is based on the Riemannian Laplace operator.
For a function f , Bochner-Weitzenbück formula is written as
1
− ∆(||df ||)2 = ||∇2 f ||2 − < df, ∆df > +Ric(df, df ),
2
where Ric(·) denotes the Ricci curvature. Since the formula presented in Equation
2.1 is not applicable for soft sets in discrete setting, the Bochner-Laplacian can be
defined as
(2.1)

(2.2)

p = δδ ∗ + δ ∗ δ : (FA , Ep ) → (FA , Ep ),

where (FA , Ep ) is the space of p-dimensional geometric soft sets, δ ∗ : (FA , Ep ) →
(FA , Ep+1 ) is the adjoint operator of δ. It is well-known that such p operator,
so called the combinatorial Riemannian Laplace operator, has the decomposition
p = Bp + Fp , where Bp is non-negative operator (called rough Laplacian), and Fp
is a diagonal matrix (called combinatorial curvature function).
Before giving further information about the computation of Forman-Ricci curvature for soft sets, we need to present a definition for the soft sets statistics.
Definition 2.2. The function ω : FA → R+ defined of the parameter set of the
soft set (FA , E) is called the weight function. A weighted soft set then represented
by the triple (FA , E, ω).
A weight defined on the parameter can be considered as the measure of how
strongly the elements of the set A are parameterized. The idea of giving such
definition is actually based on the definition of Forman-Ricci curvature on soft
sets, because the definition of Fp does not depend on the weights and makes the
Forman-Ricci curvature extremely versatile.

FORMAN-RICCI CURVATURE FOR SOFT SETS AND APPLICATIONS

31

Now, let us denote (ep−1 , P ({a1 , . . . , ap }, p)) ∈ (FA , E, ω) with F (ep ). Then, we
are able to define the Forman-Ricci curvature for F (ep ) with


p
p−1
X
X
ω(F
(e
))
ω(F
(b
))

F(F (ep )) = ω(F (ep )) 
+
ω(F (ap+1 ))
ω(F (ap ))
p
p+1
p−1
p
F (e )⊂F (a

−

(2.3)

)

F (b

p

X

X

F (cp )./F (ep ) F (cp )⊂F (ap+1 )
F (cp )6=F (ep ) F (ep )⊂F (ap+1 )

)⊂F (e )

ω(F (ep ))ω(F (cp ))
ω(F (ap+1 ))


−

p

X
F (bp−1 )⊂F (cp )
F (bp−1 )⊂F (ep )

ω(F (bp−1 ))
ω(F (ep ))ω(F (cp ))



,


where ⊂ is crisp set inclusion operator, and the relation F (ep ) ./ F (cp ) is defined
as there exists p + 1 dimensional (e, F (e)) such that F (ep ) and F (cp ) are both
subsets of (e, F (e)) or p − 1 dimensional (e, F (e)) such that F (ep ) and F (cp ) are
both includes (e, F (e)). We call the ./ relation as soft paralleling relation.
The Forman-Ricci curvature defined in Equation 2.3 is presented on a geometric
soft set. However, in the real world application, such restriction on the geometry
of a soft set may not be applicable. Hence by considering the volumes of the
parameters as their cardinality, we may extend such definition to general soft sets.
Definition 2.3. Let (FA , E) be a soft set with A = {a1 , . . . , am } andSE =
{e1 , . . . , en }. The neighborhood of ai ∈ A on (FA , E) is the set N (ai ) = j Nj ,
where Nj = {ak : ai ∈ F (ej ) and ak ∈ F (ej )}.
Definition 2.4. Let (FA , E) be a soft set with A = {a1 , . . . , am } and E =
{e1 , . . . , en }. For ai ∈ A, the number of parameters assigned to ai is called the
soft degree of ai and denoted by dˆai . Similarly, for ej ∈ E, the cardinality of F (ej )
is called the soft degree of ej and denoted by dˆej .
If dˆej = 2 for all j = 1, . . . , m, that is F (ej ) = {aj1 , aj2 }, then the Equation 2.1
reduces to be on 2-regular weighted geometric soft set with
(2.4)


2

F(F (e)) = ω(F (e)) 
−
 ω(F (e))

X
p
ai ∈N (aj1 )
ai ∈F (ej )

1
−
ω(F (e))ω(F (ej ))

X
ai ∈N (aj2 )
ai ∈F (ej )


1

p

ω(F (e))ω(F (ej )) 

Furthermore, if we separate the contributions of the element of A and assume
(FA , E, ω) does not have to be regular soft set, then it is possible to extend the
Equation 2.4 to the general soft sets with



X
X
1
1

 .
p
(2.5) F(F (e)) = ω(F (e)) 
−
ω(F (e))
ω(F (e))ω(F (ej ))
ai ∈F (e)

ai ∈F (ej )
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For unweighted case of soft set (FA , E), the Equation 2.5 simplifies to

X 
X
(2.6)
F(F (e)) =
2 − dˆai = 2dˆei −
dˆai ,
ai ∈F (e)

ai ∈F (e)

which is bounded below by dˆei (2|E|) when dˆai = |E| for every ai ∈ F (e), and
P
bounded above by 1 when ai ∈F (e) dˆai = dˆei . In other words, the minimum curvature occurs when every element in F (e) belongs to each parameters, the maximum
is attained for an empty parameter.
3. Computational Results
In this study, we consider two examples of soft sets and present the computational
results on Forman-Ricci curvature of the parameters. In order to state such soft set
statistics, first example is chosen to be steady soft sets, and the second example is
chosen to be a time varying soft set.
The first one is the soft set representations of the occupational accidents data of
Turkey that happened in the period of 2013-2014. We need to denote that these
soft sets are not the geometric ones. 10000 of the data were selected and 18 of
the sectors with the most occupational accidents were taken into consideration.
The explanations of the activity areas of the related NACE codes can be found at
www.gib.gov.tr. According to the six NACE code of the sectors examined, a total
of 18 different soft sets are obtained by taking the quartet NACE code of the sectors
in close relation with each other, the universe of work accidents, the parameters of
information in the work accidents and the parameters. Each soft set is shown as a
quad NACE code (FN ACE , AN ACE ). The inputs of work accident information are
taken as Number of Working Days, Age, Gender, Marital Status, Work Day Loss,
Vocational Training, Occupational Safety Education, Educational Status, Number
of Persons in the Accident. A set of parameters was taken in subsets to select work
accident information as the main title and then 34 parameters are obtained. The
more details on data and the parameters can be found in [14].
Since (FN ACE , AN ACE ) is unweighted, it is possible to determine the FormanRicci curvatures of the parameter sets by using the Equation 2.6 directly. The
computational results on Forman-Ricci curvatures are presented in Figure 3.
Regarding to the Equation 2.6, one may conclude that if the soft degree of
elements in a soft set (FN ACE , AN ACE ) is greater, then the Forman-Ricci curvature
is lesser. Hence, considering only the values of Forman-Ricci curvature is not enough
to give a statistics on soft sets. Therefore, we compare the pairwise Wasserstein
1-distances of the empirical distributions of the Forman-Ricci curvatures on each
(FN ACE , AN ACE ). The computational results are presented in Figure 3.
Different restrictions on the parameter map of a geometric soft set let us obtain
the soft analogues of some crisp computational complexes. As the second example,
we consider the daily closure price data of the US stock markets NASDAQ and S&P
500 from mid of 2006 to end of 2012 due to their large size and importance among
world capital markets. The stocks with missing data are removed and 77 stocks
are selected for NASDAQ and 425 stocks are selected for S&P 500. In the first
example, we consider one big soft set with different element sizes. In this second
example, we first form a 4-regular soft set for each stock markets, then study the
changes of the values of Forman-Ricci curvature defined on them. The time scale
of our analysis is obtained by subdividing the whole time span into 12 equal length
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Figure 1. Forman-Ricci curvature results for the soft sets denoted
by quartet NACE codes of occupational accidents.

Figure 2. Wasserstein 1-distances of the empirical distributions
of the Forman-Ricci curvatures. Each quartet NACE codes are
given in ascending order.

of 151 sub-time interval as they cover pre- and post- periods of the global economic
crisis of 2008.
For the preprocessing of the closure price data, we first compute the logarithmic
returns of the daily closure prices as Cli = log(ri (t + 1) − log(ri (t)), where ri (t)
is the closure price of the stock i at t. Then, we compute the Pearson correlation
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Figure 3. Mean F values on (FN ASDAQ , EN ASDAQ ) and
(FS&P 500 , ES&P 500 ) through out the economic crisis of 2008.
coefficient between the stock i and j with
(3.1)

< Cli Clj > − < Cli >< Clj >
ρij = q
.
< Cli2 − Cli 2 >< Clj2 − Clj 2 >

In order to determine the which stocks are correlated most, we use the correlation
distance between each stocks by
q
(3.2)
dC (i, j) = 2(1 − ρij ).
In the parameter map assigning heuristic, we first determine the quadruple of
stocks which has the lowest total dC value and assign the first parameter with
weight of the mean value of dC amongst them. Then, we add other stock to triple
in the first parameter by determining the score is the minimum of the total dC value
in order to obtain the second parameter. At the end of the process, we obtain a
weighted soft set at each time step t whose parameters are assigned to 4-elements.
Then, the Forman-Ricci curvatures can be computed by using the Equation 2.5.
The computational results of the mean values of F on soft sets emerging from
NASDAQ and S&P500 data sets denoted by (FN ASDAQ , EN ASDAQ ) and (FS&P 500 , ES&P 500 ),
respectively, are presented in Figure 3.
4. Conclusions
The soft set theory is a mathematical tool dealing with the uncertainty of realworld problems which usually contain uncertain data, and depends on the adequacy
of the parametrization. Hence, if the elements of the universe set have a geometric
realization, the geometric analysis of such soft sets regarding to parameter mapping
becomes an important subject. In this study, we extend the idea of discrete Ricci
curvature defined on cellular complexes, so called Forman-Ricci curvature, to soft
sets. Moreover, in order to analyze real world problems, we analogously define
Forman-Ricci curvatures on general soft sets by considering the volumes of the
parameters as their cardinality.
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In order to analyse such concepts, we consider two different examples of soft
sets. The first one is the soft set representation of the occupational accidents that
happened in Turkey in the period of 2013-2014. By considering the parameters as
the data entities of an occupational accident, we are able to obtain 18 different soft
sets regarding to the sector of occupational accidents happened. Each parameters
in each soft sets involves different amount of the initial universe elements. In Figure
3, we present the distributions of Forman-Ricci curvatures and it can be read from
figure that the empirical distributions are pretty alike. Hence, to determine which
sectors have the similar occupational accident characteristics, we computed the
Wasserstein distances between the Forman-Ricci curvature distributions on parameters. Our results indicate that the sectors in Turkey “Distribution of Electricity”
and “Co Operative Store Retails” have the most similar characteristics in occupational accidents.
The second example is the soft set representation of stock markets. We form
these representations of NASDAQ and S&P500 stock markets, which are leading
markets in global scale, and analyzed the Forman-Ricci curvatures of parameters
through out an economic crisis. This second example is a weighted soft set by its
definition. Our results in these soft sets indicate that the Forman-Ricci curvatures
are varying in small bands while the during the crisis period the curvature values
vary significantly.
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NOETHERITY OF A SINGULAR INTEGRAL OPERATOR WITH
CAUCHY KERNEL AND WITH CARLEMAN’S SHIFT IN
FRACTIONAL SPACES
N.K. BLIEV AND ZH.KH. ZHUNUSSOVA

Abstract. Singular integrals and equations containing singular integrals are
closely related to boundary value problems for piecewise analytic functions of a
complex variable and have important applications, for example, in the theory
of boundary value problems for partial differential equations.

1. Introduction
Let Γ be Lyapunov closed contour of a class Cν1 , p2 − 1 < ν ≤ 1, 1 < p < 2. We
r
consider in Besov’s space B(Γ) ≡ Bp,1
(Γ), 1 < p < 2, r = p10 the singular integral
equation (SIE):
Z
c(t)
ϕ(τ )
M ϕ ≡ a(t)ϕ(t) + b(t)ϕ[α(t)] +
dτ +
πi Γ τ − t
Z
Z
d(t)
ϕ(τ )
dτ + K(t, τ )ϕ(τ )dτ = g(t),
(1)
πi Γ τ − α(t)
Γ
where a(t), b(t), c(t), d(t) and g(t) belong to B(Γ), α(t) is a Carleman’s shift: homeomorphically translates Γ onto itself while maintaining or changing its orientation
on Γ and satisfies the condition
α[α(t)] = t.

(2)

We assume, that there exists a derivative α0 (t) belongings to space Hµ (Γ), 0 < µ ≤
1, of the functions which are continuous by Helder with indicator µ. The kernel
K(t, τ ) has such a weak singularity that the corresponding integral operator is completely continuous in B(Γ). Note, that B(Γ) embedded in space C(Γ) of continuous
functions but not embedded in Hµ (Γ), 0 < µ ≤ 1, [1] and is a commutative Banach
algebra with the usual operations of addition and multiplication [2, 3]. Operator M
is limited in B(Γ) [2] (see pp. 45 - 47). Equation (1) is considered in [4] in the spaces
Hµ (Γ), 0 < µ ≤ 1, and Lp (Γ), 1 < p < ∞, where there is a necessary bibliography.
Date: xxxx a, 2019, accepted yyyy b, 2019.
2000 Mathematics Subject Classification. Primary 45E05, 30E25; Secondary 32A38, 32A26.
Key words and phrases. singular integrals, analytic functions, Besov’s space, integral equation,
Carleman’s shift.
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Characteristic equation (K(t, τ ) = 0) (1) equivalent to a boundary value problem
of finding a piecewise analytic function vanishing at infinity {Φ+ (z), Φ− (z)},
a1 Φ+ (t) + b1 Φ+ [α(t)] + c1 Φ− (t) + d1 (t)Φ− [α(t)] = g(t),

(3)

where
a1 (t) = a(t) + c(t), c1 (t) = c(t) − a(t),
b1 (t) = b(t) + d(t), d1 (t) = d(t) − b(t),

(4)

Following [4], for SIE with a shift (1), we construct a system of two equations
without a shift, called the corresponding one. To do this, we add to (1) another
equation derived from (1) by replacing t with α(t) And we introduce new unknown
functions
ρ1 (t) = ϕ(t), ρ2 (t) = ϕ[α(t)].
As a result, we obtain the corresponding system of two SIE with the Cauchy kernel
with respect to the vector function ρ(t) = {ρ1 (t), ρ2 (t)} :
Z
Z
c(t)
ρ1 (τ )
γd(t)
α0 (τ )ρ2 (τ )
a(t)ρ1 (t) + b(t)ρ2 (t) +
dτ +
dτ +
πi Γ τ − t
πi Γ α(τ ) − α(t)
Z
+ K(t, τ )ρ1 (τ )dτ = g(t),
Γ

Z
Z
ρ1 (τ )
γc[α(t)]
α0 (τ )ρ2 (τ )
d[α(t)]
dτ +
dτ +
b[α(t)]ρ1 (t) + a[α(t)]ρ2 (t) +
πi
πi
Γ τ −t
Γ α(τ ) − α(t)
Z
γ K[α(t), α(τ )]α0 (τ )ρ2 (τ )dτ = g[α(t)],
(5)
Γ

Here the coefficient γ takes the value +1 or -1 if, respectively, α(t) maps Γ onto
itself with preservation or change of orientation Γ. The operator which application
to the vector function (ρ1 , ρ2 ) gives the left-hand side of (5), can be written as
(50 )

L ≡ p(t)J + q(t)S + D1 ,
where the matrixes p(t) and q(t) have the form



a(t)
b(t)
c(t)
p(t) =
, q(t) =
b[α(t)] a[α(t)]
d[α(t)]

γd(t)
γc[α(t)]


,

D1 is a completely continuous operator. Here S is a scalar singular operator
Z
1
ϕ(τ )
Sϕ =
dτ
πi Γ τ − t
The operator L acts on B(Γ). It is introduced more SIE with Carleman’s shift
(accompanying (1))
Z
Z
χ(τ )
d(t)
χ(τ )
c(t)
dτ −
dτ +
Kχ ≡ a(t)χ(t) − b(t)χ[α(t)] +
πi Γ τ − t
πi Γ τ − α(t)
Z
+ K(t, τ )χ(τ )dτ = 0.
(6)
Γ

It is easy to see that from (6) using the procedure described above, we can go to
the corresponding system (5), if we set ρ1 (t) = χ(t), ρ2 (t) = −χ[α(t)].
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2. Preliminaries
We also consider two SIEs with Carleman’s shift, one of which is union with (1),
and the other is union with accompanying equation (6). The union operators are
understood as meaning identities
Z
Z
(M ϕ)(t)ψ(t)dt =
ϕ(t)(M 0 ψ)(t)dt.
Γ

Γ

Z
1
c(τ )ψ(τ )
M 0 ψ ≡ a(t)ψ(t) + γα0 (t)b[α(t)]ψ[α(t)] −
dτ
πi Γ τ − t
Z
Z
γ
d[α(t)]α0 (τ )ψ[α(t)]
−
dτ + m(τ, t)ψ(τ )dτ = 0.
(7)
πi Γ
τ −t
Γ
Z
c(τ )ω(τ )
1
dτ
K 0 ω ≡ a(t)ω(t) + γα0 (t)b[α(t)]ω[α(t)] −
πi Γ τ − t
Z
Z
γ
d[α(τ )]α0 (τ )ω[α(t)]
+
dτ + m(τ, t)ω(τ )dτ = 0.
(8)
πi Γ
τ −t
Γ
It is easy to see that equation (8) is corresponding to the union equation (7).
Corresponding to equations (8) and (7), the system of SIE without a shift is
Z
Z
c(τ )ω1 (τ )
d[α(t)]ω2 (τ )
1
1
a(t)ω1 (t) + b[α(t)]ω2 (t) −
dτ −
dτ +
πi Γ τ − t
πi Γ
τ −t
Z
+ m(τ, t)ω1 (τ )dτ = 0.
(9)
Γ
Z
Z
γα0 (t)
d(τ )ω1 (τ )
c[α(t)]ω2 (τ )
γα0 (t)
b(t)ω1 (t) + a[α(t)]ω2 (t) −
dτ −
dτ +
πi
πi
Γ α(τ ) − α(t)
Γ α(τ ) − α(t)
Z
+γα0 (t) m[α(τ ), α(t)]ω2 (τ )dτ = 0.
Γ

It is easy to verify that system (9) is union with the corresponding system of
equations (6). The following lemmas are proved similarly to Lemmas 6.1 - 6.3, and
6.6 of [4], taking into account the above information.
Lemma 2.1. The number of linearly independent solutions of the homogeneous
(γ(t) ≡ 0) corresponding system of equations (5) is equal to the sum of the numbers of the linearly independent solutions of this homogeneous equation (1) and the
accompanying equation (6).
Let l∗ be the number of linearly independent solutions of system (9), union with
the corresponding system of equations (5), l1∗ and l2∗ are the numbers of linearly
independent solutions respectively union with (1) equation (7) and equation (8)
which is union with accompanying equation (6). The following lemmas are held.
Lemma 2.2. The numbers l∗ , l1∗ and l2∗ satisfy to the equality l∗ = l1∗ + l2∗ .
Lemma 2.3. The inhomogeneous SIE with the Carleman shift (1) is solvable if
and only if the inhomogeneous corresponding system of equations (5) is solvable.
Lemma 2.4. If one of the two operators M or L is noetherian, then the second
one is noetherian, and
IndM = IndL.
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3. Noetherity of a SIE with Carleman’s shift
Let B2 (Γ) be a set of all 2-dimensional vectors with components from B(Γ) and
B2×2 is a set of all square matrices of order 2 with elements from B(Γ).
The set B2 (Γ) can be supplied with the norm, taking, as the norm of the vector
X = (x1 , x2 ) the sum of the norms of the individual components:
kXk = kx1 kB(Γ) + kx2 kB(Γ) .
In this case, the norm of the matrix A = {akj }21 ∈ B2×2 (Γ) can be determined,
for example, by relation
kAk = 2 max kaj,k kB(Γ)
j,k

Then the space B2×2 (Γ) with this norm, there will also be a Banach’s algebra.
Let L(B) be a set of all continuous linear operators in B(Γ), then every operator
A ∈ L(B2 ) can be interpreted as a two-dimensional matrix A = {akj }, where
ajk ∈ L(B). Moreover, the matrix operator A is completely continuous if and only
if all completely continuous operators are multiplied by ajk in B(Γ). The operator
L in (50 )belongs to L(B2 ). Matrix operator L(50 ) is written in the form
L = CP1 + DQ1 + T,

(10)

where C and D are multiplication operators in B2 (Γ) correspondingly on the matrix
functions
C(t) = p(t) + q(t) D(t) = p(t) − q(t),
1
1
S1 = {Sδjk }21 , P1 = (I + S1 ), Q1 = (I − S1 ),
2
2
here S is a scalar singular operator
Z
1
ϕ(τ )
Sϕ =
dτ
πε Γ τ − t
is limited in B(Γ) [2], l is an unitary operator in B(Γ), δjk is Chronecker’s symbol.
Operators in the form L form an algebra [3]. We introduce the notation
α(L) = dimkerL,

β(L) = dim co kerL,

It is said, that the operator L has a finite d- characteristic or a finite index if both
numbers α(L) and β(L) are finite. A closed normally solvable operator L is called
a noetherian or F -operator if its d -characteristic is finite, and a semi- noetherian
operator if at least one of the numbers α(L) and β(L) is finite. In the case of seminoetherity, we distinguish F+ - operators (α(L) < ∞) and F− operators β(L) < ∞.
Let G be a domain of the complex plane E bounded by a closed Lyapunov
contour Γ, G+ = G, G− = E − G+ We consider, that 0 ∈ G+ , z = ∞ ∈ G− . Right
factorization for everywhere on Γ the non-singular matrix A(t) ∈ B2×2 (Γ) is called
its representation in the form
A(t) = A− (t)D(t)A+ (t), t ∈ Γ,
jk

δjk }21

(11)

with a diagonal matrix D(t) in the form D(t) = {t
t ∈ Γ. Here k1 ≥ k2 are
some numbers uniquely determined by the matrix A(t), A± are second-order square
matrices that can be continued analytic in the domains G± and are continuous in
(G± ), moreover
detA+ (z) 6= 0 z ∈ G± ,

detA− (z) 6= 0 z ∈ G− .
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The factorization of the matrix A(t) which is obtained by changing the factors A± (t)
in (11), is called the left factorization. Obviously, each right (left) factorization of
the transposed matrix A0 (t) as well as the inverse matrix A−1 (t).
B(Γ) is a decaying R -algebra [5] (Section 4), therefore, every non-singular matrix
A(t) ∈ B2×2 (Γ) admits a right (and left) factorization [6] (p. 309).
Now we can formulate the conditions for the noetherity of the operator (the
noetherian solvability of system (5)) from L(B2 ) written in the form (50 ).
From theorems 2 and 3 of [5] under n = 2 follows the next theorem.
Theorem 3.1. The operator L = CP1 + DQ1 + T is F+ or (F− ) operator if and
only if, when
detC(t) 6= 0, detD(t) 6= 0(t ∈ Γ).
(12)
If the conditions are hold, then R = C −1 P1 + D−1 Q1 is a two-sided regularizer
of the operator L. If conditions (12) are hold, then the matrix D−1 (t)C(t) allows
the right factorization
D−1 (t)C(t) = C(t)U (t)CT (t), U (t) = {tKj δKj }.
Theorem 3.2. Let condition (12) is held. Then if the characteristic equation
(CP1 + DQ1 )ρ = f

(f ∈ B2(n) )

is solvable, then the solution is given by formula
ρ = (CP1 + DQ1 )−1 (f ),
in which
−1 −1
−1
D
P1 + C− Q1 )(U −1 P1 + Q1 )C−
(CP1 + DQ1 )−1 = (C+

is a left and right inverse operator to CP1 +DQ1 in dependence on k = ind(D1−1 C1 ) ≥
0 or k ≤ 0.
The index of the noetherian operator is calculated by the formula
I=

detD(t)
1
{arg
}Γ
2π
detC(t)

(13)

By [4], condition (12) and formula (13) can be written to the cases: α(t) is a direct
shift (γ = 1) or α(t) is an inverse shift (γ = −1).
Let α(t) keeps the orientation on Γ(γ = 1). Then
detD(t) = det(p(t) − q(t)) = c1 (t)c1 [α(t)] − d1 (t)d1 [α(t)] = ∆1 (t),
detC(t) = det(p(t) + q(t)) = a1 (t)a1 [α(t)] − b1 (t)b1 [α(t)] = ∆2 (t),
Let α(t) changes orientation on Γ(γ = −1). Then
detD(t) = −b1 (t)d1 [α(t)] + c1 (t)a1 [α(t)] = ∆(t),
detC(t) = −b1 (t)[α(t)]d1 (t) + c1 [α(t)]a1 (t) = ∆(t).
Theorem 3.3. In order to SIE with Carleman’s shift (1) be noetherian sufficiently
the conditions to be held
A. ∆1 (t) 6= 0, ∆2 (t) 6= 0 under preserving orientation on α(t).
B. ∆(t) 6= 0 under changing orientation α(t).
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Theorem 3.4. Under the noetherian conditions the SIE index with Carleman’s
shift (1) is calculated by the formulas:
A. If α(t) keeps orientation, then
IndM =

1
∆1 (t)
{arg
}Γ
4π
∆2 (t)

B. If α(t) changes orientation, then
IndM =

1
{arg∆(t)}Γ .
π
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SURFACE TO EXACT SOLUTION OF NONLINEAR
SCHRODINGER EQUATION
ZH.KH. ZHUNUSSOVA, L.KH. ZHUNUSSOVA, AND K.A. DOSMAGULOVA

Abstract. Heisenberg ferromagnetic equation is considered in (1+1)-, (2+1)dimensions. Surface with appropriate coefficients of the first fundamental form
is found for regular onesolitonic solution of the nonlinear Schrodinger equation
with gravity which is Lakshmanan equivalence to Heisenberg ferromagnetic
equation.

1. Introduction
Nonlinear models describing different physical phenomena can be solved by inverse scattering method [1]-[6]. One of the well-known nonlinear models is Heisenberg ferromagnetic model
(1.1)

St = S × Sxx ,

where × is vector product, S = (S1 , S2 , S3 ), S = S12 + S22 + S32 = 1.
Lakshmanan established, that the model (1) at S2 = +1 is equivalent in the
geometrical sense to nonlinear Schrodinger equation which is crucial for physical
applications
(1.2)

iψt + ψxx + 2β|ψ|2 ψ = 0,

where β = +1, ψ is complex function. This equivalence is called by Lakshmanan
equivalence. We note, that Lakshmanan equivalence is valid both for integrable
and for nonintegrable nonlinear differential equations, and by definition its applicability domain is limited by establishing an equivalence between a spin system
and nonlinear differential equation, for example Schrodinger type. Moreover, for
integrable nonlinear differential equation Lakshmanan equivalence does not imply
knowledge of Lax representation of considered nonlinear differential equations.
Now some generalizations of the model (1) in (2+1)-dimensions are known. For
example, in [5] a generalized Heisenberg Ferromagnetic model is considered
(1.3)

St = (S × Sy + uS)x ,

(1.4)

ux = −(S, (Sx × Sy )),
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where S is spin vector, S12 + S22 + S32 = 1, × is vector product, u is a scalar function.
We identify the spin vector S and vector rx according to [2]
S ≡ rx .
Then (3a), (3b) take the form
rxt = (rx × rxy + urx )x
ux = −(rx , (rxx × rxy )).
Surface corresponding to onesolitonic solution of the model (1) is found, and the
result is formulated and proved in the theorem [5] below. At first we present the
one-soliton solution of the equation (3a), (3b) [2],
2η 2
sech2 (χ1R ),
+ ξ2

S3 (x, y, t) = 1 −

η2

2η
[iξ − ηth(χ1R )]sech(χ1R ),
η2 + ξ2
χ1 = χ1R + iχ1I , λ1 = η + iξ,

S + (x, y, t) =

m1 = m1R (ρ) + im1I (ρ),

mj (y, t) = mj (ρ),

χ1R = ηx + m1R (ρ) + c1R ,

ρ = y + iλj t,

χ1I = ξx + m1I (ρ) + c1I , c = ln(2η/λ∗1 ),
m1R (ρ) = Re[m1 (ρ)],

m1I (ρ) = Im[m1 (ρ)],

which we use in the following theorem.
Theorem 1.1. Main Theorem. One-soliton solution of the spin system (3a)-(3b)
can be represented as components of the vector rx , where r1 = (η2 +ξ2η
+c1 , r2 =
2 )chχ
1R
+ c2 , r3 = x − η22η
+ξ 2 thχ1R + c3 , where c1 , c2 , c3 are constants.
Solution of the form rx corresponds to the surface with the following coefficients of
the first and second fundamental forms
2ξ
η 2 +ξ 2 arctg(shχ1R )

E = 1,
F =
M=√

G=

4m21Ry
,
(η 2 + ξ 2 )ch2 χ1R

2ηm1Ry
,
2
(η + ξ 2 )ch2 χ1R
4η 2 ξm21Ry
,
g(η 2 + ξ 2 )2 ch4 χ1R

L= √

4η 3 ξm1Ry
,
g(η 2 + ξ 2 )2 ch4 χ1R

N=√

4ηξm31Ry
.
g(η 2 + ξ 2 )2 ch4 χ1R

2. Soliton surface
In this work we consider soliton immersion in Fokas-Gelfand sense [3]. In the
modern literature the notion immersion is widely expanded and related not only
to the soliton theory. It is a transition from sophisticated origin problem to some
simple problem.
According to the work of Fokas-Gelfand [3] we present the description of the
soliton immersion. In (1+1)-dimension the nonlinear differential equations are given
in the form of zero curvature condition
Ut − Vx + [U, V ] = 0,
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where [U, V ] = U V − V U , the matrix U is prescribed, and matrix V is expressed
in the terms of elements of matrix U . Such nonlinear differential equations are
compatibility condition of the linear systems
φx = U φ, φt = V φ.
In this case there exists a surface with immersion function P (x, t) defined by for−1
−1
mulas ∂P
Xφ, ∂P
Y φ. The surface defined by P (x, t) is identical to
∂x = φ
∂t = φ
the surface in three-dimensional space defined by coordinates xj = Pj (x, t), j =
1, 2, 3. Frame on the surface is given by triple [3]
∂P
∂P
= φ−1 Xφ,
= φ−1 Y φ, N = φ−1 Jφ,
∂x
∂t
√
[X,Y ]
| X |= < X, X >. Here by definition
where J = |[X,Y
]| ,
1
< X, Y >= − tr(XY ),
2
where X, Y are some matrixes. The first and second fundamental forms in the
Fokas-Gelfand sense are given as
I =< X, X > dx2 + 2 < X, Y > dxdt+ < Y, Y > dt2 ,
∂X
∂X
+ [X, U ], J > dx2 + 2 <
+ [X, V ], J > dxdt+
∂x
∂t
∂Y
+<
+ [Y, V ], J > dt2 .
∂t
As it is shown in the work [3] the immersion function P can be defined as
(2.1)

II =<

P = γ0 φ−1 φλ + φ−1 M1 φ =

3
X

Pj fj ,

j=1

where M1 is matrix function defined by λ, x, t. fj = − 2i σj is corresponding algebra
basis, σj are Pauli matrixes and [fi , fj ] = fk . In this case, X, Y can be written
X = γ0 Uλ + M1x + [M1 , U ], Y = γ0 Vλ + M1t + [M1 , V ].
Let the matrixes X, Y, J have the forms



a11 a12
b11
(2.2)
X=
, Y =
a21 a22
b21

b12
b22




,

J=

c11
c21

c12
c22


.

In this case elements of the matrix J are expressed through elements of the matrix
X and Y in correspondence to the following formulas
a12 b21 − b12 a21
a21 (b11 − b22 ) + b21 (a22 − a11 )
c11 =
, c21 =
,
| [X, Y ] |
| [X, Y ] |
(2.3)

c12 =

b12 (a11 − a22 ) + a12 (b22 − b11 )
,
| [X, Y ] |

c22 =

a21 b12 − b21 a12
.
| [X, Y ] |

Then the first fundamental form (4) of the surface is I = Edx2 + 2F dxdt + Gdt2 ,
where
1
1
(2.4) E = − (a211 + 2a12 a21 + a222 ), F = − (a11 b11 + a12 b21 + a21 b12 + a22 b22 ),
2
2
(2.5)

1
G = − (b211 + 2b12 b21 + b222 ).
2
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As example of the soliton equation leading to the immersion we consider nonlinear
Schrodinger equation (2). In this case the matrixes U, V take the forms [5]


λσ3
0 q̄
U=
+ U0 , U0 = i
,
q 0
2i
(2.6)

V =

iλ2
σ3 + i|q|2 σ3 − iλ
2



0
q

q̄
0




+

0
−qx

q̄x
0


.

The lemma is valid.
Lemma 2.1. The second fundamental form in the Fokas-Gelfand sense corresponding to the regular onesolitonic solution q of the nonlinear Schrodinger equation has
the form
II = Ldx2 + 2M dxdt + N dt2 ,

(2.7)
where
(2.8)

1
L = − {a11x c11 + a12x c21 + a21x c12 + a22x c22 − λi(a21 c12 − a12 c21 )+
2

+iq(a12 c11 + a22 c12 − a11 c12 − a12 c22 ) + iq̄(a21 c22 + a11 c21 − a22 c21 − a21 c11 )},
1
M = − {a11t c11 + a12t c21 + a21t c12 + a22t c22 + i(λ2 + 2|q|2 )(a21 c12 − a12 c21 )+
2
+(qx + λiq)(a11 c12 + a12 c22 − a12 c11 − a22 c12 )+
+(q̄x − λiq̄)(a11 c21 + a21 c22 − a21 c11 − a22 c21 )},
1
N = − {b11t c11 + b12t c21 + b21t c12 + b22t c22 + i(λ2 + 2|q|2 )(b21 c12 − b12 c21 )+
2
+(qx + λiq)(b11 c12 + b12 c22 − b12 c11 − b22 c12 )+
+(q̄x − λiq̄)(b11 c21 + b21 c22 − b21 c11 − b22 c21 )}.
Proof. We substitute the matrixes (6), (10) to (5). After some algebra we get (11),
(12). The lemma is proved.

3. Surface to a regular onesolitonic solution
We consider a particular case at γ0 = 1, M1 = 0. In this case we get




1
1 0
−λ q̄
(3.1)
X = Uλ =
, Y = Vλ = −i
,
0 −1
q λ
2i
!
0
− √q̄qq̄
J=
,
√q
0
q q̄
and P = φ−1 φλ . In order to calculate the explicit expressions for immersion function P we consider the regular onesolitonic solution of the nonlinear Schrodinger
equation which has the form [4]
(3.2)
where x0 =

q(x, t) = 2η
m02
1
2η ln| m01 |,

exp(−2iξx − 4i(ξ 2 − η 2 )t − iδ)
,
ch[2η(x + 4ξt − x0 )]

δ = argm02 − argm01 , ξ = Reλ, η = Imλ.
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Theorem 3.1. Regular onesolitonic solution of the nonlinear Schrodinger equation
corresponds to the surface in Fokas-Gelfand sense with the coefficients of the first
fundamental form
(3.3)

E=

64η 2 (ξ 2 + η 2 )
,
(λ − λ̄)4 ch2 [2η(x + 4ξt − x0 )]

(3.4)

F =

128η 2 ξ(ξ 2 + η 2 )
,
(λ − λ̄)4 ch2 [2η(x + 4ξt − x0 )]

(3.5)

G=

256η 2 (ξ 2 + η 2 )2
,
(λ − λ̄)4 ch2 [2η(x + 4ξt − x0 )]

where λ1 = const.
Proof. Solution of the linear system we find in the form
ψ = φe−(

(3.6)

λσ3
2i

2

x+ iλ2 σ3 t)

.

Taking into account (16) and applying (10), we get
λσ3
λσ3
λσ3
λσ3
λσ3
+ U0 )ψ − ψ
=
ψ−ψ
+ U0 ψ = [
, ψ] + U0 ψ.
(3.7)
ψx = (
2i
2i
2i
2i
2i
We take




Ã
ã b̃
1 0
(3.8)
ψ=I−
,
where
Ã
=
,
I
=
, λ∗1 − const.
0 1
c̃ d˜
λ − λ∗1
We substitute (18) to (17)
ψx = U0 −

(3.9)

λ∗1
1
U0 Ã
[σ
,
Ã]
−
−
[σ3 , Ã].
3
λ − λ∗1
2i
2i(λ − λ∗1 )

On the other hand, from (18) it follows that
ψx = −

(3.10)

Ãx
.
λ − λ∗1

From (19) and (20) we get
(3.11)

−

Ãx
U0 Ã
1
λ∗1
=
U
−
−
[σ
,
Ã]
−
[σ3 , Ã].
0
3
λ − λ∗1
λ − λ∗1
2i
2i(λ − λ∗1 )

Thus
(3.12)

Ãx = U0 Ã +

λ∗1
1
[σ3 , Ã], U0 = [σ3 , A].
2i
2i

We note, that

(3.13)

[σ3 , Ã] = σ3 Ã − Ãσ3 = 2

0 b̃
−c̃ 0


.

Then we substitute (23) to (7) and get


1
0 b̃
.
(3.14)
U0 =
−c̃ 0
i
Substituting (23) to (22), we get



1
ãx b̃x
b̃c̃
(3.15)
=
−c̃ã
c̃x d˜x
i

b̃d˜
−c̃b̃


+

λ∗1
i



0 b̃
−c̃ 0


,
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From (10) and (24) we get



1
0 q̄
0
(3.16)
i
=
q 0
−c
i



b
0


⇒
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iq̄ = 1i b
⇒
iq = − 1i c



b = −q̄
c = q.

Therefore, we have found the matrix Ã in the explicit form with components (25).
Using (14) we get
ã = i2ηth[2η(x + 4ξt − x0 )] + c1 .
R
From (25) it follows that ã = − ic̃cx − λ∗1 ⇒ ã = − 1i q̄qdx. Using (14) we get

(3.17)

(3.18)

ãx =

1
1
b̃c̃ ⇒ ãx = (−q̄)q.
i
i

Then
ã = −

(3.19)

iqx
− λ∗1 .
q

Consequently, taking into account (25), (26), we get
i(−q̄)x
ib̃x
iq̄x
− λ∗1 ⇒ d˜ =
d˜ =
− λ∗1 ⇒ d˜ =
− λ∗1 .
(−q̄)
q̄
b̃

(3.20)

From (25), (26) it follows that
1
d˜x = − c̃b̃.
i

(3.21)

Moreover, in view of (23), (31), we have
1
d˜ =
i

(3.22)

Z
q q̄dx.

Taking into account (22), we get (28) in the form
d˜ = −ã.

(3.23)
Therefore,

ã = −i2ηth[2η(x + 4ξt − x0 )] + c1 .

(3.24)

Thus, the matrix Ã for regular onesolitonic solution (14) of the nonlinear Schrodinger
equation takes the form
!
2
−η 2 )t+δ)}
i2ηth[2η(x + 4ξt − x0 )] + c1
−2η exp{i(2ξx+4(ξ
ch[2η(x−x0 +4ξt)]
(3.25) Ã =
.
2
−η 2 )t+δ)}
2η exp{−i(2ξx+4(ξ
−i2ηth[2η(x
+ 4ξt − x0 )] + c1
ch[2η(x−x0 +4ξt)]
Then we take φ = I −

A
,
(λ−λ¯1 )2

where λ1 is constant, then from (13), we get

P = φ−1 φλ = (I +

(3.26)

Ã
Ã
)
.
λ − λ1 (λ − λ¯1 )2

On the other hand, we get
(3.27)

P =

3
X
j=1

3

Pj fj = −

iX
Pj σ j =
2 j=1



− 2i P3
i
− 2 P1 + 12 P2

− 2i P1 − 12 P2
i
2 P3


.
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From (36), (37) by (31) we get P3 = (λ−2iã
. With help of (33) we find P3 in the
λ̄1 )2
explicit form for regular onesolitonic solution of the nonlinear Schrodinger equation
4η
th[2η(x + 4ξt − x0 )] + c1 .
(3.28)
P3 = −
(λ − λ̄)2
From (36), (37) we get P2 =
P1 =

c̃−b̃
.
(λ−λ̄1 )2

i(c̃ + b̃)
,
(λ − λ̄1 )2

Thus

P2 =

(c̃ − b̃)
,
(λ − λ̄1 )2

P3 =

2iã
.
(λ − λ̄1 )2

From (36), (14) using the well-known formulas
eζ − e−ζ
eζ + e−ζ
eiζ + e−iζ
eiζ − e−iζ
; chζ =
; cosζ =
; sinζ =
,
2
2
2
2i
where ζ = 2η(x − x0 + 4ξt), we obtain the values for the components P1 , P2 of the
matrix P
4ηsin(2ξx + 4(ξ 2 − η 2 )t + δ)
,
(3.30)
P1 =
(λ − λ̄)2 ch[2η(x + 4ξt − x0 )]
(3.29)

shζ =

(3.31)

P2 =

4ηcos(2ξx + 4(ξ 2 − η 2 )t + δ)
.
(λ − λ̄)2 ch[2η(x + 4ξt − x0 )]

Then we calculate coefficients of the first fundamental form by formula
2
2
2
E = P1x
+ P2x
+ P3x
.

(3.32)

We calculate the derivatives P1x , P2x , P3x . The square of the first derivatives is
substituted to (41), then
E=

(λ −

64η 2 (ξ 2 + η 2 )
.
+ 4ξt − x0 )]

λ̄)4 ch2 [2η(x

By the similar way, by the formulas
F = P1x P1t + P2x P2t + P3x P3t ,

2
2
2
G = P1t
+ P2t
+ P3t

we obtain the value
(3.33)

F =

128η 2 ξ(ξ 2 + η 2 )
,
(λ − λ̄)4 ch2 [2η(x + 4ξt − x0 )]

(3.34)

G=

256η 2 (ξ 2 + η 2 )2
.
(λ − λ̄)4 ch2 [2η(x + 4ξt − x0 )]

Theorem is proved.



The surface can be written in the form
P3 = (P1 , P2 ).
Then from (38), (40a), (40b) we get
P3 = −

(λ − λ̄)2 sh[2η(x + 4ξt − x0 )]ch[2η(x + 4ξt − x0 )]
P1 P2 .
4ηsin(2ξx + 4(ξ 2 − η 2 )t + δ)cos(2ξx + 4(ξ 2 − η 2 )t + δ)

Then we use possibilities of the editor Maple and construct the surface at some
values of the parameters.

SURFACE TO EXACT SOLUTION

49

Remark 3.2. The short version of this paper was published in abstracts of the
Third Dynamic Days in Central Asia, Nazarbayev University, Astana, Kazakhstan
(September 02-05, 2016) [7].
4. Conclusion
Thus, we investigate Heisenberg ferromagnetic equation in (1+1)-, (2+1)-dimensions.
As example, we have considered (1+1)-dimensional nonlinear Schrodinger equation. The first fundamental form with corresponding coefficients (15) is found for
integrable surface corresponding to regular onesolitonic solution of the nonlinear
Schrodinger equation with gravity.
References
[1] M.J. Ablowitz, P.A. Clarkson, Solitons, Non-linear Evolution Equations and Inverse Scattering, Cambridge University Press, Cambridge, (1992).
[2] R. Myrzakulov, S. Vijayalakshmi et all., A (2+1)-dimensional integrable spin model: Geometrical and gauge equivalent counterparts, solitons and localized coherent structures, J. Phys. Lett.
A., Vol. 233A, pp. 391–396, (1997)
[3] Ceyhan O., Fokas A.S., Gurses M., Deformations of surfaces associated with integrable GaussMainardi-Codazzi equations, J. Math. Phys., Vol. 41, No. 4, pp. 2551–2270, (2000).
[4] Makhankov V.G., Myrzakuov R., Riemann Problem on a Plane and Nonlinear Schroedinger
Equation, In book ”Communication of the Joint Institute for Nuclear Research,” 5-84-742,
Dubna, P. 6, (1984).
[5] Zhunussova Zh., Geometrical features of the soliton solution, Proceedings of the 9th ISAAC
Congress, Springer, Series: Trends in Mathematics, ISBN 978-3-319-12576-3, pp. 671–677, (2015).
[6] Zhunussova Zh., Reconstruction of surface corresponding to domain wall solution, Proceeding
of the forth International conference ”Modern problems of Applied mathematics and information
technologies, Al-Khorezmiy 2014,” Samarkand, Uzbekistan, 15–17 September, P. 283., (2014).
[7] Zhunussova Zh., Heisenberg Ferromagnetic Equation in higher dimensions, Abstracts of the
third dynamic days in central Asia, Nazarbayev University, Astana, Kazakhstan, P. 28, (2016).
(Zh.Kh. Zhunussova) Al-Farabi Kazakh National University, Almaty, Kazakhstan
Current address: 050040, Al-Farabi av., 71, Almaty, Kazakhstan
E-mail address, Zh.Kh. Zhunussova: zhunussova777@gmail.com
(L.Kh. Zhunussova) Abai Kazakh National Pedagogical University, Almaty, Kazakhstan
Current address: 050010, Dostyk st., 13, Almaty, Kazakhstan
E-mail address, L.Kh. Zhunussova: khafizovna 66@mail.com
(K.A. Dosmagulova) Al-Farabi Kazakh National University, Almaty, Kazakhstan
Current address: 050040, Al-Farabi av., 71, Almaty, Kazakhstan
E-mail address, K.A. Dosmagulova: karlygash.dosmagulova@gmail.com

IFSCOM2019
6th ifs and contemporary mathematics conference
June, 07-10, 2019, Mersin, Turkey

pp: 50-53
ISBN:978-605-68670-2-6

MATHEMATICAL MODEL OF THE EFFECTIVENESS OF
ADAPTIVE AUTOMATED CONTROL SYSTEMS IN
EDUCATIONAL ORGANIZATIONS
ZH.KH. ZHUNUSSOVA, S.SH. IXANOV, AND K.A. DOSMAGULOVA

Abstract. Creation of adaptive automated control systems in educational
organizations is an actual problem. In the process of training students and
students, the need for remote control devices increases in accordance with
the objectives of training and evaluation criteria. In connection with this,
automated control systems are introduced, and this research provides a mathematical model of the adaptive device and meets the requirements for use in
production. As for institutions of higher education, in many buildings, turnstiles, light sensors, movements, local automation systems are installed at all
access and exit facilities, allowing for the inclusion and switching-off of external
and stand-by lighting, taking into account the time of the year. These data in
educational buildings create information flows that need to be matched with a
mathematical model of material and energy balance using an adaptive control
system. The final result of the calculations is the minimization of the objective function of the cost of maintaining the educational building in a robust
state, taking into account external evaluations on the quality of training (the
results of examinations). It’s about fixing students and teachers who enter
the class in accordance with the schedule. Its effectiveness also reduces the
filling of attendance documents. We conduct calculations for the study and
implementation of an automated control system and describe it in mathematical formulas. The coefficients of consumption and efficiency of the system are
graphically presented.

1. Introduction
The creation of adaptive automated control systems in educational organizations
is a topical problem. In the process of training pupils and students, the need for
remote control devices increases in accordance with the objectives of the training
and evaluation criteria [1]. In this regard, automated control systems are being introduced, and this study provides a mathematical model of an adaptive device and
meets the requirements for use in production. As for higher educational institutions, in many buildings, turnstiles, light sensors, movements, and local automation
systems are installed at all access and exit objects, allowing for switching on and
Date: xxxx a, 2019, accepted yyyy b, 2019.
2000 Mathematics Subject Classification. Primary 93C85, 93C40; Secondary 93C42, 93B05.
Key words and phrases. automated control system, building, local automation system, mathematical model, remote control, energy balance.
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off external and emergency lighting, taking into account the season. These data
in educational buildings create the flow of information that must be matched with
a mathematical model of material and energy balance using an adaptive control
system [2]. The final result of the calculations is the minimization of the objective
function of the cost of maintaining the educational building in a workable state,
taking into account external assessments of the quality of education (exam results).
It is about fixing students and teachers who enter the class in accordance with the
schedule. Its effectiveness also reduces the completion of attendance documents
[3-5].
2. Preliminaries
This mathematical model in the representation of a queuing system has three states:
I - both turnstiles are operational; II - one of the turnstiles is not working; III both turnstiles are faulty.
The average operating time of the turnstile is t = 30 days, and the average
recovery time is tB = 0.1 days.
Then the failure rate of one turnstile will be equal to:
1
1
= 0.03
λ= =
t
30
We also find the recovery rate of a single turnstile:
1
1
µ=
= 10
=
tB
0, 1
In state I, both turnstiles are operational, therefore:
λ1,2 = 2 ∗ λ = 2 ∗ 0.03 = 0.06
In state II, one turnstile is working, therefore: λ2,3 = λ0.03 In state II, one turnstile
is restored: µ2,1 = µ = 10.
In state III all two turnstiles are restored: µ3,2 = 2 ∗ µ = 10 ∗ 2 = 20.
Probability of maintaining the state of the turnstile when both turnstiles are
1
operational: p1 =
λ1,2
λ1,2 λ2,3 = 0, 994. Probability of state II, when only one
1+ µ

2,1

+µ

2,1 µ3,2

turnstile is working:
p2 =

λ1,2
∗ p1 = 0.006.
µ2,1

λ

Similar method: p3 = µ1,2
∗ p2 = 0.00004. For each turnstile we calculate the
2,1
through put - the probability of serving the application:
0.00004
ρn
Q = 1 − pc = 1 −
ρ1 = 1 −
= 0.9999.
n!
3!
3. The automated control system for access control
Consider this automated access control system as a task with a limited queue
length.
Consider the following task:
It is necessary to find the optimal number of turnstiles if people pass through
the turnstile with an intensity of 5 people per minute, and the average duration of
one pass is 3 seconds.
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To solve there
1
λ
= 20min−1 p = = 0.25.
µ
t
The number of turnstiles will be considered for any n. The following formulas for
finding probabilities will help in calculating the maintenance of channels: p0 =
2
n
p
+ p1! ) + · · · + pn! )−1 . Probability of the turnstile failure (when the turnstile
(1 + 1!
is broken or busy):
λ = 5min−1 , t = 0.05, µ =

pn
pn
p
p2
pn −1
∗ p0 =
∗ (1 + + ) + · · · +
) .
n!
n!
1!
1!
n!
The probability that the application will be processed (a person will pass through
n
2
n
p
the turnstile): pi = 1 − pc = 1 − pn! ∗ (1 + 1!
+ p1! ) + · · · + pn! )−1 . Average number
of channels occupied by the service:
pn
∗ p0 )
A = λ ∗ Qλ ∗ (1 −
n!
pn
A
= p ∗ ∗(1 −
∗ p0 ).
n=
µ
n!
According to the calculations we make the following table:
pc =

n=
p0
pc
pi
n
A

1
0,8
0,2
0,8
0,2
4

2
0,78
0,024
0,976
4,88
0,244

3
0,7789
0,002
0,998
4,99
0,2495

According to the table, conclusions can be drawn from the following expressions:
in educational organizations, as adaptive automated control systems, the optimal
number of turnstiles can be considered as n equal to 1, when according to the data
0.8 applications are being processed in 5 minutes. At the same time, on average, 4
applications are serviced per minute. The calculations performed lead to the fact
that for an educational building with a small number of turns from the turnstile in
the usual time with a constant intensity of students it is enough to use one turnstile.
As a result, we present the exact calculation formula necessary for further calculation:
pn
p
p2
pn −1
A = λ ∗ (1 −
∗ (1 + +
+ ··· +
) ).
n!
1!
1!
n!
It should also be borne in mind that in the case of an increase in the number of
passes and the application, it is necessary to carry out calculations using the above
formulas in order to find the exact number of turnstiles in need of use.
For example, a calculation with small digital parameters was shown.

We carry out calculations for the study and implementation of an automated
control system and describe it in mathematical formulas. The consumption and
efficiency factors of the system are graphically represented, and a practical task
is also presented and solved using the Markov process of death and reproduction.
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Markov processes and probability theory can be used on the basis of the theory of
automated control system.
The automated control system for access control, as a task with a limited queue
length are described in the paper. To solve the problem of a queuing system with
several turnstiles or with an unlimited queue length when calculating the turnstile
failure time, it is necessary to carry out many numerical calculations. Also in
this article, under finding the optimal number of turnstiles n, only up to three
turnstiles are calculated. Accordingly, increasing the number of turnstiles, the
probability approaches to zero. For reliable and accurate calculations, it is not
enough to calculate analytically. Therefore, we use the C++ program and check
the operation of the program comparing the results obtained with the table above.
The program is written for integer n and real l, m, p, a, b, c, A, i, sum. For convenient calculation, the following substitutions have been used:
p
+
a = p0 , b = pc , c = pi , i = n, A calculated without changes. The sum as 1 + 1!
p2
1!

n

+ · · · + pn! denote sum.
Then step by step using the formulas we get the result that displays on the
console window.
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GEOMETRIC SOFT SET ENTROPY
MEHMET ALİ BALCI, ÖMER AKGÜLLER, AND SİBEL PAŞALI ATMACA

Abstract. A soft set over the universe set U is defined as a pair (F, E) such
that E is a set of parameters and F : E → P (X) is a mapping. If the
elements of the initial universe are the points in general position in Rd , then
by choosing the parameter mapping as incidence relation, then it is possible to
obtained a soft set with geometry. The incidence relation can be determined
by two different approaches of algebraic topology, namely Vietoris-Rips and
the Čech complices. In the Vietoris-Rips construction, we assign parameters
to universe elements if their distance is less than a fixed ε and obtained the
elements of the geometric soft set. In the Čech construction, the elements are
the sets of universe elements that lie inside a bounding sphere of radius ε. In
this study, our aim is to use information theoretic tools to study sequences
of geometrically constructed soft sets corresponding to different values of ε.
We define an entropy function on geometric soft sets that can be computed
efficiently. Besides, we demonstrate that such entropy function can be used to
find critical values of ε.

1. Introduction
In order to deal with uncertain data, the soft set theory emerges as a powerful
tool and have begun to be applied in different scientific areas [1, 2, 3, 4]. In generally
speaking, a soft set is the parameterized family of subsets of the universe. One may
conclude that a soft set is a neighborhood system which are special case of context
dependent fuzzy sets [5]. To be neighborhood system identity leads at least one
topological structure on a soft set, and context dependency identity makes soft
sets to applicable in many areas. Hence, it is possible to apply such theory to the
computational complexes.
The concept of geometric soft sets is first presented in [6], as the initial universe
is the points in general position in Rd and the parameters are determined by incidence mapping. Different than the other well known computational complexes, the
geometric soft sets do not have to have heredity property. Such identity of geometric soft sets let us to determine fuzziness in the computational complex. Besides,
they encode a strong information system in themselves.
In this study, we consider two methods of constructing geometric soft sets. The
first method is regarding to the Čech method, and the second one is regarding to
Rips-Vietoris method [7]. In the Čech construction, the elements are the sets of
2000 Mathematics Subject Classification. Primary 03E72, 51F99; Secondary 55U10, 90-08 .
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universe elements that lie inside a bounding sphere of radius ε whilst in the VietorisRips construction, we assign parameters to universe elements if their distance is
less than a fixed ε and obtained the elements of the geometric soft set. Right after,
we present a new statistical measurements to define the entropy of geometric soft
sets. Such information theoretic tool lead us to study sequences of geometrically
constructed soft sets corresponding to different values of ε.
2. Entropy of Geometric Soft Sets
In mathematical point of view, a soft set (F, E) is a parameterized family of
subsets of the universe set U which can be sated as a set of ordered pairs
(F, E) = {(e, F (e)) : e ∈ E, F (e) ⊂ U } ,
U

where F : E → 2 is a parameter mapping [?].
The definition of the geometric soft sets regarding to incidence relation is first
given in [?] by considering the elements of the universe U are the points in Rd in
general position.
Definition 2.1. Let U ⊂ Rd be the finite set of points in general position, A ⊆ U ,
and P (A, i) denotes the set of subsets of A with i elements. For FA : E → 2A \ {∅}
incidence mapping, (FA , E) is called a geometric soft set if
i. for A = {a1 , . . . , ak }, the tuple (e0 , P (A, 1)) ∈ (Fa , E)
ii. for all i = 1, . . . , k − 2, if (ek−1 , P (A, k)) ∈ (Fa , E), then (ei−1 , P (B, i)) ∈
(FA , E) for ∃B ⊂ A.
It is possible to examine various topological and geometrical properties when
a geometric soft set is defined in the universes with a small number of elements.
Similar characteristics can be defined for universes with larger number of elements.
But to have an idea about the general structure of geometric soft sets, statistical
measurements will be very effective. In order to determine such measurements, we
first give some definitions.
Definition 2.2. Let (FA , E) be a soft set with A = {a1 , . . . , am } and E =
{e1 , . . . , en }. For ai ∈ A, the number of parameters assigned to ai is called the
soft degree of ai and denoted by dˆai . Similarly, for ej ∈ E, the cardinality of F (ej )
is called the soft degree of ej and denoted by dˆej .
Definition 2.3. The section of the number of repetitions of the number of repetitions in a soft set of soft degrees is called the flexible distribution of degrees.
In formal way, for (FA , E) if A = {a1 , . . . , am } and E = {e1 , . . . , en }, then the
k-distribution of soft degree of elements is Pai (k) =
soft degree of parameters is Pej (k) =

dˆej
n

dˆai
m

and the k-distribution of

.

Definition 2.4. Let (FA , E) be a soft set with A = {a1 , . . . , am } and E =
{e1 , . . . , en }. The sequence a1 , F (e1 ), a2 , F (e2 ), . . . , ak−1 , F (ek ), ak between the elements a1 and ak for 1 ≤ k ≤ n is called soft connection sequence. If there exist a
soft connection sequence between any elements ai in (FA , E), then (FA , E) is called
connected soft set.
Definition 2.5. Let (FA , E) be a soft set and σij be a soft connection sequence
between the elements ai and aj , If the choice of parameters F (ek ) in σij is random,
then σij is called soft random connection sequence.
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The soft random connection sequences and soft degrees are interrelated in order
to define a probability on soft sets. For a soft set (FA , E), the probability of the
existences of a soft random connection sequence that includes ai ∈ A is
dˆej
.
(2.1)
P{(FA , E)}(ej ) = P
ˆ
e∈F (E) de
Let (FA , E) be a geometric soft set with A = {a1 , . . . , an } ⊂ Rd . We are
also given a probability
Pn distribution P on (FA , E), that is non-negative numbers
p1 , . . . , pn such that i=1 pi = 1.
Definition 2.6. Assuming that all elements of initial universe that parameterized
by same ek ∈ E are indistinguishable, we define the soft set entropy as
n
X
1
X
(2.2)
H((FA , E), P) = min
pj log
such that
qk
j=1
F (ek )∈(FA ,E)j
m
X

qi = 1, qi ≥ 0

i=1

The theoretical interpretation of the proposed geometric soft set entropy is the
expected number of bits per universe element required for optimal coding of information from the same source, assuming that the mutually unobservable universe
element are in same soft set.
In this study, we present two well-known computational complex construction
methods in order to obtain geometric soft sets of points in general position in Rd .
The first one is Čech method. Given a point set A in general position in the metric
space Rd and ε > 0. The geometric soft set (FA , E) can be obtained as follows.
For each crisp subsets S ⊂ A, form a 2ε −ball around each point in S,
 and include
S as the parameterized elements in (FA , E)ε with e|S| , {s1 , . . . , sn } if there is a
common point contained in all of the balls in S. We denote Čech type constructed
soft sets with parameter ε as (FA , E)ε .
Theorem 2.7. The homotopy types of A(ε) and (FA , E)ε are the same.
The Vietoris-Rips type geometric soft set construction is essentially the same as
the Čech method, except instead of adding a d-dimensional elements when there
is a common point of intersection of all the (ε/2)-balls, we just do so when all the
balls have pairwise intersections. Well denote the Vietoris-Rips type constructed
soft sets with parameter ε as (FA , E)V R−ε .
Theorem 2.8. For any ε > 0
(FA , E)ε ⊂ (FA , E)V R−ε ⊂ (FA , E)2ε .
3. Computational Results
In this study, we consider two different uniformly sampled data on manifolds as
they are in general position in Rd . The probability distribution is chosen to be as in
the Equation 2.1 for both examples. Then, the entropies are calculated regarding
to the minimization problem 2.2 for both examples.
The first example is the uniformly distributed 100 points on a unit circle as
presented in Figure 1. We construct the geometric soft set (FA , E)V R−ε such that
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Figure 1. Uniformly distributed 100 points on a unit circle

Figure 2. The H((FA , E), P) values of the soft sets of points on
unit circle regarding to increasing ε value.

|A| = 100 and A ⊂ R2 . We set the maximum dimension of the homological features
to be computed as 2, while the preserving the 0 and 1 skeletons of (FA , E)V R−ε . The
max ε = and there exist 813 different ε values. The computed entropies regarding
to increasing ε values are presented in Figure 2.
The second example is the uniformly distributed 100, 200, and 300 points on a
torus as presented in Figure 3. We construct the geometric soft sets (FA , E)V R−ε
as we set the maximum dimension of the homological features to be computed as
3, while the preserving the 0,1, and 2 skeletons of (FA , E)V R−ε . The computed
entropies regarding to increasing ε values are presented in Figure 4.
4. Conclusions
We presented an entropy function for geometric soft sets which can be seen
as a simplification and generalisation of the pairwise interaction system entropies.
We show that this simplification makes the geometric soft set entropy an function
that can be efficiently computed. Even though the entropy is defined on purely
topological structures, in the examples we show that it can be relevant to geometric
applications.
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Figure 3. Uniformly distributed 100, 200, and 300 points on a
torus from left to the right

Figure 4. The H((FA , E), P) values of the soft sets of points on
torus regarding to increasing ε value.
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COMPARISON OF BOOTSTRAP CONFIDENCE INTERVALS
BASED ON ROBUST ESTIMATORS FOR POPULATION MEAN
HE.AKYZ AND B. ARSAN

Abstract. In order to obtain parameter estimations in statistics, assumptions
such as normality, independence and homogenity variance should be provided.
However, it is recommended to use robust estimators where there are no assumptions or where there are extreme values in the data set. In this study,
the confidence intervals of the population mean were obtained from the median, trimmed mean and winsorized mean based bootstrap confidence intervals.
These confidence intervals are compared in terms of coverage probability and
average width under different scenarios. For this purpose, a simulation study
was performed with statistical codes written in MATLAB program. Normal
and some skewed distributions were used to obtain confidence intervals, sample
sizes n = 10, 20, 30 and 50, I. Type error level α = 0.05 and bootstrap replication B=1000. According to the results of the simulation study; it was obtained
that the confidence intervals based on these estimators were very close to the
nominal confidence level in all distributions. In addition, it was seen that as
the sample size increased, the coverage probability increased. When the average widths for similar coverage probabilities were examined, it was determined
that the widths of confidence intervals based on the trimmed mean were narrower than the others. As a result, it is said that bootstrap confidence intervals
based on the trimmed mean give more reliable results than the median and
winsorized mean confidence intervals.

1. Introduction
If a statistic is used to determine an unknown value, it takes the estimator name,
meaning that the statistic is any function of the stochastic variables, which is called
the parameter estimation. In order to obtain parameter estimations in statistics,
assumptions such as normality, independence and homogeneous variance should be
provided. The least squares (LS) estimators are widely used to estimate population
parameters in sampling studies. However, LS estimators are only effective estimators under normal distribution assumption. In practice, there may be cases where
the population parameter is normal, identical and independent of each other, the
variance is not homogeneous, the data set is not large enough. In the event that
Date: xxxx a, 2019, accepted yyyy b, 2019.
2000 Mathematics Subject Classification. 62F10, 62F35, 62F40.
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these assumptions cannot be achieved or if there are extreme values in the data set,
it is recommended to use robust estimators (Tiku and Akkaya, 2004).
Robust estimators are divided into three groups as L-estimators, R-estimators,
and M-estimators based on their computation formats. L-estimators were first proposed by Daniel (1960). They are defined as linear combinations of order statistics.
M-Estimators are robust estimators based on the minimax principle, which can be
minimized to a specific purpose function. R-Estimators are determined based on
rank tests. In the case of a single sample, the most commonly used R estimator is
the Hodges-Lehmann estimator.
In this study, we obtained bootstrap confidence intervals based on median,
trimmed mean and winsorized mean. These confidence intervals are aimed to be
compared under different scenarios in terms of coverage probabilities and average
widths. The robust estimators used in the estimation of the population average in
the study belong to the L estimators of the L, M and R robust estimator groups
commonly used in statistics.
2. The Robust Estimators of Population Mean
The population mean is an average of a group characteristic. It is used to indicate
the characteristic of the data set. Values that represent the center point of a data
set, which is an indication of the normal value of the series and express the data
with a single value, are called the central tendency measurements. The average of
a data is among its smallest and largest. Any data group can be summarized by
classification or grouping, and this data group can be summarized by taking the
average. In this case, the data group is also represented by a single number. Robust
estimators of population mean are known as follows:
- Arithmetic mean
- Median
- Trimmean Mean
- Winsorized Mean
They are classified as L estimators from robust estimator groups.
Definition 2.1. The arithmetic mean is widely used average. It is simple; the data
is collected and divided by the number of data. If the data are distributed normally
(symmetrical), it is the mean, arithmetic mean that best represents such series if
it is obtained with a interval scale or a ratio scale. The values that the X variable
receives increase or decrease in arithmetic sequence. If the distribution of data has
nonsymetrically and extreme end values, the arithmetic mean is unreliable.
Definition 2.2. The median is found by ordering all data points and picking out
the one in the middle (or if there are two middle numbers, taking the mean of those
two numbers). To find the median, the data should be arranged in order from least
to greatest. If there is an even number of items in the data set, then the median is
found by taking the mean (average) of the two numbers.
Definition 2.3. A trimmed mean is calculated by discarding a certain percentage
of the lowest and the highest scores and then computing the mean of the remaining
scores. It is robust to random errors. If there are outliers in a data set, another
robust estimator for the estimation of population mean is trimmed mean. Trimmed
mean can be defined as the mean obtained after observation values at certain ratios
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are removed from the high/low end or both ends of the consecutive sample of size
n.
Definition 2.4. When there are outliers in a data set, winsorized mean, which a
robust estimator, may be used as the estimator of the population mean instead of
sample mean. Winsorized mean defines the centre of distribution for skew distributions better than the sample mean. This estimator was used for the first time in
the field of sampling to reduce the effect of extreme values in the sample [Rivest,
1993]. When Winsorized Mean is obtained, the lowest ln number of observations is
replaced with (ln + 1). observations and the largest un number of observations is
replaced (n − un ). with observations. If random sample of size n is , X1 , X2 , ..., Xn ,
ith order statistics is defined with Xi . While replacement is made only on the high
end of the consecutive data in operations performed with sample data produced
from positively skewed distributions, replacement is made on both ends for the
sample data produced from symmetric distributions.
3. The Classical Student-t Confidence Intervals for the Population
Mean
The classical method to construct the (1-α) 100 % CI for the population mean is
still the most used approach because it is a well understood, simple, and widely
used to construct such CI. Let X1 , X2 , . . . , Xn be a random sample of size n from
a normal distribution with population mean (µ) and population variance (σ 2 ), that
is,X1 , X2 , ... , Xn ∼ N (µ , σ 2 ). Then, the (1 – α) 100% CI for the population
mean (µ), can be constructed as follows:
σ
C.I. = X̄ ± Z1− α2 √
n
√
whereσ = σ 2 is the known population standard deviation and Z1−α/2 is the
upper (α/2)th percentile of the standard normal distribution. In real life, however,
it is unlikely that the population standard deviation (σ) is known, and then an
estimate of σ is used. When the sample size n is large (n ≥ 30), we can use
the sample standard deviation instead of σ and apply the normal distribution to
construct the (1 – α) 100% CI for the population mean (µ) as follows:
S
C.I. = X̄ ± Z1− α2 √ ,
n
q
P
Pn
n
−1
2
where S = (n − 1)−1
i=1 Xi is the sample mean
i=1 (Xi − X̄) , X̄ = n
and Z1−α/2 is the upper (α/2)th percentile of the standard normal distribution.
On the other hand, for the small sample sizen (n < 30) and unknown population
standard deviation (σ), the (1 – α) 100% CI for the population mean (µ) due to
Student (1908) and known as the Student-t CI can be constructed as follows:
S
C.I. = X̄ ± t( α , n − 1) √
2
n
where t(α/2 , n−1) is the upper α/2 percentage point of the student-t distribution
with(n − 1) degrees of freedom, i.e. P (t > t(α , n−1) ) = α. Since the classical
Student-t CI depends on the normality assumption, it may not be the best CI for
skewed distributions. It is well known that if the data are from a normal distribution
or the sample size n is large (n ≥ 30), the CP will be exact or close to 1-, but when
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the population distribution is skewed, the Student-t CI has a poor CP. According
to the Boos and Hughes-Oliver (2000), the classical Student-t CI is not very robust
under extreme deviations from normality.
In this study, median, trimmed mean and winsorized mean were used instead
of sample mean in order to obtain sample
Thus, confidence
p variance, respectively.
Pn
2 is as:
(X
−
median)
nterval based on median for Smedian = (n − 1)−1
i
i=1
Smedian
√
n
Similarly, confidence intervals based on trimmed and winsorized means for population mean are obtained as follows:
C.I. = X̄ ± t( α , n − 1)
2

C.I. = X̄ ± t( α , n − 1)
2
and
C.I. = X̄ ± t( α , n − 1)
2

Strimmed
√
n

Swinsorized
√
n

where
Strimmed

v
u
n
X
u
= t(n − 1)−1
(Xi − trimmedmean)2
i=1

Swinsorized

v
u
n
X
u
(Xi − winsorizedmean)2
= t(n − 1)−1
i=1

4. Bootstrap Percentile Confidence Interval
The bootstrap percentile confidence interval is based on the percentile of the
distribution of bootstrap replications, which includes the percentile and adjusted
percentile intervals. Theoretically, this method has better coverage probability than
the bootstrap-t method [Efron and Tibshirani, 1993]. The lower and upper limits
of the confidence interval are obtained as follows.
1. Calculate estimators sample mean, median, trimmed mean and winsorized mean
based on random samples of size n.
2. Obtain bootstrap samples of size n by simple random sampling with replacement.
3. Calculate mean, median, trimmed mean and winsorized mean based on bootstrap samples.
4. Repeat steps (2) to (3) 1000 times (B).
5. Sort the values of estimators based on bootstrap in ascending order.
6. The lower and upper values of the bootstrap confidence interval are the th and
th quantiles of the estimators.

5. Material and Method
In this study, it is used median, trimmed mean and winsorized mean for the
estimation of population mean with sample size n = 10, 20, 30, 50, type I error
level α = 0.05, trimming/winsorizing ratio=0.10. In this simulation study, the data
are produced from Normal, Gamma and Chi-square distributions with different
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parameters and it was used with the program written in MATLAB. The results
were compared in terms of the coverage probability and average width. Average
length widths are obtained by dividing the total differences of the lower limit and
upper limits of intervals found for each replication to the number of replications.
Coverage probabilities are determined by dividing the number of cases where the
difference between the variances of two populations were between the lower and
upper interval limit values in the simulation study to the number of replications.
The aim of our study is to compare the robust estimators available in the literature
under the different scenarios in terms of the coverage probability and average width.
6. Results
According to Table I-II; the coverage probabilities of confidence intervals are
quite close to nominal confidence level in sample sizes (n ≥ 30). When these
confidence intervals are compared in terms of average length widths, it is determined
that confidence interval based on trimmed mean provided narrower intervals than
the others. According to this result, bootstrap confidence interval based on trimmed
mean should be preferred if it is required to establish a narrower confidence interval
for the population mean.
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LAPLACE TRANSFORM METHOD FOR EXACT SOLUTIONS
OF SOME FRACTIONAL LINEAR DIFFERENTIAL EQUATIONS
FROM DIFFERENT ORDER
A.G. KAPLAN AND M.V. ABLAY

Abstract. In this paper, exact solutions of some fractional linear differential equations from different order are obtained by using Laplace transform
method. The fractional order linear differential equation is transformed into
an algebraic equation with laplace transform. This algebraic equation is solved
and the unknown function is found with inverse laplace transformation. The
validity and applicability of the Laplace transform method used to find the
exact solution of fractional order linear differential equation are shown with
the presented examples.

1. Introduction
Fractional analysis and its applications have gained considerable popularity over
the last thirty years as it is widely used in science and engineering fields such
as control theory, signal processing, dynamical systems and heat conduction. [1][3]. Physical and geometric interpretation of fractional differentation and fractional
integration was investigated [4]. A new and more exact model for seepage flow in
porous media with fractional derivatives has been proposed [5].
The general fractional linear differential equation is given as the following form;
(1.1)

an (x)C Dαn y(x) + an−1 (x)C Dαn−1 y(x) + . . . + a0 (x)C Dα0 y(x) = f (x)

where C Dαn is the derivative of y of order αn in the sense of Caputo fractional
differential operator, y(x) is an unknown function of the independent variable x.
The main aim of this paper is to solve the fractional order linear differential
equations exactly by using Laplace transform method. The given method converts
the mentioned equations to the algebraic equations. Since expressing this algebraic
equations is solved and the unknown function is found with inverse laplace transformation. Consequently, the exact solutions of the fractional order linear equations
are obtained by Laplace transform method.
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2. Preliminaries
In this section, some basic subjects of the fractional calculus which are used throught
this paper are given.
Definition 2.1. The Gamma function is defined by the improper integral
Z ∞
xp−1 e−x dx, Γ : (0, ∞) −→ R
(2.1)
Γ(p) =
0

Gamma function is
(i) convergent for 0 < p < ∞
(ii) divergent for p ≤ 0.
Definition 2.2. The Beta function is defined by the integral
Z 1
(2.2)
β(p, q) =
xp−1 (1 − x)q−1 dx, β : (0, ∞)x(0, ∞) −→ R
0

Beta function is
(i) convergent for p > 0 and q > 0
(ii) divergent for p ≤ 0 and q ≤ 0.
Definition 2.3. The Caputo fractional derivative of function f is defined by the
integral
Z x
1
C α
(2.3)
D f (x) =
(x − t)m−α−1 f (m) (t)dt
Γ(m − α) a
where f function can be continuously differentiable m times, α any positive integer
and m is a positive integer such that m ∈ N, m − 1 < α < m.
3. Laplace Transform Method
Laplace transform is a method frequently employed in the engineering and science. The Laplace transform is particularly useful in solving linear ordinary differential equations. By applying the Laplace transform, one can change an ordinary
differential equation into an algebraic equation, as algebraic equation is generally
easier to deal with.
The Laplace transform is an integral transform. If f (t) is defined over interval
[0, ∞), the Laplace transform of f (t), denoted as F (s), is given as follow:
Z ∞
(3.1)
L[f (t)] = F (s) =
e−st f (t)dt.
0

The Inverse Laplace Transform of F (s) is defined as
(3.2)

f (t) = L−1 [F (s)].

The Laplace transform existence theorem states that, if f (t) is piecewise continuous on every finite interval in [0, ∞) satisfying
|f (t)| ≤ M eat
for all t in [0, ∞), then L[f (t)] exists for all s > a.
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The Laplace transform is also unique, in the sense that, given two functions f1 (t)
and f2 (t) with the same transform so that
L[f1 (t)] = L[f2 (t)] = F (s).
The Laplace transform has many important properties.
Laplace transform is linear:
L[af (t) + bg(t)] = aL[f (t)] + bL[g(t)] = aF (s) + bG(s)
L−1 [aF (s) + bG(s)] = aL−1 [F (s)] + bL−1 G(s) = af (t) + bg(t)
Laplace transform of force function:
(3.3)

L[tn ] =

(3.4)

−1

L



n!
sn+1

n!
sn+1



= tn

Laplace transform of integration:
t

Z
L

(3.5)

0

−1

L

(3.6)




F (s)
f (u)du =
s

 Z t
F (s)
=
f (u)du
s
0

Laplace transform of derivative:
L[f 0 (t)] = sF (s) − f (0)
L[f 00 (t)] = s2 F (s) − sf (0) − f 0 (0)
..
.
L[f (n) (t)] = sn F (s) − sn−1 f (0) − sn−2 f 0 (0) − · · · − sf (n−2) (0) − f (n−1) (0)
Laplace transform of Caputo fractional derivative:
sn F (s) − sn−1 f (0) − sn−2 f 0 (0) − · · · − f (n−1) (0)
sn−α
where n ∈ N, n − 1 < α ≤ n.
(3.7)

L[C Dα f (t)] =

4. Illustrative Examples
In this section, the exact solutions of fractional linear differential equations from
different order are given for five examples by using Laplace transform method.
Example 1. As the first example, we consider the following the fractional order
linear differential equation:
(4.1)
and initial condition

C

D0.75 y(x) + y(x) = x3.75 +

Γ(4.75) 3
x
6
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y(0) = 0.
If laplace transform is applied to this equation the algebraic equation is obtained
as follow:


C 0.75

Γ(4.75) 3
3.75
x
L D
y(x) + y(x) = L x
+
6
Γ(4.75) Γ(4.75)
sF (s) − y(0)
+ F (s) =
+
s0.25
s4.75 
s4 

1
+
s0.75
s0.75 + 1 F (s) = Γ(4.75)
4.75
s
Γ(4.75)
F (s) =
.
s4.75
If inverse laplace transform of this algebraic equation is taken, exact solution of
the initial value problem is found as follow:


−1
−1 Γ(4.75)
L [F (s)] = L
s4.75
y(x) = x3.75 .

Example 2. As the second example, we consider the following the fractional order
linear differential equation:
(4.2)

C

D1.2 y(x) + 3y(x) = x +

3x2.2
Γ(3.2)

and initial conditions
y(0) = 0, y 0 (0) = 0.
If laplace transform is applied to this equation the algebraic equation is obtained
as follow:


C 1.2

x2.2
L D y(x) + 3y(x) = L x +
Γ(3.2)
s2 F (s) − sy(0) − y 0 (0)
1
3
+ 3F (s) = 2 + 3.2
s0.8
s
s

s1.2 + 3
1.2
s + 3 F (s) =
s3.2
1
F (s) = 3.2
s
If inverse laplace transform of this algebraic equation is taken, exact solution of
the initial value problem is found as follow:


1
−1
−1
L [F (s)] = L
s3.2
2.2
x
y(x) =
.
Γ(3.2)
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Example 3. As the third example, we consider the following the fractional order
linear differential equation:

(4.3)

C

D2 y(x) + 0.5C D0.3 y(x) + y(x) = 20x3 − 12x2 +

60x4.7 12x3.7
−
+ x5 − x4
Γ(5.7) Γ(4.7)

and initial conditions
y(0) = 0, y 0 (0) = 0.
If laplace transform is applied to this equation the algebraic equation is obtained
as follow:


i
60x4.7
12x3.7
3
2
5
4
y(x) + y(x) = L 20x − 12x +
L D y(x) + 0.5 D
−
+x −x
Γ(5.7) Γ(4.7)
3!
2!
60
12
5!
4!
sF (s) − y(0)
+F (s) = 20 4 − 12 3 + 5.7 − 4.7 + 6 − 5
s2 F (s)− sy(0)− y 0 (0)+
2s0.7
s
s
s
s
s
s

120 24
60
12
120 24
s2 + s0.3 + 1 F (s) = 4 − 3 + 5.7 − 4.7 + 6 − 5
s
s
s
s
s
s


2
0.3
2
0.3

120
2s
+
s
+
2
−
24s
2s
+
s
+2
2
0.3
2s + s + 2 F (s) =
s6

2
0.3

2s + s + 2 (120 − 24s)
2s2 + s0.3 + 2 F (s) =
s6
120 24
F (s) = 6 − 5
s
s
h

C

2

C

(0.3)

If inverse laplace transform of this algebraic equation is taken, exact solution of
the initial value problem is found as follow:
−1

L

[F (s)] = L

−1



120 24
− 5
s6
s



y(x) = x5 − x4 .

Example 4. As the fourth example, we consider the following the fractional order
linear differential equation:

(4.4)

C

D0.25 y(x) + y(x) = x2 + 2

and initial condition
y(0) = 0.

x1.75
Γ(2.75)
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If laplace transform is applied to this equation the algebraic equation is obtained
as follow:




2x1.75
L C D0.25 y(x) + y(x) = L x2 +
)
Γ(2.75
2
2
sF (s) − y(0)
+ F (s) = 3 + 2.75
s0.75
s
s
2 + 2s0.25
s0.25 F (s) + F (s) =
s3


2 1 + s0.25
0.25
s
+ 1 F (s) =
s3
2
F (s) = 3
s
If inverse laplace transform of this algebraic equation is taken, exact solution of
the initial value problem is found as follow:
L

−1

−1

[F (s)] = L



2
s3



y(x) = x2 .
Example 5. As the fifth example, we consider the following the fractional order
linear differential equation:
(4.5)

C

D2 y(x) +C D0.5 y(x) = 2 +

1
Γ(0.5)



8 1.5
x − 2x0.5
3



and initial conditions
y(0) = 0, y 0 (0) = −1.
If laplace transform is applied to this equation the algebraic equation is obtained
as follow:



i
h
1
8 1.5
L C D2 y(x) +C D(0.5) y(x) = L 2 +
x − 2x0.5
Γ(0.5) 3


sF (s) − y(0)
2
1
8 Γ(2.5) Γ(0.5)
s2 F (s) − sy(0) − y 0 (0) +
=
+
−
s0.5
s Γ(0.5) 3 s2.5
s1.5

2
2
1
s2 + s0.5 F (s) + 1 = + 2.5 − 1.5
s s

s

1
2
2
1
F (s) =
+
−
−
1
s2 + s0.5
s s2.5
s1.5

  1.5

1
2s + 2 − s − s2.5
F (s) =
s2 + s0.5
s2.5

(2 − s) 1 + s1.5
F (s) =
s3 (s1.5 + 1)
2
1
F (s) = = 3 − 2
s
s
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If inverse laplace transform of this algebraic equation is taken, exact solution of
the initial value problem is found as follow:


1
2
L−1 [F (s)] = L−1 3 − 2
s
s
y(x) = x2 − x.
5. Conclusion
In this paper, the exact solutions of some fractional linear differential equations
from different order were found by applying Laplace and Inverse Laplace Transform. To demonstrate the applicability and efficiency of the proposed method five
examples were presented. It was seen that The Laplace Transform Method was a
remarkably successful technique for finding exact solutions of the fractional linear
differential equations.
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ANALYTICAL SOLUTIONS OF A SCALAR PARTICLE IN AN
ARBITRARY EXTERNAL MAGNETIC FIELD
H.F. KISOGLU AND K. SOGUT

Abstract. In the study, analytical solutions and eigenvalues of a non-relativistic
scalar particle in an external magnetic field which is exponentially changing with the space are obtained dealing with Schrödinger equation. For this
purpose, Asymptotic Iteration Method (AIM), commonly used over the past
decade, is used to tackle the problem. Besides, ladder operators of the system
are achieved.

1. Introduction
By solving the eigenvalue problem in quantum mechanics in physics, we get the
information about the system we are interested. Trying to investigate the system
in this way may be done either relatively or non-relatively. Schrödinger equation,
which is used frequently in quantum mechanics [1, 2], is the energy eigenvalue
equation that is conctructed to probe the system non-relatively.
The eigenfunctions (eigenstates or wavefunctions) obtained from the eigenvalue
problem give clues about how the system evolves in time. Besides, the energy
eigenvalues obtained from this eigenvalue equation are ”fingerprints” of the system,
so to speak. On the other hand, an important component of the energy eigenvalue
problem is the potential energy that represents the interactions which the system
is exposed to. Therefore, the eigenstates and eigenvalues obtained from the energy
eigenvalue problem are the results that define the system for a given potential
energy.
Of course, some of mathematical tools are needed to solve this energy eigenvalue
problem in quantum mechanics. In the literature, there are many methods such
as Nikiforov-Uvarov (NU) method [3], continuous fraction method (CFM) [4], ....
The Asymptotic Iteration Method (AIM) [5] is also used to deal with the energy
eigenvalue equation, like the methods mentioned above. The advantage of AIM
over the others methods is that it can be used for both analytical and numerical
solutions of the energy eigenvalue equation [5, 6, 7].
Based on these motivations, non-relativistic eigenstates and energy eigenvalues of
a scalar (spinless) particle which travels under the influence of a space-dependent
Date: xxxx a, 2019, accepted yyyy b, 2019.
2000 Mathematics Subject Classification. Primary xxx, yyyy; Secondary xxxx, yyyy.
Key words and phrases. Schrödinger equation, Asymptotic Iteration Method, external fields,
perturbation method.
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exponentially changing external magnetic field are analyitcally (exact solutions)
obtained in this study. Besides, ladder operators of the system are achieved. In
the problem in which the Schrödinger equation is addressed, the AIM is used as a
mathematical tool.
The study is organized as follows: Section 2 gives brief information about AIM
while, in Section 3, analytical solutions and the ladders operators of the system
tackled are achieved by using AIM. Finally, Section 4 summarizes the results.
2. Outline of Asymptotic Iteration Method (AIM)
The general solution of a linear differential equation in the form of Eq.2.1 can
be obtained as in Eq.2.2, using the AIM in which the details can be found in the
Ref.[5]
y 00 (x) = λ0 (x)y 0 (x) + s0 (x)y(x),

(2.1)

(2.2)

y(x) = exp −

Zx



Zx

α(t)dt C2 + C1

 t
 
Z
exp  (λ0 (t) + 2α(t)) dτ  dt ,

where C1 an C2 are constants. All derivatives of the λ0 (x) and s0 (x) functions in
Eq.2.1 are available in the defined range of the independent variable x. One can
achieve the solution of Eq.2.2 via the asymptotic assumption given below for λ0 (x)
and s0 (x) functions
(2.3)

λn (x)
sn (x)
=
≡ α(x)
sn−1 (x)
λn−1 (x)

for sufficiently large values of the n positive integer. Apart from these, the functions
λ0 (x) and s0 (x) have below given iterative characteristics
(2.4)
λn (x) = λ0n−1 (x) + sn−1 (x) + λ0 (x)λn−1 (x),

sn (x) = s0n−1 (x) + s0 (x)λn−1 (x)

For using the method for an eigenvalue problem in quantum mechanics, the
energy eigenvalues (En ) can be reached by means of the following equation obtained
by Eq.2.3
(2.5)

δn (x, E) ≡ sn (x, E)λn−1 (x, E) − λn (x, E)sn−1 (x, E) = 0.

If energy eigenvalues can be obtained in an analytical form by using Eq.2.5, such
problems are ”exact solvable” [7, 8]. Otherwise, the eigenvalues can be obtained
numerically [9, 10].
By using a manner similar to that of the eigenvalue, the function generator gine in
Eq.2.6 is used to find the eigenfunctions of the system (eigenstates or wavefunction)

(2.6)

fn (x) = C2 exp −

Zx


sn (u) 
du
λn (u)
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3. Analytical Solutions of Schrödinger Equation for the System via
AIM
In the system we have dealt with, it is assumed that the scalar particle travels
~ = βeηx k̂ derived from a vector potential in the form
within the magnetic field of B
β ηx
~
of A = (0, η e , 0) in three-dimensional cartesian coordinates where β and η are
real constants and x ∈ (−∞, ∞).
In natural units (i.e. ~ = c = 1), Schrödinger equation for a free particle having
a mass of m and an electrical charge of q in an external magnetic field is given as
[2]
2
1 
~ ψ(~r) = Eψ(~r)
p~ + q A
2m

(3.1)

∂
(j =1, 2, 3 and x1 ≡ x, x2 ≡ y, x3 ≡ z) is the momentum and E
where pj = −i ∂x
j
~ is the vector potential gives rise to the
is the total energy of the particle, while A
magnetic field.
~ = βeηx k̂ causes the particle to be exposed to a
A magnetic field such as B
magnetic force only on the x -axis. Thus, the particle is free on y and z axes. So,
the y and z components of the momentum of the particle become constant: py = ky
and pz = kz . Thus, if we choose the space-dependent wavefunction in Eq.3.1 as
ψ(~r) = ei(yky +zkz) u(x) and put the expessions of the magnetic field and the vector
potential into the Eq.3.1, we obtain


(3.2)


d2
q 2 β 2 2ηx 2qky β ηx
2
−
e
−
e
−
ε
u(x) = 0
dx2
η2
η

where ε2 = ky2 + kz2 − 2mE.

√

qβ ηx
η e

If we define a new variable as ν =
yielded as

1

then choose u(ν) = ν 2 ϕ(ν), Eq.3.2 is

h
σ
µi
ϕ00 (ν) − 1 + + 2 ϕ(ν) = 0
ν
ν

(3.3)

2

2k

y
ε
in which σ = √qβ
and µ = qβ
− 14 . According to the singularity in this equation,
if we choose ϕ(ν) = ν γ+1 e−ν f (ν), we get the AIM form given in Eq.2.1 as follows





γ+1
2(γ + 1) + σ
f 00 (ν) − 2 1 −
f 0 (ν) −
f (ν) = 0
ν
ν
q
where γ = − 12 ± µ + 41 . If we compare Eq.3.4 and Eq.2.1, we can start the AIM
iterations with
(3.4)



(3.5)
functions.

γ+1
λ0 (ν) = 2 1 −
ν




,

s0 (ν) =

2(γ + 1) + σ
ν
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By using the functions in Eq.3.5, one can achieve γ0 = − 21 (σ + 2), γ1 = − 21 (σ +
4), γ2 = − 12 (σ + 6) and γ3 = − 21 (σ + 8) according to the first-four AIM iterations.
This allow us to generalize the γ as
1
γn = − [2(n + 1) + σ]
2
with n = 0, 1, 2, 3, . . . Using Eq.3.6 and the definitions

(3.6)

r

1
4
ε2
1
µ=
−
qβ
4
2
2
2
ε = ky + kz − 2mE
1
γ=− ±
2

µ+

we can obtain the energy eigenvalues as follows

(3.7)

En =




1
σ 2
(ky2 + kz2 ) − qβ N +
2m
2

where N = n + 12 .
As for the eigenfunctions of the system (see in Eq.3.4), the function generator
given in Eq.2.6 is used with the same λ0 (ν) and s0 (ν) functions in Eq.3.5 for AIM
iterations. One can get
f0 (ν) = 1,
n
f1 (ν) = (σ + 2) 1 +

o

(−1)
−σ−2 (2ν)

n
f2 (ν) = (σ + 3)(σ + 4) 1 +

,
+

(−2)(−1)
(2ν)2
(−σ−4)(−σ−3) 2

(−3)(−2)
(2ν)2
(−σ−6)(−σ−5) 2

+

(−3)(−2)(−1)
(2ν)3
(−σ−6)(−σ−5)(−σ−4) 6

f3 (ν)
n = (σ + 4)(σ + 5)(σ +
6) 1 +

(−3)
−σ−6 (2ν)

+

o

(−2)
−σ−4 (2ν)

,
o

regarding to the first-four AIM iterations. So, the generalized eigenfunctions of
Eq.3.4 is achieved as
(
(3.8)

fn (ν) = (n + σ + 1)n

n
X
d=0

(−n)d (2ν)d
(−σ − 2n)d d!

)

or
(3.9)

fn (ν) = (n + σ + 1)n 1 F1 (−n; −σ − 2n; 2ν)

where (a)n = a(a + 1)(a + 2) · · · (a + n − 1) is Pochhammer symbol and 1 F1 (a; b; z)
is the Confluent Hypergeometric Functions [11]. Finally, the overall wavefunctions
(eigenfunctions or eigenstates) is yielded as
(3.10)

1

ψn (~r) = N1 ei(yky +zkz )−ν ν γ+ 2 1 F1 (−n; −σ − 2n; 2ν)

where N1 is normalization constant.
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3.1. The Ladder Operators of the System. The ladder operators enable us to
investigate a system having dynamical symmetry via Lie algebraic methods [12, 13].
In order to find the ladder operators of the system, it is necessary to obtain firstly
the explicit expression of the normalization constant of the wavefunction. For this
purpose, the following relationship [11, 14] is used between Confluent Hypergeometric Functions and Laguerre Polynomials
(3.11)

1 F1 (−n; α

+ 1; x) =

n!
Lα (x)
(α + 1)n n

One can easily write the wavefunction in Eq.3.10 as
ψn (~r) = ei(yky +zkz ) un (ν)
where
(3.12)

1

un (ν) = Nn e−ν ν γ+ 2 1 F1 (−n; −σ − 2n; 2ν)

and Nn is the generalized normalization constant we try to find.
So, using the expression in Eq.3.11, the wavefunction un (ν) can be linked to the
Laguerre polynomials as follows
(3.13)

1

un (ν) = Nn e−ν ν γ+ 2 L(−σ−2n−1)
(2ν)
n

By using the normalization rule of the Laguerre polynomial given as [14]
Z

∞

h
i2
Γ(n + a + 1)
e−t ta L(a)
dt =
n t
n!
0
one can easily normalize the un (ν) then achieve the Nn normalization constant as
follows
s
(3.14)

Nn =

n!
(n + 2γ + 1)!

Let’s suppose that the ladder operators of the system are in the form of [12, 13]
(3.15)

L± = A± (ν)

d
+ B± (ν)
dν

and have the following characteristics
(3.16)

L± un (ν) = l± un±1

Using the properties given as [14]
d m
m
L (t) = nLm
n (t) − (n + m)Ln−1 (t)
dt n
m
m
−(n + m)Lm
n−1 (t) = (n + 1)Ln+1 (t) + (t − 1 − 2n − m)Ln (t)
t

we can following differential equations
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p
d
1
ν
− n+γ−ν+
un (ν) = − n(n + 2γ + 1)un−1 (ν)
dν
2



p
d
3
ν
− ν−n−γ−
un (ν) = (n + 1)(n + 2γ + 2)un+1 (ν)
dν
2

If the differential equations in Eq.3.17 are compared with Eq.3.16, the lowering
operator and the l− constant are got as follow
(3.18)



d
1
+ n+γ−ν+
dν
2
p
l− = n(n + 2γ + 1)

L̂− = −ν

In a similar manner, the raising operator and the l+ constant are obtained as
(3.19)



3
d
− ν−n−γ−
L̂+ = ν
dν
2
p
l+ = (n + 1)(n + 2γ + 2)
4. Conclusion

In the study, exact energy eigenvalues and eigenfunctions of a Schrödinger particle in a space-dependent external magnetic field changes exponentially. Asymptotic
Iteration Method (AIM) that is widely used over the past decade, is used as a mathematical tool to deal with the problem. Furthermore, raising and lowerig operators
of the system that enable us to investigate a system having dynamical symmetry
via Lie algebraic methods [12, 13] are achieved. As a conclusion of the study, we
can say that the AIM gives quite accuracy results.
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COMMON FIXED POINT RESULTS FOR O-WEAK
CONTRACTIVE MAPPINGS IN O-CONE METRIC SPACES
NURCAN BILGILI GUNGOR

ABSTRACT
Very recently, Bilgili Gungor [4] presented new concepts of orthogonal cone metric
spaces, orthogonal completeness and orthogonal continuity. Also, fixed points of
orthogonal contractions are investigated by Bilgili Gungor. In this paper, O-weak
contractive mappings are defined and some common fixed point results for O-weak
contractive mappings are investigated.
1. Introduction and Preliminaries
In 2007, Huang and Zhang [7] introduced cone metric spaces and proved some
fixed point theorems of contractive mappings on cone metric spaces. Then, in 2008,
Rezapour and Hamlbarani [12] obtained generalizations of some results in [7] by
omitting the assumption of normality. Then many researchers are obtained fixed
point theorems on cone metric spaces. On the other hand, in 2017, Gordji et al [5]
described the notion of orthogonal set and orthogonal metric spaces. Generalizations of theorems in this field have been considered in some research articles.(see
[6],[10],[3],[11]) Very recently, Bilgili Gungor [4] presented new concepts of orthogonal cone metric spaces, orthogonal completeness and orthogonal continuity. Also,
fixed points of orthogonal contractions are investigated by Bilgili Gungor. In this
paper, O-weak contractive mappings are defined and some common fixed point
results for O-weak contractive mappings are investigated.
In the sequel, respectively, Q, Qc , Z, R denote rational numbers, irrational numbers, integers and real numbers.
Definition 1.1. ([5]) Let X 6= ∅ and ⊥⊆ X × X be a binary relation. If ⊥ satisfies
the following condition
(1.1)

∃x0 ∈ X; (∀y ∈ X, y ⊥ x0 ) ∨ (∀y ∈ X, x0 ⊥ y),

it is called an orthogonal set (shortly O-set). And (X, ⊥) is called O-set. And the
element x0 is called an orthogonal element.
Example 1.2. ([6]) Let X = Z. Define m ⊥ n if there exists k ∈ Z such that
m = kn. It is easy to see that 0 ⊥ n for all n ∈ Z. Hence (X, ⊥) is an O-set.
By the following example, we can see that x0 is not necessarily unique.
2000 Mathematics Subject Classification. 47H10, 54H25.
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Example 1.3. ([6]) Let X = [0, ∞), we define x ⊥ y if xy ∈ {x, y}, then by setting
x0 = 0 or x0 = 1, (X, ⊥) is an O-set.
Definition 1.4. ([5]) Let (X, ⊥) be an orthogonal set (O-set). Any two elements
x, y ∈ X are said to be orthogonally related if x ⊥ y.
Definition 1.5. ([5]) A sequence {xn } is called orthogonal sequence (shortly Osequence) if
(1.2)

(∀n ∈ N; xn ⊥ xn+1 ) ∨ (∀n ∈ N; xn+1 ⊥ xn ).

Similarly, a Cauchy sequence {xn } is said to be an orthogonally Cauchy sequence
(shortly O-Cauchy sequence) if
(1.3)

(∀n ∈ N; xn ⊥ xn+1 ) ∨ (∀n ∈ N; xn+1 ⊥ xn ).

Definition 1.6. ([5]) Let (X, ⊥) be an orthogonal set and d be an usual metric on
X. Then (X, ⊥, d) is called an orthogonal metric space (shortly O-metric space).
Definition 1.7. ([7]) Let E be a real Banach space and P a subset of E. P is
called a cone if and only if
(i) P is closed,nonempty, P 6= {θE },
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P ⇒ ax + by ∈ P ,
(iii) x ∈ P and −x ∈ P ⇒ x = θE .
Given a cone P ⊆ E, we define a partial ordering  with respect to P by x  y
if and only if y − x ∈ P . We shall write x ≺ y to indicate that x  y but x 6= y,
while x ≺≺ y will stand for y − x ∈ intP , intP denotes the interior of P .
The cone P is called normal if there is a number K > 0 such that for all x, y ∈ E,
0  x  y implies || x ||E ≤ K || y ||E .
The least positive number satisfying above is called the normal constant of P .
The cone P is called regular if every increasing sequence which is bounded from
above is convergent. That is, if {xn } is sequence such that
(1.4)

x1  x2  x3  ...  xn  ...  y

for some y ∈ E, then there exists x ∈ E such that || xn − x ||E → 0(n → ∞).
Equivalently the cone P is regular if and only if every decreasing sequence which
is bounded from below is convergent.
It is well known that a regular cone is a normal cone.
In the following we always suppose E is a Banach space, P is a cone in E with
intP 6= ∅ and  is partial ordering with respect to P .
Definition 1.8. ([7]) Let X be a nonempty set. Suppose the mapping d : X ×X →
E satisfies
(d1 ) θE  d(x, y) for all x, y ∈ X and d(x, y) = θE if and only if x = y.
d2 d(x, y) = d(y, x) for all x, y ∈ X,
d(x, y)  d/x, z) + d(z, y) for all x, y, z ∈ X.
Then d is called a cone metric on X and (X, d) is called a cone metric space.
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Lemma 1.9. ([13]) Let (X, d) be a cone metric space. Then for each θ ≺≺ c,
c ∈ E, there exists δ > 0 such that c − x ∈ intP whenever || x ||< δ, x ∈ E.
Definition 1.10. ([4]) Let (X, ⊥) be an orthogonal set and d be a cone metric on
X. Then (X, ⊥, d) is called orthogonal cone metric space (briefly O-cone metric
space).
Example 1.11. ([4]) Let E = R2 , P = {(x, y) ∈ E : x, y ≥ 0} ⊆ R2 and X = Z.
And d : X × X → E, d(x, y) = (| x − y |, α | x − y |) is defined where α ≥ 0, α ∈
R. Assume that binary relation ⊥ on X = Z as Example 1.2 , then (X, d, ⊥) is
orthogonal cone metric space.
Example
Let q, b ∈ R where q ≥ 1, b > 1, E = {{xn } | xn ∈
P∞1.12. ([4])
q
R and
(|
x
|)
<
∞} and P = {{xn } ∈ E | xn ≥ 0, ∀n ∈ N}. Assume
n
n=1
that (X, ⊥, ρ) is an orthogonal metric space, then the mapping
ρ 1
(1.5)
d : X × X → E, d(x, y) = ( n ) q
b
can be defined on X and this mapping is an orthogonal cone metric. So (X, ⊥, d)
is an orthogonal cone metric space.
Example 1.13. ([4]) Let E = (CR [0, ∞), || . ||∞ ) and P = {f ∈ E | f (t) ≥ 0}.
Assume that (X, ⊥, ρ) is an orthogonal metric space, then the mapping
(1.6)

d : X × X → E, d(x, y) = fx,y where fx,y (t) = ρ(x, y)t

can be defined on X and this mapping is an orthogonal cone metric. So (X, ⊥, d)
is an orthogonal cone metric space.
Definition 1.14. ([4]) Let (X, ⊥, d) be an O-cone metric space. Let {xn } be an
O-sequence in X and x ∈ X. If for any c ∈ E with θ ≺≺ c there is N ∈ N such that
for all n ≥ N (n ∈ N), d(xn , x) ≺≺ c, then O-sequence xn is said to be convergent
and {xn } converges to x( or x is the limit of {xn }). We denote this by
(1.7)

lim xn = x or xn → x(n → ∞).

n→∞

Definition 1.15. ([4]) Let (X, ⊥, d) be an O-cone metric space. Let {xn } be an
O-sequence in X. If for any c ∈ E with θ ≺≺ c there is N ∈ N such that for all
n, m ≥ N (n, m ∈ N), d(xn , xm ) ≺≺ c, then O-sequence xn is called an O-Cauchy
sequence in X.
Definition 1.16. Let (X, ⊥, d) be an O-cone metric space, if every O-Cauchy
sequence in X is convergent in X, then (X, ⊥, d) is called an O-complete cone
metric space.
Lemma 1.17. ([4]) Let (X, ⊥, d) be an O-cone metric space, {xn } be an O-sequence
in X. {xn } converges to x ∈ X, then {xn } is O-Cauchy sequence.
Definition 1.18. ([4]) Let (X, ⊥, d) be an O-cone metric space. If for any Osequence {xn } in X, there is an O-subsequence {xni } of {xn } such that {xni } is
convergent in X. Then (X, ⊥, d) is called a sequently compact O-cone metric space.
Definition 1.19. ([4]) Let (X, ⊥, d) be an O-cone metric space and λ ∈ R, 0 <
λ < 1. A mapping f : X → X is said to be orthogonal contraction ( shortly
⊥-contraction ) with Lipschitz constant λ when
(1.8)

d(f x, f y)  λd(x, y) if x ⊥ y.
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Definition 1.20. ([4]) Let (X, ⊥, d) be an O-cone metric space. A mapping f :
X → X is called orthogonal preserving ( shortly ⊥-preserving ) when
(1.9)

f x ⊥ f y if x ⊥ y.

Definition 1.21. ([4]) Let (X, ⊥, d) be an O-cone metric space. A mapping f :
X → X is called orthogonal continuous ( shortly ⊥-continuous ) at x ∈ X if for
each O-sequence {xn } in X such that xn → x then f (xn ) → f (x). Also f is
⊥-continuous on X if f is ⊥-continuous in each x ∈ X.
Theorem 1.22. ([4]) Let (X, ⊥, d) is an O-complete cone metric space ( it is not
necessarily complete cone metric space ) and λ ∈ R, 0 < λ < 1. Let f : (X, ⊥
, d) → (X, ⊥, d) is ⊥-contraction with Lipschitz constant λ and ⊥-preserving. In
this case, there exists a point x∗ ∈ X such that for any orthogonal element x0 ∈ X,
the iteration sequence {f n (x0 )} converges to this point. Also, if f is ⊥-continuous
at x∗ ∈ X, then x∗ ∈ X is a unique fixed point of f .
Theorem 1.23. ([4]) Let (X, ⊥, d) is an O-complete cone metric space, P be a
normal cone with normal constant K and λ ∈ R, 0 < λ < 1. Let f : (X, ⊥, d) →
(X, ⊥, d) is ⊥-contraction with Lipschitz constant λ and ⊥-preserving. In this case,
there exists a point x∗ ∈ X such that for any orthogonal element x0 ∈ X, the
iteration sequence {f n (x0 )} converges to this point. Also, for all n ∈ N, xn ⊥ x∗ ,
then x∗ ∈ X is a unique fixed point of f .
Definition 1.24. ([1]) Let f and g be self-mappings of a nonempty set X.
(i) A point x ∈ X is said to be a common fixed point of f and g if x = f x = gx.
(ii) A point x ∈ X is called a coincidence point of f and g if f x = gx. And if
w = f x = gx, then w is said to be a point of coincidence of f and g.
2. Main Results
Definition 2.1. Let (X, ⊥, d) is an O-cone metric space, f : X → X is self mapping. If for any sequence {xn } ∈ X, f satisfies
(2.1)
f (xn ) ⊥ f (xn+1 ) ⇒ f (xn+1 ) ⊥ f (xn+2 ) and f (xn+1 ) ⊥ f (xn ) ⇒ f (xn+2 ) ⊥ f (xn+1 ),
then f is said sequentially orthogonal mapping.
Definition 2.2. Let (X, ⊥, d) is an O-cone metric space, f, g : X → X are self
mappings and α, β, γ ∈ [0, 21 ), α + β + γ < 1. f is called O-g-weak contraction if
(2.2)

d(f x, f y)  αd(f x, gx) + βd(f y, gy) + γd(gx, gy)

for all x, y ∈ X which satisfy gx ⊥ gy.
Definition 2.3. Let f, g : X → X are self mappings and f (X) ⊆ g(X). For every
x0 ∈ X we consider the sequence {xn } ⊆ X definite by gxn = f xn−1 for every
n ∈ N, then {f xn } is said f -g-sequence of initial point x0 .
Theorem 2.4. Let (X, ⊥, d) be an O-cone metric space and let f, g : X → X be
such that f (X) ⊆ g(X). Suppose that f is ⊥-preserving, sequentially orthogonal
and O-g-weak contraction mapping such that
(2.3)

f (gx) = g(gx) if f x = gx.
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If f (X) or g(X) is orthogonal complete subspace of X, then the mappings f and g
have a common fixed point in X. If g is ⊥-preserving mapping then, the common
fixed point of f and g is unique. Also, for any orthogonal element x0 ∈ X, the
f -g-sequence {f xn } of initial point x0 converges to this common fixed point.
Proof. Because of (X, ⊥) is an O-set,
(2.4)

∃x0 ∈ X; (∀y ∈ X, y ⊥ x0 ) ∨ (∀y ∈ X, x0 ⊥ y).

Using this any orthogonal element x0 ∈ X, we can get the f -g-sequence {f xn }
of initial point x0 . Since f is ⊥-preserving, sequentially orthogonal mapping, for
x1 ∈ X,
x0 ⊥ x1

⇒ f x0 ⊥ f x1
⇒ gx1 = f x0 ⊥ f x1 = gx2
⇒ gx2 = f x1 ⊥ f x2 = gx3

x1 ⊥ x0

⇒ f x1 ⊥ f x0
⇒ gx2 = f x1 ⊥ f x0 = gx1
⇒ gx3 = f x2 ⊥ f x1 = gx2 .

(2.5)
or
(2.6)

Thus, {f xn } and {gxn } are orthogonal sequences.
On the other hand, if for any n ∈ N,
(2.7)
d(gxn+1 , gxn ) = d(f xn , f xn−1 )
 αd(f xn , gxn ) + βd(f xn−1 , gxn−1 ) + γd(gxn , gxn−1 )
= αd(f xn , f xn−1 ) + βd(f xn−1 , f xn−2 ) + γd(f xn−1 , f xn−2 ),
thus,
(2.8)

(1 − α)d(f xn , f xn−1 )  (β + γ)d(f xn−1 , f xn−2 ),

and so,we get
(2.9)

d(f xn , f xn−1 ) 

β+γ
d(f xn−1 , f xn−2 ).
1−α

Since α, β, γ ∈ [0, 1), α + β + γ < 1, if t =

(2.10)

β+γ
1−α

is chosen, then t ∈ (0, 1) and

d(f xn , f xn−1 )  td(f xn−1 , f xn−2 )
 t2 d(f xn−2 , f xn−3 )
 ...
 tn−1 d(f x1 , f x0 )

In this case, ∀n, m ∈ N,n > m,
(2.11)
d(f xn , f xm )  d(f xn , f xn−1 ) + d(f xn−1 , f xn−2 ) + ... + d(f xm+1 , f xm )
 tn−1 d(f x1 , f x0 ) + tn−2 d(f x1 , f x0 ) + ... + tm d(f x1 , f x0 )
tm
 1−t
d(f x1 , f x0 )
In the sequel there are two cases:
Case I: If P is normal cone with normal constant K, from the inequality 2.11,
(2.12)

|| d(f xn , f xm ) ||

m

t
≤ K || 1−t
d(f x1 , f x0 ) ||
m
t
≤ 1−t K || d(f x1 , f x0 ) ||

Using the above equation, since 0 < t < 1, d(f xn , f xm ) → θ(n, m → ∞) and so
{f (xn )} is an O-Cauchy sequence.
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Case II: If P is not normal cone, let c ∈ E such that θ ≺≺ c. Then c ∈ intP . Also
δ > 0 can be chosen such that c + Nδ (θ) ⊂ P where Nδ (θ) = {y ∈ E :|| y − θ ||< δ}.
Since 0 < t < 1,
tm
tm
(2.13)
||
d(f x1 , f x0 ) ||=
|| d(f x1 , f x0 ) ||→ θ(m → ∞).
1−t
1−t
From the choosing of δ, ||

tm
1−t d(f x1 , f x0 )

||< δ and using the Lemma 1.9 we get

m

(2.14)

c−

t
tm
d(f x1 , f x0 ) ∈ intP that is
d(f x1 , f x0 ) ≺≺ c(m → ∞).
1−t
1−t
m

t
Thus, for all n, m ∈ N such that n ≥ m, we obtain that d(f xn , f xm ) ≤ 1−t
d(f x1 , f x0 ) ≺≺
c so {f (xn )} is an O-Cauchy sequence.
Suppose that f (X) is a complete subspace of X. Then, in both cases, there
exists y ∗ ∈ f (X) ⊆ g(X) such that f (xn ) → y ∗ and g(xn ) → y ∗ . (If we suppose
that g(X) is a complete subspace of X, then there exists y ∗ ∈ g(X) such that
g(xn ) → y ∗ .) Let x∗ ∈ X be such that g(x∗ ) = y ∗ . Then, by using inequality 2.2,

(2.15)

d(f xn , f x∗ )  αd(f xn , gxn ) + βd(f x∗ , gx∗ ) + γd(gxn , gx∗ )

as n → ∞ we obtain
d(y ∗ , f x∗ )  βd(f x∗ , gx∗ ) = βd(f x∗ , y ∗ )

(2.16)

and so y ∗ = f x∗ = gx∗ . And so, from equation 2.3,
f y ∗ = f (gx∗ ) = g(gx∗ ) = gy ∗ .

(2.17)

We shall show that f y ∗ = gy ∗ = y ∗ . If f y ∗ 6= y ∗ , from inequality 2.2,
(2.18)

θ ≺ d(f y ∗ , f x∗ )  αd(f y ∗ , gy ∗ ) + βd(f x∗ , gx∗ ) + γd(gy ∗ , gx∗ )
= γd(f y ∗ , f x∗ ),

this is a contradiction and so f y ∗ = gy ∗ = y ∗ . Then y ∗ is a common fixed point
for the mappings f and g.
Now, suppose that g is ⊥-preserving mapping.Thus, we can show the uniqueness
of the common fixed point of f and g. Suppose that there exist two distinct common
fixed points z ∗ and y ∗ .Then,
(i) If z ∗ ⊥ y ∗ ∨ y ∗ ⊥ z ∗ , by using g is ⊥-preserving mapping, we can get gz ∗ ⊥
gy ∗ ∨ gy ∗ ⊥ gz ∗ , and from2.2
(2.19)

d(z ∗ , y ∗ ) = d(f z ∗ , f y ∗ )  αd(f z ∗ , gz ∗ ) + βd(f y ∗ , gy ∗ ) + γd(gz ∗ , gy ∗ )
= γd(z ∗ , y ∗ )

so y ∗ = z ∗ and y ∗ ∈ X is an unique common fixed point of f and g.
(ii) If not z ∗ ⊥ y ∗ ∨ y ∗ ⊥ z ∗ , for the chosen orthogonal element x0 ∈ X,
(2.20)

[(x0 ⊥ z ∗ ) ∧ (x0 ⊥ y ∗ )] ∨ [(z ∗ ⊥ x0 ) ∧ (y ∗ ⊥ x0 )]

and since g is ⊥- preserving,
(2.21)

[(g(xn ) ⊥ z ∗ ) ∧ (g(xn ) ⊥ y ∗ )] ∨ [(z ∗ ⊥ f (xn )) ∧ (y ∗ ⊥ f (xn ))]

is obtained. So,

(2.22)

d(z ∗ , y ∗ )  d(z ∗ , f xn ) + d(f xn , y ∗ )
= d(f z ∗ , f (f xn−1 )) + d(f (f xn−1 ), f y ∗ )
= d(f z ∗ , f (gxn )) + d(f (gxn ), f y ∗ )
 αd(f z ∗ , gz ∗ ) + βd(f (gxn ), g(gxn )) + γd(gz ∗ , g(gxn ))
+αd(f (gxn ), g(gxn )) + βd(f y ∗ , gy ∗ ) + γd(g(gxn ), gy ∗ )
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Since {gxn } converges to y ∗ , we get that z ∗ = y ∗ . Thus, y ∗ ∈ X is a unique
common fixed point of f and g.

If we choose g = IX the identity mapping on X, the following Corollary is
obtained:
Let (X, ⊥, d) be an O-complete cone metric space and let f : X → X be a ⊥preserving, sequentially orthogonal mapping which satisfies the following inequality
for all x, y ∈ X
(2.23)

d(f x, f y)  αd(f x, x) + βd(f y, y) + γd(x, y) if x ⊥ y.

Then, the mapping f has a unique fixed point in X. Also, for any orthogonal
element x0 ∈ X, the iteration sequence {f n x0 } converges to this fixed point.
Let (X, ⊥, d) be an O-cone metric space and let f, g : X → X be such that
f (X) ⊆ g(X). Suppose that f is ⊥-preserving, sequentially orthogonal and O-gweak contraction mapping which satisfies the following inequality for all x ∈ X,
M ∈ R+ ,
(2.24)

d(f (gx), g(gx))  M d(f x, gx).

If f (X) or g(X) is orthogonal complete subspace of X, then the mappings f and g
have a common fixed point in X. If g is ⊥-preserving mapping then, the common
fixed point of f and g is unique. Also, for any orthogonal element x0 ∈ X, the
f -g-sequence {f xn } of initial point x0 converges to this common fixed point.
Proof. Suppose that f x ⊥ gx. In this case, for all c ∈ intP and M ∈ R+ ,we get
c
c
M ∈ intP and d(f x, gx) ≺ M . Thus, using the inequality 2.24,
(2.25)

d(f (gx), g(gx))  M d(f x, gx) ≺ c,

and so f (gx) = g(gx). In this way, the conditions 2.3 and 2.24 are equivalent and
the proof is similar to proof of Theorem 2.4.
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ON THE RIESZ BASISNESS OF ROOT FUNCTIONS A
NON-SELFADJOINT DISCONTINUOUS STURM LIOUVILLE
OPERATOR
OLGUN CABRI AND KHANLAR R. MAMEDOV

Abstract. In this paper, we consider the non-selfadjoint discontiunios Sturm
Liouville operator with antiperiodic boundary condition and compatibility conditions. Asymptotic formulas of eigenvalues and eigenfunctions of the operator
are obtained. Using these asymptotic formulas for eigenvalues and eigenfunctions we prove the basisness of the root functions of the boundary value problem.

1. INTRODUCTION
We consider the discontinuous differential operator generated on the interval
[−1, 1] by the differntial expression

l1 (y1 ), x ∈ (−1, 0)
(1.1)
l(y) =
l2 (y2 ), x ∈ (0, 1)
where

00

l1 (y1 ) =y1 + q1 (x)y1 ,
00

l2 (y2 ) =y2 + q2 (x)y2 ,
2
where q1 (x) ∈ C [−1, 0) and q2 (x) ∈ C 2 (0, 1] are complex-valued functions.
We are interested in the problem of the operator (1.1) with the antiperiodic
boundary condition
(1.2)

U1 (y) := U1,−1 (y1 ) + U1,1 (y2 ) = y1 (−1) + y2 (1) = 0,

(1.3)

U2 (y) := U2,−1 (y1 ) + U2,1 (y2 ) = y 01 (−1) + y 02 (1) = 0,

and with compatibility conditions
(1.4)

V3 (y) := V3,0− (y1 ) + V3,0+ (y2 ) = y1 (−0) − y2 (+0) = 0,

(1.5)

V4 (y) := V4,0− (y1 ) + V4,0+ (y2 ) = y 01 (−0) − y 02 (+0) = 0.
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When studying specific classes of differential operators, it is often difficult to
derive exact asymptotic formulas for the eigenvalues and eigenfunctions. Using
these formulas, basisness of the root functions of the problems is proved.
The regularity of boundary conditions generating the given differential operator
construct the basisness of the root functions of a differential operator. For ordinary
differential operator of order n, Birkoff has already investigated the concept of
strong regular boundary conditions [see 22, p:56]. In [20], [9], [3], it has been
established that the system of root functions of a differential operator with strong
regular boundary conditions form Riesz basis in L2 (0, 1). In [24], it was proved that
the system of root functions of a ordinary differential operator with nor strongly
regular boundary conditions forms a Riesz basis with parenthesis.
In [6], author studied nonclasical heat conduction problem of homogeneous rod.
This problem was reduced to the following boundary value problem
00

−y = λy, 0 < x < 1
y(0) = 0, y 0 (1) = y 0 (0)
whose boundary conditions in Birkhoff classification are regular but not strong
regular. In the paper, it was established that the choosen specially system of root
functions form unconditionally a basis in L2 (0, 1).
Some examples of differential operators with regular but not strongly regular
boundary conditions whose root functions do not form a basis in L2 (0, 1) were
given in [9], [25], [12], [4].
In [8] author showed that eigenfunctions of boundary value problems (1.1)-(1.3)
forms Riesz basis in L2 (0, 1) assuming that q(x) ∈ C 4 (0, 1) is complex valued
function and q(1) − q(0) 6= 0. Similar studies are investigated in [11,15,16,17,19].
A classification on the conditions for Sturm Liouville operator under which root
functions form a Riesz basis in L2 (0, 1) is established in [13]. For real potential
the several spectral properties were investigated in [23]. Riesz basis properties of
the root functions by using Fourier coefficient of the potential q(x) were studied in
[2],[14],[10].
Riesz basisness of problem (1.1) with strongly regular boundary conditions and
conditions (1.5)-(1.6) was studied in [21].
In Section 2, we obtain the asymptotic formulas of the eigenvalues and eigenfunctions of the boundary problems (1.1)-(1.5) which have not strongly boundary
conditions and then using these asymptotic formulas, we prove the Riesz basisness
of the root functions of the problem.
The following results plays an important role in the proof of main results.
Theorem 1.1. [1,5,7] The following assertions are equivalent:
(1) The sequence {φj }∞
1 forms a Riesz basis in H;
(2) The sequence {φj }∞
1 is complete in the Hilbert space H, there corresponds to
∞
P
it a complete biorthogonal sequence {ψj }∝
|hf, φj i| < ∞
1 for any f ∈ H,
j=1

and

∞
P
j=1

2

|hf, φj i| < ∞
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2. Asymptotic formulas for the eigenvalues and eigenfunctions
Lemma 2.1. Let q1 (x) and q2 (x) be complex-valued function of class C 2 [−1, 0)
and C 2 (0, 1], respectively and let
Z 0
q1 (−1) − q1 (−0) 6= 0,
q1 (x)dx = 0,
−1

Z
q2 (1) − q2 (+0) 6= 0,

1

q2 (x)dx = 0.
0

(q1 (−1) + q1 (−0)) − (q2 (1) + q2 (+0)) 6= 0
Then the following assertions hold:
All eigenvalues of the boundary-value problem (1.1),(1.5) starting from some
number, are simple and form two infinite sequences λk,1 , λk,2 , k = N, N + 1, ...
where N is a positive integer and

 

2
q
(−1)
+
q
(−0)
−
q
(1)
+
q
(+0)
1
1
2
2
((2k + 1)π)2
1
(2.1) λk,1 = −
+
+ O( 2 ),
4
(2k + 1)π
k

 

2 q1 (−1) + q1 (−0) − q2 (1) + q2 (+0)
((2k + 1)π)2
1
(2.2) λk,2 = −
−
+ O( 2 ),
4
(2k + 1)π
k
and the corresponding eigenfunctions are of the form
(2.3) yk,1 (x) = sin(

(2k + 1)π
(2k + 1)π
1
x) − cos(
x) + O( ),
2
2
k

(2k + 1)π
1
(2k + 1)π
x) + cos(
x) + O( ),
2
2
k
Proof. Consider the equation l(y) = λy
(2.4) yk,2 (x) = sin(

(2.5)

l(y1 ) = y100 + q (x) y1 + µ2 y1 = 0,

(2.6)

l(y2 ) = y200 + q (x) y2 + µ2 y2 = 0,

x ∈ (−1, 0) ∪ (0, 1),
x ∈ (−1, 0) ∪ (0, 1).

where λ = −µ2 . Let us divide the µ complex plane to four region by the lines
of arg(µ) = 0 and arg(µ) = π/2. It is well known that the equation (2.5)and
(2.6) have two linearly independent solutions of y1,j and y2,j in [−1, 0) and (0, 1],
respectively, satisfying the relations
 !
4
X
u
(x)
1
m
yi,j (x, µ) = eωj µx
,
m +O
5
µ
(2iµ)
m=0
 !
4
X
um (x) + 2u0 m−1 (x)
1
0
wj µx
yi,j (x, µ) = µwj e
u0 (x) +
+O
, i, j = 1, 2
m
5
µ
(2w
µ)
j
m=1
where w1 = −w2 = i ,u0 (x) = 1 and
Zx
um (x) = − `j [um−1 (ξ) dξ], m = 1, 4.
0
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0
0
0
0
(1, µ)
(+0, µ)y2j (1, µ), y2j
(−1, µ), y2j (+0, µ), y2j
(−0, µ), y1j (−1, µ), y1j
By calculating y1j (−0, µ), y1j
characteristic determinant is obtained by

y11 (−1) y12 (−1) y21 (1)
0
0
0
y11
(−1) y12
(−1) y21
(1)
y11 (−0) y12 (−0) −y21 (+0)
y 011 (−0) y 012 (−0) −y 021 (+0)

∆(µ) =

y22 (1)
0
y22
(1)
−y22 (+0)
−y 022 (+0)

.

Then we have
(2.7)
(
2iµ

e

(iµ)

−2

∆(µ) = e

4iµ

1−

2D2
(2iµ)

(
+ 2e2iµ

1−

(

2D2

+

1−

−

2

2D2

2

−

(2iµ)

3

D1 2
2

+

+

3

(2iµ)

+ 2D4

(2iµ)

(2iµ)

D3

3D0 2
2

−

D1 2
2

4

−

4

)
1
+ O( 5 )
µ

)
1
+ O( 5 )
µ

D1 D0 − 2D0 2

+

2

(2iµ)

(2iµ)

D3

3D0 2
2

+ 2D4
4

(2iµ)

1
+ O( 5 )
µ

)

= 0,
where
D0 = q1 (−0) − q2 (+0),
D1 = q1 (−1) − q2 (+1),
D2 = q1 (−0) + q2 (+0),
Z 1
Z −1
2
D3 =
q2 (t)dt −
q12 (t)dt,
0

0
00

D4 = q1 (−0) + q2 00 (+0).
Let b(µ) be the coefficient of the e4iµ in (2.7)
b(µ) = 1 −

2D2

−

2

(2iµ)

D3

+

3

(2iµ)

D1 2
2

−

3D0 2
2

+ 2D4
4

(2iµ)

+ O(

1
).
µ5

By the expansion

1
= 1 + x2 + O x3 , x → 0
1−x
we get
b−1 (µ) = 1 +

2D2
2

(2iµ)

+

D3
3

(2iµ)

−

D1 2
2

−

3D0 2
2

+ 2D4
4

(2iµ)

+ O(

1
).
µ5

Then using this expression, equation (2.7) can be transformed by
(
)!2
2
D3
(D1 + D0 )
1
−1
2iµ
−2
2iµ
b (µ)e (iµ) ∆(µ) = e + 1 −
+ O( 5 )
3 −
4
µ
(2iµ)
2(2iµ)
=−

(D1 + D0 )
4

(2iµ)

2

+ O(

1
).
µ5
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Thus we have
e2iµ + 1 = ∓i
(2.8)

D1 + D0

1
)
µ3
(2iµ)

 

q1 (−1) − q2 (1) − q1 (−0) − q2 (+0)
2

+ O(

= ∓i

+ O(

2

(2iµ)

1
).
µ3

By Rouche theorem, we obtain asymptotic expression for the roots µk,1 and µk,2 ,
k = N, N + 1, ... of the equations (2.8), respectively:

 

2 q1 (−1) − q2 (+1) + q1 (−0) − q2 (+0)
(2n + 1)π
1
(2.9) µk,1 =
+
+ O( 3 ),
2
2
n
(2n + 1π)

(2.10) µk,2 =

(2n + 1)π
−
2


 

2 q1 (−1) − q2 (+1) + q1 (−0) − q2 (+0)
(2n + 1π)

+ O(

2

1
),
n3

From (2.9) and (2.10) we obtain (2.1) and (2.2) formulas. Let us calculate the
eigenfunctions. From (2.8) we have
(2.11)

y11 (−1, µk1 ) = 1 − i

(2.12)

y12 (−1, µk1 ) = 1 + i

(2.13)

y21 (1, µk1 ) = 1 + i

(2.14)

y22 (1, µk1 ) = 1 − i

D1 + D0
2(2iµk1 )

D1 + D0
2

(iµk1 )

D1 + D0
(iµk1 )

2

D1 + D0
(iµk1 )

2

+

+

2

+

+

q1 (−1) − q1 (0)

+ O(

2

(2iµk1 )

q1 (−1) − q1 (−0)
2

(2iµk1 )

q2 (1) − q2 (+0)
(2iµk1 )

2

q2 (1) − q2 (+0)
(2iµk1 )

2

1
µk1 3

+ O(

+ O(

+ O(

1
µk1 3
1
µk1 3

).

1
),
µk1 3
),

).

By expressions (2.11)-(2.14), eigenfunction corresponding to λk,1 is calculated by
2

4i(2iµk2 )
yk,21 (x) =
D1 + D0

y11 (x, µk2 ) y12 (x, µk2 )
0
0
0
y11
(−1) y12
(−1) y21
(1)
0
0
y 11 (−1) y 12 (−1) y 021 (1)
y11 (−0) y12 (−0) y21 (+0)

0 0
0
(1)
y22
y 022 (1)
y22 (+0)

.

Therefore we get
(2.15)

yk,11 (x) = sin(µk1 x) − cos(µk1 x) + O(

1
),
µk1

x ∈ [−1, 0).

In a similar way we have
1
), x ∈ (0, 1].
µk1
Similar to the previous calculation it follows that eigenfunction corresponding
to λk,2 is by

(2.16)

yk,12 (x) = sin(µk1 x) − cos(µk1 x) + O(
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2

4i(2iµk2 )
yk,21 (x) =
D1 + D0

y11 (x, µk2 ) y12 (x, µk2 )
0
0
0
y11
(−1) y12
(−1) −y21
(1)
0
0
y 11 (−1) y 12 (−1) −y 021 (1)
y11 (−0) y12 (−0) y21 (+0)

0 0
0
−y22
(1)
−y 022 (1)
y22 (+0)

.

Thus we have
(2.17)

yk,21 (x) = sin(µk2 x) + cos(µk2 x) + O(

1
),
µk2

x ∈ [−1, 0).

In a similar way
(2.18)

yk,22 (x) = sin(µk2 x) + cos(µk2 x) + O(

1
),
µk2

x ∈ (0, 1].

The proof of the lemma is complete.



Theorem 2.2. Let q1 (x) ∈ C 2 [−1, 0) and q2 (x) ∈ C 2 (0, 1] be complex-valued function and let D1 + D0 6= 0 then the root functions of the boundary value problem
(1.1)-(1.5) forms a Riesz basis in L2 (−1, 1).
Proof. Without loss of generality, we assume that
Z −1
Z 1
q1 (x)dx = 0,
q2 (x)dx = 0.
0

0

The system of the root functions of the boundary value problem (1.1)-(1.5) is minimal in L2 (−1, 1) because it has the biorthogonal system consisting of root functions
of the adjoint operator
 00
v1 + q1 (x)v1 x ∈ (−1, 0),
∗
l (v) =
00
v2 + q2 (x)v2 x ∈ (0, 1),
v1 (−1) − v1 (1) = 0,
v 01 (−1) − v 02 (1) = 0,
v1 (−0) − v1 (+0) = 0,
v 01 (−0) − v 01 (+0) = 0.
For any f ∈ L2 (−1, 1), with a direct computation, we have that
∞
X

2

|hf, yn,1 i| < ∞,

n=N

∞
X

2

|hf, yn,2 i| < ∞

n=N

On the other hand, for the eigenfunctions of the adjoint operator L∗ the inequalities
∞
X
n=N

2

|hf, vn,1 i| < ∞,

∞
X

2

|hf, vn,2 i| < ∞

n=N

hold. According to Theorem 1.1 from [5,p:310](see [2,12]) problem (1.1)-(1.5) forms
a Riesz basis in L2 (−1, 1).
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HOBBIT SCALAR FIELD
M. SALTI, O. AYDOGDU, AND K. SOGUT

ABSTRACT
Plenty of scalar field proposals have been defined so far in order to answer the
question ”Why the universe is expanding faster today than it did in its infancy? ”.
Although fundamental theories can help us to formulate different scalar field prescriptions, they do not define their self-interacting potentials in exact forms due
to the complexity of corresponding equations. In the present work, we focus on
the redefinition of the tachyonic scalar field dark energy description by making use
of the Hobbit model. In Tolkien’s ”The Lord of the Rings” trilogy, the Hobbits
resemble a mixture of three kinds of people mentioned in the book: the aspect of
Men, the height of Dwarfs and pointed ears of Elfs. In the same way, the Hobbit
model behaves as the three main fluids of the standard cosmology: dark matter,
dark energy and dark radiation. Here, we use the Hobbit model for the reverse
engineered tachyonic scalar field description.
1. Introduction
Recently, a plenty of astrophysical observations from different sources such as
Supernova-Type Ia (SN-Ia henceforth)[1, 2], CMB anisotropies[3, 4], Large Scale
Structures (LSS henceforth)[5, 6], Sloan Digital Sky Survey (SDSS henceforth)[7]
and Planck-Results[8, 9, 10] have indicated that the universe is spatially flat at
large scale and it has undergone two speedy expansion phases after the big bang:
the first one happened before the radiation dominated epoch and the second one
occurred not too long ago. At the present era, we are in this speedy enlargement
period. In order to understand the speedy enlargement phase, an exotic type of
constituent yclept dark energy (DE henceforth), which is dominating approximately
68.3 percent of the space-time tissue, is to be needed. Considering a dominant
constituents which resemble familiar forms of matter or energy has not been justified
yet due to they cannot be observed directly.
Diverse ideas have been given in literature to explain the accelerated enlargement epoch of the universe. The earliest and simplest idea is the famous cosmological constant[11]. After this pioneering model, various proposal to identify the DE have been introduced in literature: scalar fields[12, 13, 14, 15, 16],
Date: xxxx a, 2019, accepted yyyyyy b, 2019.
2000 Mathematics Subject Classification. 83F05; 83C05; 35Q75.
Key words and phrases. Cosmology, Dark Energy, Scalar Field.
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braneworld models[17, 18], assuming extra dimensions[19, 20, 21], modified gravity theories[22, 23, 24] and so on. Although these ideas can explain most of the
astrophysical datasets, they fail to express the cosmic coincidence issue (why the
mysterious expansion is happening now and why it is speedy? ) and the fine-tuning
puzzle (why some cosmological parameters have exorbitantly high values while others do not take? )[25]. Thus, to remove these problems, different dynamical DE
proposals have been introduced in literature. The DE component of our universe is
modelled generally by assuming a scalar field. The quintessence[26, 27] and tachyon
scalar[28, 29, 30] field proposals have attracted lots of attention in modern cosmology. As we mentioned in the abstract, one can define different scalar field models
via fundamental theories of physics such as the string/M theory, but they cannot
help us to predict self-interacting potential of the corresponding scalar field model
uniquely.
In this study, we consider an energy density prescription which is able to fit the
current available data and leads to a speedy expansion era: the Hobbit model[31].
To reach this goal, it is assumed[31] that the space-time undergoes a radiation
dominated era in the first step, then passes to a matter dominated phase and finally
it enters to a de Sitter-like enlargement epoch with the energy density approaching
a constant value asymptotically. Here, we compare the Hobbit energy density with
the tachyon scalar field model in order to get an exact expression for the tachyonic
self-interacting potential.
2. Preliminaries
The tachyonic model includes a very significant Equation-of-State (EoS henceforth) parameter, which is interpolating smoothly between 1 and 0[28]. Thus, the
scalar field definition can be considered as a suitable candidate for the early time
inflation phase as well as the late-time acceleration period[29, 30]. The tachyonic
field is defined by the following effective Lagrangian density
p
(2.1)
£t = V (φ) 1 − g µν ∂µ φ∂ν φ,
where V (φ) represents the self-interaction potential while g µν describes the inverse
metric tensor. For this model, the corresponding energy density and pressure are
written, respectively, as[32]
q
V (φ)
,
pt = −V (φ) 1 − φ̇2 .
(2.2)
ρt = q
1 − φ̇2
Hence, one can easily find the EoS parameter of tachyonic field as
pt
(2.3)
ωt =
= φ̇2 − 1.
ρt
Note that the condition −1 < φ̇ < 1 indicates a real tachyonic energy density
otherwise we get an imaginary one. Subsequently, −1 < ωt < 0 is the corresponding
constraint for the tachyonic EoS parameter which means the scalar field cannot
behave like the phantom type DE.
In a general form, the Hobbit model is given by the following energy density
expression[31]

 α 
h
b
s iβ−α
(2.4)
ρh (a) = A 1 +
1+
a
a
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where 0 < α < β. Here, a(t) is the cosmic scale factor, A represents a normalization
constant and s and b (with s < b) denote scale parameters. After assuming the case
α = 3 and β = 4, the Hobbit model mimics a type of universe which is undergoing
a radiation dominated phase in the first step, then a matter dominated era in the
supsequent step and approaching a de Sitter type stage with constant energy in the
final step[31].
3. The correspondence
Now, we are in a position to construct a correspondence between the Hobbit and
tachyonic models.
As a preliminary step, we consider a flat Friedmann cosmological model of the
universe filled with some perfect fluid
(3.1)

ds2 = dt2 − a2 (t)

3
X

(dx2i ),

i=1

(3.2)

Tµν = (ρ + p)uµ uν − gµν p,

where ρ = ρb + ρh , p = ph , uµ is the four-velocity vector and ρb represents ordinary
(baryonic) pressureless matter. The Friedmann equation[33, 34], i.e. H 2 = 8πG
3 ρ
where H = ȧa is the cosmic Hubble parameter, provides the dependence ρh =
ρh (t). Note that, here, the dot is denoting a derivative with respect to t and
ρh = ρm + ρe + ρr where the labels m, e and r denote pressureless dark matter
(DM hencefoth), the DE and dark radiation (DR henceforth), respectively. It is
important to mention here that, in further calculations, the present day values of
cosmological quantities will be denoted by the subscript ”0”.
Next, the equation for energy conservation, i.e. Tµν;ν = 0, yields the following
results for a non-interacting case
(3.3)

ρ̇b = −3Hρb ,

(3.4)

ρ̇h = −3H(ρh + ph ).

Therefore, the first relation given above indicates that ρb = ρb0 a−3 and the second
h
one fixes the pressure ph = ph (t). So, making use of the obvious relation dρ
dt =
dρh da
dρh
da dt = aH da , it is immediate to reach the below conclusion for pressure[31]


1 dρh
ph = − a
+ 3ρh
3
da
(
)

 α  
  b α

s β−α
s(β − α)
b
α
 1+
(3.5)
= A 1+
+
−1
−1
a
a
3
a
3a 1 + as
which is indicating that the universe is not stationary.
On the other hand, it is known that, for cold dark matter (dust), ωm = 0.
This basically implies that dust does not produce any pressure. Additionally, for
radiation, we have ωr = 31 . Next, using the definition ρh = ρm + ρe + ρr , one
can separate eqn.(3.4) into three different parts for a non-interacting case as given
below
(3.6)

ρ̇m = −3H(ρm + pm ),

(3.7)

ρ̇r = −3H(ρr + pr ),
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ρ̇e = −3H(ρe + pe ).

(3.8)

Now, assuming ωm = 0 and ωr = 31 , eqns. (3.7) and (3.8) can be rewritten in the
following forms
(3.9)

ρ̇m + 3Hρm ,

ρ̇r = −4Hρr .

Thus, we get the following solutions for the DM and DR components
−3
ρm = ρm
,
0 a

(3.10)

ρr = ρr0 a−4 .

Consequently, we figure out that
ρe
(3.11)
pe

= ρh − ρm − ρr

 α 
h
s iβ−α
b
−3
−4
= A 1+
1+
− ρm
− ρm
,
0 a
0 a
a
a

= ph − pm − pr
)
(

 α  
  b α

b
α
s(β − α)
s β−α
 1+
+
−1
−1
= A 1+
a
a
3
a
3a 1 + as

ρr0 −4
a .
3
As a result, for the DE component of the universe, after performing some algebra,
one can get the following expression for the corresponding EoS parameter

β−α 
 α
−3
A 1 + as
1 + ab
− ρm
− ρr0 a−4
0 a


(3.13) ωe =
.
h

 i
 b α
ρr0 −4
s(β−α)
s β−α
b α
α
A 1+ a
1
+
+
−
1
−
1
−
a
s
a
3
a
3
3a(1+ a )
(3.12)

−

In order to construct the correspondence between the Hobbit energy density and
the tachyonic scaler field model, we identify that ρt = ρe , pt = pe and ωt = ωe .
From this point of view, it can be obtained that
(3.14)

V (φ) = ρe (1 − φ̇2 )1/2 .

Then, making use of eqns. (2.3) and (3.13), we can write φ̇2 = 1 + ωe and get
β−α 

 α
−3
A 1 + as
1 + ab
− ρm
− ρr0 a−4
0 a
2


(3.15)φ̇ = 1 +
.
b α

s(β−α)[1+( a
) ] α−3 b α
ρr0 −4
s β−α
−
A 1+ a
+
−
1
a
s
3
a
3
3a(1+ a )
Thence, the potential of the Hobbit tachyon field is written as

 α 
h
b
s iβ−α
−3
−4
V (φ) = A 1 +
1+
− ρm
− ρm
0 a
0 a
a
a
v





u
m a−3 + ρr a−4 − A 1 + s β−α 1 + b α
u
ρ
0
0
a
a
u


×u
(3.16)
β−α s(β−α) h
 i
 b α
t
b α
α
A 1 + as
1
+
+
−
1
−
1
−
s
a
3
a
3a(1+ a
)

ρr0 −4
3 a

The expressions of kinetic term φ̇2 and self-interacting potential V (φ) imply that
such quantities may exist when −1 ≤ ωe ≤ 0. So, this indication shows that the
phantom energy sector cannot be crossed in the selected cosmological scenario.
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4. Conclusions and perspectives
The interesting ”Hobbit” energy density model has recently been proposed to
explain nature of the dark content dominated universe. Also, it is generally known
that scalar field ideas of the DE can be assumed as an effective theory to investigate
dark side of the universe. We believe that reconstruction of the scalar field prescriptions based on some energy density models may yield significant cosmological
conclusions. Thus, this point motivated us to reformulate tachyonic scalar field
model of the DE based on the Hobbit energy density proposal. It is significant
to emphasize here that the concluded proposals with the redefined potentials are
unique single-scalar ideas which can reproduce evolution of the universe.
In this study, we mainly established a connection between the tachyonic scalar
field model of dark energy and the Hobbit energy density. Such calculations are very
significant to understand how different dark energy ideas are mutually related to
each other. Scalar fields have very attracting properties of explanting the phantom
line crossing while the redefined potentials has meaningful cosmological conclusions.
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COMMON FIXED POINT RESULTS ON RECTANGULAR
M-METRIC SPACES
NURCAN BILGILI GUNGOR

ABSTRACT
In 2013, Arshad, Ahmad and Karapınar obtained sufficient conditions for the existence of unique common fixed point of (ψ − φ)-weakly contractive mappings on
complete rectangular metric spaces. And in 2018, Ozgur,Mlaiki,Tas and Sougyah
introduced the concept of the rectangular M -metric spaces, along with its topology
and they proved some fixed point theorems under different contraction principles
with various techiniques. In this paper, we present some common fixed point results
on rectangular M -metric spaces inspired by these articles.
1. Introduction and Preliminaries
We recall some basic definitions and necessary results on the topic in the literature. ([5])
(i) mrx,y = min{mr (x, x), mr (y, y)}
(ii) Mrx,y = max{mr (x, x), mr (y, y)}.
Definition 1.1. ([5]) Let X be a nonempty set and mr : X × X → [0, ∞) be a
mapping. If the following conditions are satisfied for all x, y ∈ X,
(RM 1) mr (x, y) = mrx,y = Mrx,y ⇐⇒ x = y,
(RM 2) mrx,y ≤ mr (x, y),
(RM 3) mr (x, y) = mr (y, x),
(RM 4) mr (x, y) − mrx,y ≤ mr (x, u) − mrx,u + mr (u, v) − mru,v + mr (v, y) − mrxv,y
for all u, v ∈ X − {x, y}, then the pair (X, mr ) is called a rectangular M -metric
space.
Remark 1.2. ([5]) Let (X, mr ) be a rectangular M -metric space. Clearly, we have
(1) 0 ≤ Mrx,y + mrx,y = mr (x, x) + mr (y, y),
(2) 0 ≤ Mrx,y − mrx,y =| mr (x, x) − mr (y, y) | for every x, y ∈ X.
Example 1.3. ([5]) Let C be the set of all complex numbers and consider the set
Xθ = {z ∈ C : arg(z) = θ} ∪ {0} for a fixed θ, 0 ≤ θ < 2π. If we define mapping mr
for all x, y ∈ Xθ , then (Xθ , mr ) is a rectangular
on Xθ given by mr (x, y) = |x|+|y|
2
M -metric space.
2000 Mathematics Subject Classification. 47H10, 54H25.
102

COMMON FIXED POINT RESULTS ON RECTANGULAR M-METRIC SPACES

103

Definition 1.4. ([5]) Let (X, mr ) be a rectangular M -metric space. Then, we have
(1) A sequence {xn } ∈ X converges to a point x if and only if
lim (mr (xn , x) − mrxn ,x ) = 0.

n→∞

(2) A sequence {xn } ∈ X is said to be mr -Cauchy sequence if and only if
lim (mr (xn , xm ) − mrxn ,xm ) and

n,m→∞

lim (Mrxn ,xm − mrxn ,xm )

n,m→∞

exist and finite.
(3) A rectangular M -metric space is said to be mr -complete if every mr -Cauchy
sequence {xn } converges to a point x ∈ X such that
lim (mr (xn , x) − mrxn ,x ) = 0 and lim (Mrxn ,x − mrxn ,x ) = 0.

n→∞

n→∞

Lemma 1.5. ([5]) Let {xn } be a sequence in a rectangular M -metric space (X, mr ),
such that there exists r ∈ [0, 1) such that mr (xn+1 , xn ) ≤ rmr (xn , xn−1 ) for all
n ∈ N.Then,
(A) limn→∞ mr (xn , xn+1 ) = 0,
(B) limn→∞ mr (xn , xn ) = 0,
(C) limn,m→∞ mr (xn , xm ) = 0,
(D) {xn } is an mr -Cauchy sequence.
Definition 1.6. ([5])
a) Let mr be a rectangular M -metric on X and τmr be the topology generated by
the open balls B(x, ε) = {y ∈ X : mr (x, y) − mrx,y < ε}. Then, the pair (X, τmr )
is called a rectangular M -space.
b) Let (X, τmr ) be a rectangular M -space. (X, τmr ) is called a T0 spaceif for any
distinct pair of points x, y ∈ X, there exists an open ball containing x but not y or
an open ball containing y but not x.
Theorem 1.7. ([5]) A rectangular M -space is a T0 -space.
Lemma 1.8. ([5]) Let (X, mr ) be a rectangular M -metric space and T be a self
mapping on X. If there exists k ∈ [0, 1) such that
(1.1)

mr (T x, T y) ≤ kmr (x, y) for all x, y ∈ X

and consider the sequence {xn } defined by xn+1 = T xn . Then, if xn → u as
n → ∞, then T xn → T u as n → ∞.
Theorem 1.9. ([5]) Let (X, mr ) be a complete rectangular M -metric space and T
a self mapping on X. If there exists k ∈ [0, 1) such that
(1.2)

mr (T x, T y) ≤ kmr (x, y) for all x, y ∈ X.

Then, T has a unique fixed point u in X, where mr (u, u) = 0.
Definition 1.10. ([1]) Let f and g be self-mappings of a nonempty set X.
(i) A point x ∈ X is said to be a common fixed point of f and g if x = f x = gx.
(ii) A point x ∈ X is called a coincidence point of f and g if f x = gx. And if
w = f x = gx, then w is said to be a point of coincidence of f and g.
(iii) The mappings f, g : X → X are said to be weakly compatible if they commute
at their coincidence point that is, f gx = gf x whenever gx = f x.
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Lemma 1.11. ([1]) Let X be a nonempty set. Suppose that the mappings f, g :
X → X have a unique coincidence point z ∈ X. If f and g are weakly compatible,
then f and g have a unique common fixed point.
Proof. Let z ∈ X be the coincidence point of f, g : X → X, that is, f z = gz = t.
Since f and g are weakly compatible, we observe that
(1.3)

f z = gz ⇒ f gz = gf z ⇒ f t = gt.

f, g : X → X have a unique coincidence point, then z = t. Hence, we have
f z = gz = z by (1.3).

2. Main Results
Let Φ denote all functions φ : [0, ∞) → [0, ∞) such that
(i) φ is continuous,
(ii) φ(t) = 0 if and only if t = 0.
Theorem 2.1. Let (X, mr ) be a Hausdorff rectangular M -metric space and f, g :
X → X be self mappings such that f X ⊂ gX. Assume that (gX, mr ) is a complete
rectangular M -metric space. Suppose that the following condition holds:
(2.1)

ψ(mr (f x, f y)) ≤ ψ(mr (gx, gy)) − φ(mr (gx, gy)),

for all x, y ∈ X and ψ, φ ∈ Φ, where ψ is nondecreasing. Then f and g have a
unique coincidence point in X. Moreover, if f and g are weakly compatible, then f
and g have a unique common fixed point.
Proof. Firstly, we prove that the coincidence point of g and f is unique if it exists.
Let z and w be coincidence points of g and f . Thus, there exists some x, y ∈ X
such that w = f x = gx and z = f y = gy. By (2.18), we get that
(2.2)

ψ(mr (w, z)) = ψ(mr (f x, f y)) ≤ ψ(mr (gx, gy)) − φ(mr (gx, gy))
= ψ(mr (w, z)) − φ(mr (w, z)),

then from the definition of φ, φ(mr (w, z)) = 0 and so mr (w, z) = 0. Also from
the definition of rectangular M -metric space, mrw,z = 0. On the other hand using
(2.18), we obtain
(2.3)

ψ(mr (w, w)) = ψ(mr (f x, f x))

≤ ψ(mr (gx, gx)) − φ(mr (gx, gx))
= ψ(mr (w, w)) − φ(mr (w, w)),

and so mr (w, w) = 0. Similarly we can get mr (z, z) = 0. Thus,
(2.4)

mrw,z = Mrw,z = mr (w, z) = 0

that is w = z. Remember that g and f are weakly compatible. Since z is the
unique coincidence point of g and f , by using Lemma 1.11, the point z is the
unique common fixed point of g and f .
Now, we will prove the existence of a coincidence point of g and f . Let x0 be an
arbitrary point. Since f X ⊂ gX, we define two iterative sequences {xn } and {yn }
in X as yn = gxn+1 = f xn for all n ∈ N+ ∪ {0}.
If yn = yn+1 then clearly f and g have a coincidence point in X. Indeed, yn =
gxn+1 = f xn = gxn+2 = f xn+1 = yn+1 and xn+1 is the desired point. We assume
that yn 6= yn+1 for all n ∈ N+ ∪ {0}.
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Moreover,if yn = f xn = f xn+p = yn+p then we choose xn+p+1 = xn+1 , for all
n ≥ 0. We assert that
(2.5)

lim mr (yn , yn+1 ) = 0 and lim mr (yn , yn+2 ) = 0.

n→∞

n→∞

Now, from (2.18), we obtain
ψ(mr (yn , yn+1 ))
(2.6)

= ψ(mr (f xn , f xn+1 ))
≤ ψ(mr (gxn , gxn+1 )) − φ(mr (gxn , gxn+1 ))
= ψ(mr (yn−1 , yn )) − φ(mr (yn−1 , yn ))
≤ ψ(mr (yn−1 , yn )).

Since ψ is nondecreasing, then mr (yn , yn+1 ) ≤ mr (yn−1 , yn ) for all n ≥ 0, that
is the sequence {mr (yn , yn+1 )} is nonincreasing and bounded below. Hence, it
converges to a nonnegative number, say r ≥ 0. Taking the limit as n → ∞ in (2.6),
we get
ψ(r) ≤ ψ(r) − φ(r),

(2.7)

which leads to φ(r) = 0 and hence r = 0. Thus,
(2.8)

lim mr (yn , yn+1 ) = 0.

n→∞

Now from (2.18), we get
ψ(mr (yn , yn+2 ))
(2.9)

= ψ(mr (f xn , f xn+2 ))
≤ ψ(mr (gxn , gxn+2 )) − φ(mr (gxn , gxn+2 ))
= ψ(mr (yn−1 , yn+1 )) − φ(mr (yn−1 , yn+1 ))
≤ ψ(mr (yn−1 , yn+1 )).

Since ψ is nondecreasing, then mr (yn , yn+2 ) ≤ mr (yn−1 , yn+1 ) for all n ≥ 0, that
is the sequence {mr (yn , yn+2 )} is nonincreasing and bounded below. Hence, it
converges to a nonnegative number, say s ≥ 0. Taking the limit as n → ∞ in (2.9),
we get
ψ(s) ≤ ψ(s) − φ(s),

(2.10)

which leads to φ(s) = 0 and hence s = 0. Thus,
(2.11)

lim mr (yn , yn+2 ) = 0.

n→∞

Suppose that yn 6= ym for all n 6= m and prove that {yn } is a mr -Cauchy sequence.
Now, if m > 2 is odd, then consider m = 2p + 1 with p ≥ 1, then we have
(2.12)
mr (yn , yn+m ) − mryn ,yn+m ≤ mr (yn , yn+1 ) − mryn ,yn+1 + mr (yn+1 , yn+2 ) − mryn+1 ,yn+2
+... + mr (yn+2p , yn+2p+1 ) − mryn+2p ,yn+2p+1
≤ mr (yn , yn+1 ) + mr (yn+1 , yn+2 ) + ... + mr (yn+2p , yn+2p+1 )
and m > 2 even, then consider m = 2p with p ≥ 2, then similarly we have
(2.13)
mr (yn , yn+m ) − mryn ,yn+m ≤ mr (yn , yn+2 ) − mryn ,yn+2 + mr (yn+2 , yn+3 ) − mryn+2 ,yn+3
+... + mr (yn+2p−1 , yn+2p ) − mryn+2p−1 ,yn+2p
≤ mr (yn , yn+2 ) + mr (yn+2 , yn+3 ) + ... + mr (yn+2p−1 , yn+2p ).
Thus, we deduce from all cases that
(2.14)

lim mr (yn , yn+m ) − mryn ,yn+m = 0.

n→∞
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0 ≤ lim mryn ,yn+1 ≤ lim mr (yn , yn+1 ) = 0
n→∞

n→∞

and so limn→∞ mryn ,yn+1 = 0. Similarly limn→∞ Mryn ,yn+1 = 0. Thus, we obtain
limn→∞ Mryn ,yn+1 − mryn ,yn+1 = 0.
So, {yn } is mr -Cauchy sequence in the mr -complete rectangular M -metric space
(gX, mr ). Hence, there exists u ∈ gX and {yn } ⊂ gX converges to this point u.
Since u ∈ gX, there exists t ∈ X such that u = gt. By using (2.18) we get
(2.16)

ψ(mr (f xn , f t)) ≤ ψ(mr (gxn , gt)) − φ(mr (gxn , gt))
≤ ψ(mr (gxn , gt)).

Since ψ is nondecreasing mr (f xn , f t) ≤ mr (gxn , gt). In either case, letting n → ∞,
we get gxn+1 = f xn = yn → f t. Since X is Hausdorff, we get that gt = f t. Let
u = gt = f t. Then u is a point of coincidence of f and g. So obviously the proof is
completed if the starting part of the proof is used.

Let (X, mr ) be a Hausdorff rectangular M -metric space and f, g : X → X be self
mappings such that f X ⊂ gX. Assume that (gX, mr ) is a complete rectangular
M -metric space. Suppose that the following condition holds:
(2.17)

ψ(mr (f x, f y)) ≤ kmr (gx, gy),

for all x, y ∈ X and k ∈ R, 0 ≤ k < 1. Then f and g have a unique coincidence
point in X. Moreover, if f and g are weakly compatible, then f and g have a unique
common fixed point.
Proof. Let ψ(t) = t and φ(t) = (1 − k)t. Then by Theorem 2.1, f and g have a
unique common fixed point.

Let (X, mr ) be a Hausdorff rectangular M -metric space and f, g : X → X be self
mappings such that f X ⊂ gX. Assume that (gX, mr ) is a complete rectangular
M -metric space. Suppose that the following condition holds:
(2.18)

ψ(mr (f x, f y)) ≤ mr (gx, gy) − φ(mr (gx, gy)),

for all x, y ∈ X and φ ∈ Φ. Then f and g have a unique coincidence point in X.
Moreover, if f and g are weakly compatible, then f and g have a unique common
fixed point.
Proof. Let ψ(t) = t. Then by Theorem 2.1, f and g have a unique common fixed
point.
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AN IMPROVED POTENTIAL ENERGY FUNCTION FOR
DIATOMIC MOLECULES
O. AYDOGDU, M. SALTI, AND H. YANAR

Abstract. One of the fields of utilization of potential energy function is describing the diatomic molecules and investigating their structures. Because of
lack of the universal potential energy function, we have to seek most suitable
potential energy function according to diatomic molecule considered. Starting
with the second Pöschl-Teller-type (sPTT) potential energy model [1], we construct a shifted improved potential energy function which includes empirical
parameters such as equilibrium harmonic vibrational frequency (we ), equilibrium bond length (re ) and dissociation energy (De ).

1. Introduction
In the quantum mechanical framework, potential energy function, which plays
an important role to explore the interaction between physical object and physical environment theoretically, is used to represent the electron-ion and electronnucleus interactions, describe the basic features of two particles interaction, work
on the internal-shell ionization in the nucleus, investigate the bound states of quarkantiquark couple, study the nucleon-nucleus scattering, model transition between
two atomic states and define the structure of diatomic molecules. However, up to
now, we have not got a universal potential energy function which is used to explain all interactions. Therefore, the problem of finding a most suitable potential
energy function for physical system considered is one of the significant tasks in the
physics, especially, atomic and molecular physics. In literature, lots of potential
energy functions were proposed: Coulomb potential, Yukawa potential [2], Hulthen
potential [3], Woods-Saxon potential [4], Morse potential [5], Kratzer potential [6],
Schiöberg potential [7], Eckart potential [8], Hellmann potential [9], Manning-Rosen
potential [10], Cusp potential [11] and so on.
The knowledge of optical and spectral features of diatomic molecular systems can
be theoretically investigated by defining internuclear interaction potential energy
function between two atoms as a function of relative positions of them. Thus, many
physicists and chemists have suggested various analytical potential energy functions in order to seek diatomic molecules structure. As well as we know, the first
Date: xxxx a, 2019, accepted yyyy b, 2019.
2000 Mathematics Subject Classification. Primary 81Q80, 81Q05; Secondary 31B99.
Key words and phrases. Improved potential, Diatomic molecules, Poschl-Teller.
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this type potential energy function was proposed by Morse in 1929 [5]. After this
pioneering study, Schiöberg [7], ManningRosen [10], hyperbolic PöschlTeller [12],
DengFan [13], Tietz [14] and Wei [15] potentials were introduced for diatomic molecular systems. In order to reach best potential energy function in whom results are
in good agreement with experimental ones, some physicists have built improved,
modified and shifted versions of these potentials based on empirical potential parameters for diatomic molecules such as harmonic vibrational reciprocal wavelenght
(we ), equilibrium bond length (re ) and dissociation energy (De ). Considering equilibrium bond length and dissociation energy as explicit parameters for diatomic
molecular system, Wang and his coworkers [16] obtained the improved Schiöberg
and Manning-Rosen potentials. They also showed that the improved form of these
potentials are the same with Deng-Fan potential. In Ref. [17], after attaining the
improved form of the RosenMorse potential energy function, authors proved that it
matches with Schiöberg-type potential. Jia et al. defined improved Tietz [18], modified Rosen-Morse [19], improved five-parameter exponential-type [20] and improved
PöschlTeller [21] potentials. In a recent study, Yanar and his collaborators [22]
have suggested a general molecular potential which can be reduced to Morse, ManningRosen, improved ManningRosen, Schiöberg, improved Schiöberg, Tietz, improved Tietz, RosenMorse, improved RosenMorse, deformed modified RosenMorse
and trigonometric/hyperbolic PöschlTeller potentials. They also proved that this
potential can be used to find out the structure of various diatomic molecular systems. Nevertheless, we do not have a universal potential energy function for all
diatomic molecules. Therefore, we have to construct most suitable potential energy
function according to diatomic molecular system considered. Because of this reason, starting with the sPTT potential energy function, we build a shifted improved
form of this potential and then apply it to some diatomic molecules in the next
section.

2. Improved Second Pöschl-Teller Like Potential
The sPTT potential energy function is defined as [1]
(2.1)

UsP T T (r) =

χ1 − χ2 cosh(αr)
sinh2 (αr)

where α represents the potential range, χ1 and χ2 determine the characteristic of
potential well.
In order to build analytical potential energy function for diatomic molecular systems based on the empirical parameters, there are three criteria:
i. potential function should be asymptotically finite as r goes to infinite.
ii. potential function should have minima at equilibrium bond length (r = re ).
iii. potential function should be repulsive as r goes to zero.
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Considering above criteria, one can use the following conditions for diatomic
molecular potentials [19]:
V (r → ∞) − V (r = re ) = De ,


dV (r)
= 0,
dr
r=re
 2

d V (r)
= 4π 2 µc2 ωe2 ,
dr2
r=re

(2.2)
(2.3)
(2.4)

where µ and c represent the reduced mass of a diatomic molecule and speed of light,
respectively.
Now, we can consider these conditions to construct an empirical potential energy
function from the sPTT potential. The sPTT potential energy function takes the
following value as r → ∞:
(2.5)

lim

r→∞

χ1 − χ2 cosh(αr)
=0
sinh2 (αr)

if

(χ1 |χ2 ) ∈ R

α > 0.

Putting above result into the condition (2.2) together with the value of sPTT
potential at r = re , it is found that
(2.6)

De = csch2 (αre ) (χ2 cosh (αre ) − χ1 ) .

Applying the condition (2.3) to the sPTT potential gives
(2.7)

χ1 =

1
χ2 (cosh (2αre ) + 3) sech (αre ) .
4

From equations (2.6) and (2.7), one can figure out that

(2.8)
χ1 = De cosh2 (αre ) + 1
(2.9)

χ2

=

2De cosh (αre )

which leads to improved form of the sPTT potential energy function:
(2.10)

UisP T T (r) = De

ξ1 − ξ2 (eαr + e−αr )
(eαr − e−αr )

with
(2.11)

ξ1

(2.12)

ξ2

= e2αre + e−2αre + 6

= 2 eαre + e−αre .

Substituting equation (2.10) into the condition (2.4), one can find the α parameter
in terms of experimental parameter as follows:
r
2µ
(2.13)
α = πcωe
.
De
Using experimental values of potential parameters for ScI, N a2 , SiC and Li2
diatomic molecules given in TABLE 1, we compare our results obtained from the
improved sPTT potential energy function with RydbergKleinRees (RKR) data.
Unfortunately, we see that the improved sPTT potential is not good for diatomic
molecules considered.
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Table 1. Experimental parameters for ScI, N a2 , SiC and Li2
diatomic molecules
Molecule 
7
Li2 6 1 Πu
Na2 5 1 ∆g 
ScI X 1 Σ+
SiC X 3 Π

De (cm−1 )
8276.7
6809.29
23051.2
30487.6

re (Ȧ)
3.1639
3.5688
2.6078
1.7320

ωe (cm−1 )
253.567
120.888
277.18
954.20

References
[23]
[24]
[25]
[26]

Thus, we add shifted parameter De to the improved sPTT potential and call the
model as the shifted improved sPTT potential (UsisP T T ):
(2.14)

UsisP T T (r) = De

ξ1 − ξ2 (eαr + e−αr )
+ De .
(eαr − e−αr )

This shifted term does not influence the physical system because of that shape
of the potential energy function does not change although its zero energy level is
affected at the minimum of potential. This situation is displayed in FIGURE 1.

Figure 1. Comparison of the improved and the shifted improved
sPTT potential energy functions (PEF) depending on the RKR
data for the ScI, N a2 , SiC and Li2 diatomic molecules
Comparing the shifted improved sPTT potential energy function with the RKR
data for the ScI, N a2 , SiC and Li2 diatomic molecules is given in FIGURE 2.

Figure 2.
potential
 The sisPTT

 and RKR  data for
7
Li2 6 1 Πu , Na2 5 1 ∆g , ScI X 1 Σ+ and SiC X 3 Π molecules.

3. Last remarks
In order to model diatomic molecular systems, we have obtained the shifted improved sPTT potential in terms of equilibrium bond length (re ), dissociation energy
(De ), harmonic vibrational reciprocal wavelenght (we ) which are experimental parameters. The goodness of the shifted improved sPTT potential has been checked
by comparing with the RKR data. We have seen that the shifted improved sPTT
potential is successful in explaining ScI, N a2 , SiC and Li2 diatomic molecules
consistent with the RKR data. The shifted improved sPTT potential obtained in
the present study can be used to
a. study various diatomic molecules;
b. find out the exact and/or approximate solutions of the wave equations.
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DETERMINATION OF BIASING PARAMETERS FOR ALMON LIU
TYPE ESTIMATOR VIA A MATHEMATICAL PROGRAMMING
APPROACH
Nimet Özbay1, Selma Toker2
ABSTRACT
In the structure of distributed lag models, there exist some lagged values of the same explanatory
variable. Therefore, such an econometric model often suffers from the problem of multicollinearity.
Owing to the multicollinearity, we confront with the large values of the mean square error and the
condition index. A two parameter estimator was offered by Liu [15] in order to minimize the condition
index and the mean square error simultaneously. Besides, Liu [15] investigated selection methods of
two different biasing parameters. As a different perspective, Ebaid et al. [21] determined the optimal
values of the biasing parameters via a mathematical programming approach. Our prior aim in this
study is defining Almon Liu type estimator for the distributed lag models. By means of this new
estimator, the condition index and the mean square error are improved at the same time. Moreover, a
mathematical programming method is utilized to identify the optimal biasing parameters. The
numerical evidence is presented to clarify the process of the mathematical programming.

1. DISTRIBUTED LAG MODEL AND ESTIMATION METHODS
A distributed lag model is a dynamic model for time series data frequently used by statisticians and
econometricians.

A dependent variable is estimated depending on the values of an explanatory

variable and the lagged values of this explanatory variable. That is, distributed lag model is such a
model in which the effect of an explanatory variable on dependent variable happens in a period of

2000 Mathematics Subject Classification. 62J05; 62P20; 65K05; 90C05; 6207.
Key words and phrases. Almon estimator, distributed lag model, Liu type estimator, mathematical programming.
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time. In case of a linear relationship of p  1 explanatory variables, the finite distributed lag model is
shown as follows:

yt  0 xt  1 xt 1 
p

  i xt i  ut ,

(1.1)

  p xt  p  ut

t  p  1, , T

i 0

where  i are the unknown distributed lag coefficients, xt i are lagged values of the explanatory
variable, ut are independent normal random disturbances with expectation E (ut )  0 and variance
V (ut )   u2 and p is the lag length. In a matrix form, the model in equation (1.1) is expressed as

follows:

y  X u ,

(1.2)

where

 x p 1 x p

x p  2 x p 1
X  

xT 1
 xT



x2 
,


xT  p 
x1

y  ( y p 1 , y p 2 ,..., yT )

,

   (0 , 1 ,...,  p )

and

u  (u p 1 , u p 2 ,..., uT ) .
For the coefficient  of model (1.2), the ordinary least squares (OLS) estimator is derived as

(1.3)

ˆ   X  X  X  y .
1

However, due to the high relationship between the lagged values of the explanatory variable, the
variance of the OLS estimates rises. One of the recommended methods for eliminating the problem of
multicollinearity is the addition of some extra information to the model with the help of a determined
function of lag distribution (see also Fisher [1]; Gujarati [2]; Kennedy [3]; Vinod and Ullah [4]).
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The most appealing method in this context is the technique of Almon [5]. To recover the
multicolinearity, lag weights are given in the form of a polynomial, which has degree of r , as follows:

i  0  1i  2i 2 

(1.4)

 r i r ,

pr 0.

The matrix form of this polynomial is written as

  A ,

(1.5)

1 0 0
1 1 1
where A  


2
1 p p

0
1 
is a matrix having the dimension of  p  1   r  1 and     0 ,1 ,..., r 


p r 

is a vector having the dimension of

 p  1  T  p 

and

 r  1   p  1 ,

 r  1 1 .

The ranks for the matrices X and A are

respectively. When

r  p , the rank for the matrix A is

 r  1 .
The Almon technique supplies a rather neat way of eliminating the problems that arise from
multicollinearity when the distributed lag model is estimated by the OLS estimator. The Almon
technique achieves this by approximating the shape of the distribution of the lag coefficients by the
polynomial in the equation (1.5). By using the Almon technique and the Almon polynomial lag in the
equation (1.5), the coefficient  in model (1.2) can be estimated. For this purpose we put the equation
(1.5) into the model (1.2) and then

(1.6)

y  Z  u ,

where Z  XA , is obtained. Applying least squares method to the model (1.6), Almon estimator of 
is given as follows:

(1.7)

ˆ A   Z  Z  Z y .
1
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Thereupon, the Almon estimator of

via the equation (1.5) turns to be

ˆA  Aˆ A .

(1.8)

This estimator is the best linear unbiased estimator for the distributed lag model. Because of its ease of
application, the Almon estimator is often preferred in applied econometrics. However, some biased
estimation methods have been proposed when multicollinearity exists (see Maddala [6]; Vinod and
Ullah [4]; Chanda and Maddala [7]; Gültay and Kaçıranlar [8]; Güler et al. [9]; Özbay and Kaçıranlar
[10]). Specially, Gültay and Kaçıranlar [8] proposed Almon modified ridge estimator and Almon
modified Liu estimator. In addition, Güler et al. [9] defined alternative biased estimators by combining
the Almon estimator with some other estimators and compared performances of these estimators.
Özbay and Kaçıranlar [10] described Almon two parameter estimator and addressed the
multicollinearity problem. The first solution that comes to mind for the linear regression model in
coping with multicollinearity is the ridge estimator of Hoerl and Kennard [11]. The ridge estimator is
an appropriate estimation procedure for the distributed lag model (see Yeo and Trivedi [12]), as it can
be considered as an alternative interpretation of previous information such as the prior knowledge
polynomial given in (1.5). The ridge estimator for the Almon model (1.6) named with Almon ridge
estimator (ARE) is defined to be

ˆ ARE   Z Z  kI  Z y , k  0 ,
1

(1.9)

where k is biasing parameter.
Since the ARE is dependent on this biasing parameter, there are problems related to the
selection of this parameter. Furthermore, the selection problem becomes even more important as this
parameter plays an effective role on the performance of the ARE. Therefore, some alternative
estimators to the ARE in order to solve the problem of multicollinearity are offered in Gültay and
Kaçıranlar [8], Güler et al. [9] and Özbay and Kaçıranlar [10,13].
The estimated values of the biasing parameter k may be small in application. In this case, the
condition index of the matrix Z Z  kI is still large. Therefore, alternative approaches that reduce the
condition index should be investigated.
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2. DEFINITION OF ALMON LIU TYPE ESTIMATOR
One way to determine the level of multicollinearity is through examining the condition index. Let 1
and r 1 be the largest and the smallest eigenvalue of the matrix Z Z , respectively. The condition
index is computed with the formula below:



(2.1)

1
.
r 1

We can classify the multicollinearity according to the values of the condition index. Belsley
[14] described the level of multicollinearity as weak when   10 , moderate when 10    30 and
strong when   30 .
The ridge regression approach aims to develop or reduce the condition index by adding a small
constant to the diagonal elements of the matrix Z Z . On the other hand, in practice, this value is
generally small, so the condition index of the matrix Z Z  kI below

 ridge 

(2.2)

1  k
r 1  k

will also be large.
In the paper of Liu [15], he focused on this problem in the linear regression model and
suggested a method of estimation to give a larger value of the biasing parameter k to reduce the
condition index. But in this case, the part of bias increases with the use of a big value for k . At this
point Liu [15] used a second parameter to reduce the mean square error (MSE) and defined the Liu
type estimator comprising two parameters. In the light of these considerations, we can also define the
following Almon Liu type estimator (ALTE) for the distributed lag model:

(2.3)

ˆ ALTE   Z Z  kI 

1

 Z Z  dI ˆ A ,

k  0 ,   d   .

In summary, our aim in proposing this two parameter estimator is to minimize the condition
index with the first parameter k while minimizing the MSE with the second parameter d . After the
definition of the ALTE, the next stage is for the selection of its biasing parameters.
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3. DETERMINATION OF BIASING PARAMETERS
Since the ALTE defined in the previous section depends on two biasing parameters, we have to
suggest a method for selection of these parameters. Our aim in this study is to introduce a
mathematical programming approach that solves these two biasing parameters simultaneously.
Thus, by using this approach, the optimal k and d values which make the condition index of
the matrix Z Z  kI minimum will be obtained under the constraint of MSE ˆ ALTE   MSE ˆ A  . In
addition to this new selection method we propose, some parameter selection methods in the literature
will be evaluated for the distributed lag model. Then the parameter estimations obtained by the
mathematical approach will be compared with the parameter estimations obtained by existing
methods. While examining these estimation methods, the following canonical form of the model (1.6)
will be used:

(3.1)

y  W  u

where W  ZQ ,   Q and Q is the orthogonal matrix whose columns constitute the eigenvectors
of Z Z . Then, W W  QZ ZQ    diag  1 ,..., r 1  where 1  ...  r 1 . According to this canonical
form, the Almon estimator, the ARE and the ALTE can be rewritten as follows:

(3.2)

ˆA  1W y ,

(3.3)

ˆARE     kI  W y
1

and
(3.4)

ˆALTE     kI 

1

   dI  ˆA .

In order to ensure the transition between the canonical form and the standard form, we utilize the
relations ˆA  Wˆ A , ˆARE  Wˆ ARE and ˆALTE  Wˆ ALTE . As for the MSE of these estimators in the
canonical form
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r 1

MSE ˆA    u2 

(3.5)

i 1

i 1

i

,

i

r 1

MSE  ˆARE    u2 

(3.6)

1

 i  k 

r 1



2

i 1

k 2 i2

 i  k 

2

and
r 1
 d  i 
 d  k   i2
MSE  ˆALTE    


2
2
i 1 i  i  k 
i 1  i  k 
2

r 1

2

2
u

(3.7)

are obtained.
In the literature, there are several methods for the selection of the biasing parameter of the ridge
estimator. Some of these methods are adapted to the distributed lag model for the determination of the
biasing parameter k for the ARE and the ALTE with the given formulas below:

(3.8)

kˆHKB 

(3.9)

kˆLW 

 r  1ˆ u2
,

ˆ
ˆ
 A (i)   A (i)
 r  1ˆ u2
r 1

  ˆ
i 1

i

A

(i ) 

,

r 1

(3.10)

kˆHSL  ˆ u2

(3.11)

kˆAM 

i 1

(Lawless and Wang [17])

2

   ˆ
i

(Hoerl et al. [16])

A

(i ) 

2


2
  i  ˆA (i )  
 i 1

r 1

2

1 r 1 ˆ u2
,
2
 r  1 
i 1  ˆ A (i ) 

,

(Hocking et al. [18])

(Kibria [19])
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kˆGM 

(3.12)

ˆ u2

2
   ˆA (i )  
 i 1

r 1

1
r 1

,

(Kibria [19])

 ˆ 2 


u
,
kˆMED  median 
2 
  ˆA (i )  



(3.13)

(Kibria [19])

where ˆ u2 and ˆ A are unbiased estimators for  u2 and  and i  1,2,..., r  1 .
The ALTE is advantageous to the ARE in two different ways. These are the condition index and
the MSE. Obtaining a smaller condition index for the matrix Z Z  kI is possible by suggesting an
estimation method that gives greater estimates of k . We formulate this estimation method as follows:

  100 * r 1
.
kˆLiu  1
99

(3.14)

Thus, the condition index is fixed to a value of 10 to avoid the increase of the multicollinearity. The
estimation of d which gives minimum value of the MSE for the ALTE is derived as

 ˆ
r 1

dˆ 

(3.15)

i 1
r 1

2
u

   ˆ
i 1

i

 k  ˆA (i ) 
(i )   ˆ u2
2

A

   k 
    k 

2

2

i

i

2

i

(see Liu [15,20]).
If the parameter selection method will be discussed by mathematical programming approach,
the model to be established is as follows:

Find kMP and d MP that :
Minimize

H

Subject to

ˆ u2 

1  kMP
r 1  kMP

r 1
 d MP  i 
 d  kMP  ˆA (i) 
  MP
2
2
i 1 i  i  k MP 
i 1
 i  kMP 

r 1

kMP  0,    dMP   .

2

2

2

r 1

 ˆ u2 
i 1

1

i

,
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With the help of this model, the optimal values of kMP and d MP that minimize the condition index of
the matrix Z ' Z  kI will be obtained so that MSE ˆALTE   MSE ˆA  (see Ebaid et al. [21]).

4. NUMERICAL EXAMPLE
In this section, selection of the biasing parameters, calculation of the MSE and estimation of the
parameters for the new ALTE are examined via a numerical example. With the aim of application, the
data set of Almon [5] is investigated. This quarterly data was taken between the years 1953-1967 with
appropriations as independent variable and expenditures as dependent variable. With p  8 length of
lag and r  2 degree of polynomial for A , Z matrix in model (1.6) is obtained by Z  XA . The
condition number of Z Z matrix, namely 1 r 1 is equal to 4033 and it demonstrates severe
multicollinearity. In this application, the computations for the Almon estimator and the ALTE are
done in the canonical form. The outcomes obtained from the application of the theoretical part are
given in the Table 1.
Different parameter selection methods kˆMP , kˆLiu , kˆHKB , kˆLW , kˆHSL , kˆAM , kˆGM ve kˆMED , which
are the estimations of first parameter k of the ALTE, are calculated. Using them, d̂ in equation (3.15)
is calculated. These estimated values of the parameters are then used to calculate MSE ˆALTE  given
in (3.7). In addition, by using different estimates of k , the condition index values given by (2.2) are
calculated. The MSE and condition index calculations are also given for the Almon estimator.
Furthermore, the estimates of coefficients and their lengths are included in the Table 1.
As it is seen from Table 1, in accordance with the main objective of the mathematical
programming approach, the estimated MSE values of the ALTE is smaller than the estimated MSE
values of the Almon estimator and at the same time the condition index value of the ALTE is
minimum. Moreover, it is observed that, when mathematical programming method is used to
determine two biasing parameters of the ALTE, the length of the estimated coefficients of the ALTE is
smaller than that of the Almon estimator.
When the LIU approach which is another method that we recommend is preferred, it is seen that
the condition index is calculated as 10, as expected. This results in a significant improvement in the
level of multicollinearity. The fact that the values of condition index for all the methods in the Table 1
is quite small compared to the condition index of the Almon estimator supports this situation.
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A valuable outcome at this point is that the condition index for the MP method is the smallest one.
Taking account of length of the estimated coefficients, the MP approach is the best among all of the
methods since it provides the smallest length of the estimated coefficients for the ALTE.
When the other parameter estimation methods (HKB, LW, HSL, AM, GM, MED) are preferred,
it is observed that the ALTE performs better than the Almon estimator in terms of both the MSE and
condition index. However, these methods are defeated by the mathematical programming approach in
terms of the condition index and the length of the estimated coefficients. In other words, the method
that gives the smallest condition index among all parameter estimation methods is the new
mathematical programming approach which we proposed.

Table 1. Data analysis outcomes of different estimators
Estimators
MP

Almon

LIU

HKB

LW

HSL

AM

GM

MED

MSE

2.6371

22.8594

1.6543

1.6353

1.7125

1.6986

1.6480

1.6385

1.6348

Condition Index

1.0011

63.5065

10

13.0691

7.6785

8.0523

10.5320

11.9013

14.0472

k̂

1.39E+03

0

2.89E-02

1.66E-02

4.99E-02

4.52E-02

2.60E-02

2.01E-02

1.42E-02

d̂

-1.72E+02

0

-1.20E-03

-3.61E-04

-2.76E-03

-2.40E-03

-9.92E-04

-5.97E-04

-2.09E-04

̂1

0.1065

0.8552

0.8847

0.9687

0.7841

0.8031

0.9027

0.9418

0.9876

̂ 2

0.1384

1.1127

0.2538

0.2348

0.2774

0.2729

0.2497

0.2408

0.2306

̂ 3

-0.1239

-1.0053

-0.1758

-0.2361

-0.1060

-0.1189

-0.1885

-0.2166

-0.2499

̂

0.2141

1.7263

0.9371

1.0243

0.8384

0.8565

0.9553

0.9960

1.0445

5. RESULTS
As an econometric model, the distributed lag model generally suffers from the problem of
multicollinearity. In this context, it is benefical to use the ALTE because of its performance in
eliminating multicollinearity. Two biasing parameters of the ALTE are successful at reducing both the
level of multicollinearity and the MSE at the same time. In this study, a system which solves these two
parameters simultaneously with the mathematical programming approach is presented. With this new
approach, it is inferred that the condition index and thus the multicollinearity decreases. Moreover, the
length of the estimated coefficients obtained with this proposed approach is generally smaller in size.
After the achievements we have obtained from this study, we suggest the researchers to examine
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parameter estimation by using mathematical programming approach for different type of two
parameter estimators.
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ON SOME NEW F K-SPACES
MAHMUT KARAKUŞ

Abstract. In this study, we give some new F K-spaces by means of an infinite matrix as an operator and define some new β- and γ-type duality of
sequence spaces [3, 4]. We also introduce some new sections and investigate
some properties like AB-, F AK-, SAK- and AK- in an F K-space. By this
way, we obtain some new distinguished subspaces of an F K-space [5]. Among
other results, we prove that the sum of finite numbers of F K-spaces and the
intersection of a sequence of F K-spaces which have these new properties with
corresponding paranorms have also these new properties. The reader can refer
to [1], [2] and [11] for the main results and related topics in F K-space theory.

1. Introduction, Preliminaries and Notation
The space of all scalar valued sequences is given by ω and a K space is a locally
convex sequence space (lcss) λ containing φ and a subspace of ω on which coordinate
functionals πk (x) = xk are continuous for every k ∈ N. Here φ is the space of finitely
non-zero sequences spanned by {(δ k ) : k ∈ N} which is the space of sequences whose
kth position is 1 and all the others are 0. A complete linear metric (or complete
normed linear) K space is called an F K (or BK) space.

The multipliers from λ into µ are given by λµ = y ∈ ω|xy ∈ µ, ∀x ∈ λ for
λ, µ ⊂ ω, where xy is the coordinatewise product, i.e., xy = xk yk k∈N . We notates

(λµ )ν = λµν = y ∈ ω|xy ∈ ν, ∀x ∈ λµ for λ, µ, ν ⊂ ω. A sequence space λ is
called µ−perfect if λ = λµµ . Classical
duals of λ are given byλ` , λcs
 α−, β− and γ− P
bs
and λ , respectively, where ` = (xk )∈ ω : ||x||1 = k |xk | < ∞ , cs = (xk ) ∈
P
Pn
ω : k xk is convergent and bs = (xk ) ∈ ω : ||x||bs = supn | k=1 xk | < ∞ .
These are Banach spaces with their natural norms and also cs is Banach spaces
with ||.||bs . We know, φ ⊂ λα ⊂ λβ ⊂ λγ . If λ ⊂ µ then µζ ⊂ λζ and for every λ we
have λζ = λζζζ , λ ⊂ λζζ , where ζ is one of the α−, β− or γ− duals. One can refer
to [8] for some properties of β− and γ− duality of a sequence space. Let us note,
Fleming and Magee showed that, whenever λ ⊃ φ is a sequence space (not required
be a BK) and µ ⊃ φ is a BK space then λµ is a BK space iff there exist a norm
||.|| on λ such that for every y ∈ λµ the diagonal map Ty : λ → µ, Ty (x) = xy is
continuous with
respect to this norm [7]. We denote f -dual of a BK-space λ ⊃ φ

with λf = (f (δ k ))k∈N | for some f ∈ λ0 . Here, λ0 is the space of all bounded
Date: xxxx a, 2019, accepted yyyy b, 2019.
2000 Mathematics Subject Classification. Primary 40H05, 46A45; Secondary: 40G99, 40C05.
Key words and phrases. F K-spaces, Matrix methods, β-, γ-, f - duality.
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linear functionals defined on λ. One can easily see that λf is also a BK space with
||f ||λ0 = ||(f (δ k ))k∈N ||λf . A K space λ ⊃ φ is called a sum space if λλ = λf . For example, `, cs and bs are BK sum spaces. If λ ⊃ φ is a K space then S ∈ λ0 is called
a
P
sum on λ if S(δ k ) = 1, for all k ∈ N or equivalently S is a sum on λ if S(x) = k xk ,
for all x = (xk ) ∈ φ, where S ∈ λ0 . A K space λ is called AD space if λ = φ,
f
where φ is closure of φ in λ. Via Hahn-Banach theorem, λf = φ . The reader can
refer to [1], [2], [10] and [11] for the recent results and related topics in summability.
Let λ = (λk ) be a strictly increasing sequence of positive real numbers tending
to infinity, that is,
(1.1)

0 < λ1 < λ2 < · · · and

lim λk = ∞.

k→∞

Then the sequence x = (xk ) ∈ ω is said to be λ-convergent to the number a ∈ C, if
(Λx)n → a, as n → ∞; where
(Λx)n =

n
1 X
(∆λ)k xk
λn
k=1

for all n ∈ N. Throughout the text we shall assume that (∆λ)k = λk − λk−1 for
all k ∈ N and λ0 = 0. The set cλ of all λ convergent sequences is a BK space with
the norm kxk`λ∞ = kΛxk∞ = supn∈N |(Λx)n |, where Λx = {(Λx)n }; [9]. The matrix
Λ = (λnk ) is also defined by
 λk −λk−1
, (1 ≤ k ≤ n),
λn
λnk :=
0
, (k > n)
for all k, n ∈ N. In the special case λn = n for all n ∈ N, the Λ-matrix is reduced to
the Cesàro matrix C of order one. We also note that Λ-summability is the special
case of the N q-summability; [9], (see also [1]).
c0 ⊂ cλ0 , c ⊂ cλ and `∞ ⊂ `λ∞ strictly hold if and only if
lim inf
n

λn+1
=1
λn

[9]. c0 = cλ0 , c = cλ and `∞ = `λ∞ hold if and only if
(1.2)

lim inf
n

λn+1
>1
λn

[9].
2. Some New Sections and Distinguished Subspaces of an F K-spaces
In 1950’s Zeller introduced the first examples of sectional properties and characterized some important topological properties of a sequence space by means of
nth -sections of a sequence x = (xk ) ∈ ω [12]. After that, in [3] and in [4], Buntinas
generalized these results to the Cesàro sections and Toeplitz sections in an FKspace, respectively. In this section, we study some new sections in an F K-space
and obtain some new results on relationship between some new distinguished subspaces and the duals of an F K-space X.
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Let x = (xk ) ∈ ω be a sequence, then by using Λ = (λnk ), we have Λ nth section
of x as;
[n]
xλ

n
1 X
= Λ(x ) =
(∆λk )x[k] .
λn
[k]

k=1

Here, x[k] =

Pk

j=1

xj δ j and ∆λk = λk − λk−1 ,(k ∈ N and λ0 = 0).
[n]

A sequence x in any K space X ⊃ φ has λAK property if xλ → x, (n → ∞) in
X and we say X is an λAK- space if all elements of λ have this property. Similarly
we can define the properties, SλAK, F λAK and λAB. So, we define the following
sets as:

ΛSX

=

ΛWX

=

n



=
+
ΛFX

=
=

+
ΛBX

=
=

[n]

x ∈ X x = lim xλ
[n]


,


x ∈ X xλ * x in λ (”*” means weakly convergent)


[n]
x ∈ X f (x) = lim f (xλ ), ∀f ∈ X 0 ,
n


[n]
x ∈ ω xλ )n∈N weakly Cauchy in X


[n] 
x ∈ ω (f (xλ ) n∈N ∈ c, ∀f ∈ λ0 ,


[n] 
x ∈ ω xλ n∈N is bounded in X


[n] 
x ∈ ω f (xλ ) n∈N ∈ `∞ , ∀f ∈ X 0 .

+
+
One should keep in mind that ΛBX = ΛBX
∩ X and ΛFX = ΛFX
∩ λ. These
are the spaces of the sequences which have λAB and F λAK, respectively. Now
for example, if the normed sequence space X is an λAB-space (or λAK-space),
then supn k x[n]λ kX < ∞ (or limn k x[n]λ − x kX = 0). Further, since the boundedness and weak boundedness are equal in normed spaces, one can easily see that
supn |f (x[n]λ )| < ∞ holds, for every f ∈ X 0 , x ∈ ΛBX .
[n]
For all x ∈ ω, since {x[n] |n ∈ N} ⊃ {xλ |n ∈ N}, we have

ΛPX ⊃ PX
for the properties P = B, F, W, S and ΛP = ΛB, ΛF, ΛW, ΛS.
In the other hand, let us define the operator Λ = (λnk ) associated with the sum
operator

snk =

1
0

, (1 ≤ k ≤ n)
,
,
(k > n)
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then we obtain the spaces


k
X
λ
λ(B) =
x = (xj ) ∈ ω :
xj ∈ ` ∞
j=1


=


n
k
X
1 X
(λk − λk−1 )
xj < ∞
x = (xj ) ∈ ω : sup
n λn
j=1
k=1

and

λ(S)

x = (xj ) ∈ ω :

=

k
X

λ



xj ∈ c

j=1


=

X
n

1
x = (xj ) ∈ ω : lim
n λn

(λk − λk−1 )

k
X


xj


exists

j=1

k=1

with the norm
kxkλ(B) = kxkλ(S) = sup
n

n
k
X
1 X
(λk − λk−1 )
xj .
λn
j=1
k=1

We define the λ(B) and λ(S) duals of a sequence space X as


n
k
X
1 X
λ(B)
(∆λk )
xj yj < ∞, ∀y = (yj ) ∈ X
X
=
x = (xj ) ∈ ω : sup
n λn
j=1
k=1

=
x = (xj ) ∈ w : xy ∈ λ(B), ∀y = (yj ) ∈ X
and
X

λ(S)


=
=



1
x = (xj ) ∈ ω : lim
n λn

X
n

(∆λk )

k=1

k
X


xj yj


exists , ∀y = (yj ) ∈ X

j=1

x = (xj ) ∈ ω : xy ∈ λ(S), ∀y = (yj ) ∈ X ,

respectively. We have X λ(S) ⊂ X λ(B) and if ς = λ(S), λ(B), then the inclusion
X ⊂ Y yields Y ς ⊂ X ς . We also have X ς = X ςςς and X ⊂ X ςς . If X = X ςς ,
then X is said to be a ς− space. In the sake of shortness, we use the notation
2
2
X λ(S)λ(S) = X λ (S) and X λ(B)λ(B) = X λ (B) . It can be easily seen that, if λk = k,
one can obtain the spaces σs and σb from the spaces λ(S) and λ(B), respectively
[3]. The inclusions cs ⊂ λ(S) and bs ⊂ λ(B) hold. λ(B) ⊂ σb and λ(S) ⊂ σs if
and only if the condition (1.2) holds.
Proof. It is clear.



If X is an AK-space, then it is an λAK-space.
Proof. It is clear with Stolz-Cesàro theorem.



Let X ⊃ φ be a BK-space. If the following conditions hold then it is said to be
X has a monotone norm [11]:
i. For n < m ||x[n] || ≤ ||x[m] ||,
ii. ||x|| = supm ||x[m] ||.
cλ has monoton norm.
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λ
Proof.
x be fixed and Λ(m, n) =
PmSince Λ is a triangle c is a BK-space.
PLet
n
1
1
∞ = sup
(∆λ
)x
.
So,
from
||x||
(∆λ
k
k
λ
k )xk , we have ||x||λ∞ =
n λn
k=1
k=1
λn
[m]
λ(n, n). Since, for x = {x1 , ..., xm , 0, 0, ...}

Λ(n, n) , n ≤ m
[m]
Λ(x )n =
,
Λ(m, n) , n ≥ m

we also have Λ(m, n) is decreasing for n. Therefore, the first condition holds. In
the other hand, from ||x[m] ||λ∞ = supn {Λ(n, n) : n ≤ m}, one can easily see that,
the second condition also holds.

Let X ⊃ φ be an F K-space. Then, the inclusions
φ ⊂ ΛSX ⊆ ΛWX ⊂ ΛFX ⊂ ΛBX ⊂ X
and
φ ⊂ ΛSX ⊆ ΛWX ⊂ φ
hold.
Proof. From the definitions of the spaces φ, ΛSX , ΛWX , ΛFX , ΛBX , we have
[n]

[n]

[n]

[n]

xλ → x, ( by the norm of X) ⇒ f (xλ ) → f (x) ⇒ (f (xλ )) ∈ c ⇒ (f (xλ )) ∈ `∞ ,
for every f ∈ X 0 .
Now, we shall prove that ΛWX ⊂ φ. Let us suppose that x ∈ ΛWX . So,
f (x) = lim
n

n
1 X
∆λk f (x[k] ),
λn
k=1

holds for every f ∈ X 0 . Therefore, we have the result from Hahn - Banach theorem
[11].

Distinguished subspaces of an F K-space are monotone. That is,
X ⊂ Y ⇒ ΩX ⊂ ΩY
holds for every Ω = ΛS, ΛW, ΛF, ΛB.
Proof. Since the others are similar, we only give the proof for λAK property. By
bearing in mind that the inclusion map is continuous,
let us suppose that X ⊂ Y
Pn
and x ∈ ΛSX . Therefore, the convergence λ1n k=1 (∆λk )x[k] → x, in X yields
Pn
that the convergence λ1n k=1 (∆λk )x[k] → x, in Y . This completes the proof. 
Let each Xi ⊃ φ,P(i = 1, 2, ..., m) be F K-spaces with paranorms
p(i) , (i =
Pm
m
1, 2, ..., m) and X = i=1 Xi . If Ω = ΛS, ΛW, ΛF, ΛB, then i=1 ΩXi ⊆ ΩX
holds.
Proof. Since the others are similar, we only give proof for λAK property. Let us
suppose that x(i) ∈ ΛSXi (i = 1, 2, ..., m). Then,
[n]

[n]

p(1) [(x(1) )λ − x(1) ] → 0, ..., p(m) [(x(m) )λ − x(m) ] → 0,
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m
[n]
that is, by taking p(i) [(x(i) )λ − x(i) ] → 0 i=1 , we have
X

X

m
m
m
X


[n]
[n]
q (
x(i) )λ −
x(i)
= q
(x(i) )λ − x(i)
i=1

i=1

i=1

=
≤


n

1 X
(∆λk )(x(i) )[k] − (x(i) )
λn
i=1
k=1


n
X

1
(1)
(1) [k]
(1)
p
(∆λk )(x )
− (x ) +
λn

q

X
m

k=1

+

... +

+

p

(m)

p

(1)

=




n

1 X
(m) [k]
(m)
(∆λk )(x )
− (x )
λn

k=1
(1) [n]
[(x )λ −

[n]

x(1) ] + ... + p(m) [(x(m) )λ − x(m) ]

→ 0, as n → ∞.
Pm

x(i) ∈ ΛSX . This completes the proof (see also [6]).

T
Let T
{Xn }∞
n=1 be a sequence of F K-spaces and X =
n Xn . Then we have,
ΩX = n ΩXn for Ω = ΛS, ΛW, ΛF, ΛB.

Therefore, we have

i=1

Proof. T
By monotonicity, ΩX ⊆ ΩXn , and so for Ω = ΛS, ΛW, ΛF, ΛB we have
Ω
⊆
X
n ΩXn , for all n ∈ N. Since the others are similar, we shall
T
T only prove that
Ω
⊆
Ω
holds
for
Ω
=
ΛS.
Let
us
suppose
that
x
∈
X
X
n
n
n ΛSXn . Then for
[n]
[n]
all n, k ∈ N, qnk (xλ − x) → 0 and also xλ → x in X, we have x ∈ ΛSX . This
completes the proof (see also [6]).

3. Duals
In the following, we give some relationship between the distinguished subspaces
and f −, λ(S) ve λ(B) duals for an F K-space X ⊃ φ. Let X ⊃ φ be an F K-space.
+
+
Then, we have ΛBX
= X f λ(B) and ΛFX
= X f λ(S) .

+
Proof. We know that z ∈ ΛBX
if and only if zn f (δ n ) n∈N ∈ λ(B), for all f ∈ X 0 .
Let us take (f (δ n ))n∈N ∈ X f , for some f ∈ X 0 , then from the definition of λ(B),
we have z ∈ X f λ(B) . The other one is similar.

+
+
Let X ⊃ φ be an F K-space. Then, the spaces ΛBX
and ΛFX
are λ(B) and
λ(S) spaces, respectively. Let X ⊃ φ be an F K-space and φ is the closure of φ in
+
+
X. If φ ⊂ Y ⊂ X , then we have ΛBX
= ΛBY+ and ΛFX
= ΛFY+ .
+
Proof. Since φ ⊂ Y ⊂ X holds, we have ΛBφ+ ⊂ ΛBY+ ⊂ ΛBX
. Therefore, for an
f

f

arbitrary F K-space X ⊃ φ, we have (φ)f = X f , and so φ ⊂ Y f ⊂ X f = φ .
Anymore, we get desired result by taking λ(B) dual in both sides. Similarly, we
+
can prove that ΛFX
= ΛFY+ .

Let X ⊃ φ be an F K-space. Then, X is an λAB-space if and only if X f ⊂
X
and X is an F λAK-space if and only if X f ⊂ X λ(S) .
λ(B)
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Proof. {⇒}: By hypothesis and previous results, for λ(B) and λ(S) duals of an
+
+
F K-space, we have X ⊂ ΛBX
= X f λ(B) and X ⊂ ΛFX
= X f λ(S) . From taking
λ(B) and λ(S) duals,
2

Xfλ

(B)

⊂ X λ(B)

and
Xfλ
hold. Now, we have also X f ⊂ X f λ

2

2

(S)

(B)
f

⊂ X λ(S)

and X f ⊂ X f λ

X ⊂X

2

(S)

, then

λ(B)

and
X f ⊂ X λ(S)
hold.
{⇐}: In hypothesis, by using the inclusions X ⊃ φ X f ⊂ X λ(B) and X f ⊂
λ(S)
X
, let us take λ(B) and λ(S) duals. From the properties of λ(B) and λ(S)
duals, we have
2
+
X ⊂ X λ (B) ⊂ X f λ(B) = ΛBX
and
2

X ⊂ Xλ

(S)

+
⊂ X f λ(S) = ΛFX
,

respectively. This means that, X is a λAB- and X is an F λAK-space, respectively.

As a result of this theorem, we have following since X λ(S) is a closed subspace
of X λ(B) space (see also [11]). Let X ⊃ φ be a BK − λAB-space, then X λ(S) is
closed in λf . The following assertions for an F K-space X ⊃ φ are true:
(i) If X is an F λAK-space, then X f = X λ(S) ,
(ii) If X is an AD-space, then X λ(S) = X λ(B) ,
(iii) The inclusions X β ⊂ X λ(S) ⊂ X λ(B) ⊂ X f are hold.
Proof. (i) Let us suppose that y ∈ X λ(S) and
f (x) = lim
n

n
k
X
1 X
∆λk
xj yj
λn
j=1
k=1

holds, for every x ∈ X. By Banach-Steinhaus theorem, we havef ∈ X 0 . Since we
have

f (x)

n
k
X
1 X
∆λk
xj yj
n λn
j=1
k=1
 X

n
n
X
1
λn
xk yk −
λk−1 xk yk
= lim
n λn
k=1
k=1
X

n
n
X
1
= lim
xk yk −
λk−1 xk yk ,
n
λn

=

lim

k=1

k=1
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by taking x = δ m , we have



λm−1
f (δ ) = lim ym −
ym
n
λn


λm−1 
= lim ym 1 −
n
λn
= ym , m < n.
m

and then y = (ym ) ∈ X f . This means that, X λ(S) ⊆ X f .
In the other hand, let us take y ∈ X f . Since X is an F λAK-space,
n
1 X
∆λk f (x[k] )
λn

lim
n

k=1

j

exists, and so y = (yj ) = (f (δ )) ∈ X

λ(S)

, for all x ∈ X. Therefore, X f ⊆ X λ(S) .

(ii) It is enough to show that, if X is an AD-space, then X λ(B) ⊂ X λ(S) holds.
Let us suppose that y ∈ X λ(B) and define {fn } as,
fn (x) = lim
n

n
k
X
1 X
∆λk
xj yj ,
λn
j=1
k=1

for all x ∈ X. Then {fn } is point-wise bounded and so is equicontinuous [11].
For all m ≤ n,
lim fn (δ m ) = ym
n

and so is φ ⊂ {x : limn fn (x) mevcut}. By convergence lemma [11], {x : limn fn (x) mevcut }
is a closed subspace of X. Since X is an AD-space, we have
φ ⊂ {x : lim fn (x) exists } = φ = X.
n

That is, y ∈ X λ(S) . Hence, X λ(S) = X λ(B) .
(iii) It is enough that, the inclusion X λ(B) ⊂ λf holds. For φ ⊂ X,
X λ(B)

⊂ (φ)λ(B)
=

(φ)λ(S)

⊂ (φ)f
= Xf ,
since φ is an AD-space.



We have the following corollary by using previous theorems. Let X ⊃ φ be an
F K-space. Then,X is a λAB-space if and only if X f = X λ(B) and X is an F λAK-space
if and only if X f = X λ(S) . Let X ⊃ φ be an F K − λAB-space. Then, φ is a λAKspace and the equalities ΛSX = ΛWX = φ holds.
Proof. Since we get the proof by the similar way used in the proof of given theorem
in [5], we omit the details.

+
Let X ⊃ φ be an F K-space such that φ is a λAK-space. Then, we have ΛFX
=
2
φ λ (S) .
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+
Proof. We know that ΛFX
= X f λ(S) and X f = (φ)f for an F K-space X ⊃ φ.
Now, by taking λ(S) dual in both sides, we have X f λ(S) = (φ)f λ(S) .


In this theorem, we can replace λAK property with the weaker property F λAK.
Because, if X ⊃ φ is an F λAK-space, then X f = X λ(S) .
Let X ⊃ φ be an
F K-space. Then, X is an F λAK -space if and only if φ is a λAK space and X ⊂
φ

λ2 (S)

. Let X ⊃ φ be an F K-space. Then the following are equivalent:
(i)
(ii)
(iii)
(iv)
(v)

X is an F λAK-space ,
λ2 (S)

X ⊂ ΛFX

,

λ2 (S)
X ⊂ ΛWX
,
λ2 (S)
X ⊂ ΛSX ,
λ(S)
X λ(S) = ΛFX

λ(S)

= ΛWX

λ(S)

= ΛSX

.

Proof. (iv) ⇒ (iii) ⇒ (ii) are clear from the definitions of these spaces.
λ2 (S)
. Then,
(ii) ⇒ (i): Let us suppose that X ⊂ ΛFX
Xf ⊂ Xfλ

2

(S)

+λ(S)

= ΛFX

λ(S)

⊂ ΛFX

⊂ X λ(S)

hold.
(i) ⇒ (iv): It is clear from previous results.
(iv) ⇒ (v): We have for an F K-space X ⊃ φ;
ΛSX ⊂ ΛWX ⊂ ΛFX ⊂ X.
By taking λ(S) dual in every side, we have
λ(S)

X λ(S) ⊂ ΛFX

λ(S)

⊂ ΛWX

λ(S)

⊂ ΛSX

.

By bearing in mind the hypothesis with the previous results, we get the proof.
(v) ⇒ (iv): It is clear.

Let X be an F K-space has λAK property. The following theorem tells us that
there is a closed relationship between the spaces X λ(S) and X 0 . Let X ⊃ φ be an
F K-space. Then the following are equivalent:
(i)
(ii)
(iii)

X is an SλAK-space,
X is a λAK-space,
X λ(S) =X
b 0 , (f → f (δ k )).

Proof. (i) ⇒ (ii): If X is an SλAK-space, then it is an AD-space and also is a
λAB-space. Therefore, X is a λAK-space.
(ii) ⇒ (iii): Since X is a λAK-space, then it is AD-space, and so X f = X 0
holds.
(iii) ⇒ (i): Let us suppose that u ∈ X λ(S) . Then, for all f ∈ X 0 and x ∈ X, we
have
n
k
X
1 X
f (x) = lim
(∆λk )
uj xj .
n λn
j=1
k=1

Therefore, we have x ∈ ΛWX .
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Let X ⊃ φ be an F K-space. Then, the following assertions are equivalent:
(i)

ΛWX is closed in X,

(ii)

φ ⊂ ΛBX ,

(iii)

φ ⊂ ΛFX ,

(iv)

φ = ΛWX ,

(v)

φ = ΛSX ,

(vi)

ΛSX is closed in X.

Proof. (v) ⇒ (iv), (iv) ⇒ (iii), (v) ⇒ (ii) and (iii) ⇒ (ii) are clear. Since φ is a
λAK-space, we have φ ⊂ ΛSX , and so (ii) ⇒ (v) holds.
In the other hand, from φ ⊂ ΛSX ⊂ ΛWX ⊂ φ, we have (i) ⇒ (iv) and
(vi) ⇒ (v). (iv) ⇒ (i) and (v) ⇒ (vi) are also clear from the previous theorems
and corollaries.
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SELECTING THE MOST EFFICIENT GENETIC ALGORITHM
SETS FOR GENERATING TOPOLOGY
G. ŞENEL

Abstract. Genetic algorithm (GA) is a heuristic search and optimization
technique inspired by natural evolution. GA structure incorporates main operations in iteration to create the new chromosome. GAs have been successfully
applied to a wide range of real-world problems of significant complexity. This
paper is intended as an introduction to GAs aimed at mathematicians interested in immunology for generating topology. We describe how to construct a
GA to find the most appropriate GA set that obtains the optimum, or near
optimum, topological structure.

1. Introduction
Genetic algorithms are a type of optimization algorithm, meaning they are used
to find the optimal solution(s) to a given computational problem that maximizes
or minimizes a particular function. Genetic algorithms represent one branch of the
field of study called evolutionary computation, in that they imitate the biological
processes of reproduction and natural selection to solve for the fittest solutions [5].
Science arises from the very human desire to understand and control the world.
The goals of creating artificial intelligence and artificial life can be traced back to
the very beginnings of the computer age. The first has grown into the field of neural
networks, the second into machine learning, and the third into what is now called
”evolutionary computation,” of which genetic algorithms are the most prominent
example. In the 1950s and the 1960s several computer scientists independently
studied evolutionary systems with the idea that evolution could be used as an optimization tool for engineering problems. The idea in all these systems was to evolve
a population of candidate solutions to a given problem, using operators inspired
by natural genetic variation and natural selection [8]. In the 1960s, Rechenberg
(1965, 1973) introduced ”evolution strategies” (Evolutionsstrategie in the original
German), a method he used to optimize real-valued parameters for devices such
as airfoils. This idea was further developed by Schwefel (1975, 1977). Several
other people working in the 1950s and the 1960s developed evolution-inspired algorithms for optimization and machine learning. Box (1957), Friedman (1959),
Bledsoe (1961), Bremermann (1962), and Reed, Toombs, and Baricelli (1967) all
2000 Mathematics Subject Classification. 01A73, 08A05, 60J70, 92D10.
Key words and phrases. Genetic algorithm, population, crossover, mutation, parameter,
topology.
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worked in this area, though their work has been given little or none of the kind
of attention or followup that evolution strategies, evolutionary programming, and
genetic algorithms have seen.
Genetic algorithms (GAs) were invented by John Holland in the 1960s and were
developed by Holland and his students and colleagues at the University of Michigan
in the 1960s and the 1970s [8]. In contrast with evolution strategies and evolutionary programming, Holland’s original goal was not to design algorithms to solve
specific problems, but rather to formally study the phenomenon of adaptation as it
occurs in nature and to develop ways in which the mechanisms of natural adaptation
might be imported into computer systems. Holland’s GA is a method for moving
from one population of ”chromosomes” to a new population by using a kind of
”natural selection” together with the genetics-inspired operators of crossover, mutation, and inversion. Each chromosome consists of ”genes” each gene being an
instance of a particular ”allele” (e.g., 0 or 1). The selection operator chooses those
chromosomes in the population that will be allowed to reproduce, and on average
the fitter chromosomes produce more offspring than the less fit ones. Crossover exchanges subparts of two chromosomes, roughly mimicking biological recombination
between two single-chromosome (”haploid”) organisms; mutation randomly changes
the allele values of some locations in the chromosome; and inversion reverses the
order of a contiguous section of the chromosome, thus rearranging the order in
which genes are arrayed. It can be meant that ”crossover” and ”recombination”
are the same thing as in most of the GA literature [8]. Holland’s introduction of a
population-based algorithm with crossover, inversion, and mutation was a major innovation. Today, researchers often use various evolutionary computation methods,
and the boundaries between GAs, evolution strategies, evolutionary programming,
and other evolutionary approaches inspired from the work of Holland’s.
2. Components, Structure and Terminology
In this section, an overview of GA which can be named as preliminaries devoted
to some main notions for each area, i.e., components [5], algorithm [4], genetic
algorithm [8] and topological structure [6]. Apart form definitions and theorems
are numbered, known concepts are mentioned in the text along with the reference
[8].
Since genetic algorithms are designed to simulate a biological process, much of
the relevant terminology is borrowed from biology. The basic components common
to almost all genetic algorithms are:
 a fitness function for optimization
 a population of chromosomes
 selection of which chromosomes will reproduce
 crossover to produce next generation of chromosomes
 random mutation of chromosomes in new generation.
Let us to define the components: The fitness function is the function that the
algorithm is trying to optimize. The word fitness is taken from evolutionary theory.
It is used here because the fitness function tests and quantifies how fit each potential
solution is. The fitness function is one of the most pivotal parts of the algorithm, so
it is discussed in more detail at the end of this section. The term chromosome refers
to a numerical value or values that represent a candidate solution to the problem
that the genetic algorithm is trying to solve [5]. Each candidate solution is encoded
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as an array of parameter values, a process that is also found in other optimization
algorithms. A genetic algorithm begins with a randomly chosen assortment of
chromosomes, which serves as the first generation (initial population). Then each
chromosome in the population is evaluated by the fitness function to test how well
it solves the problem at hand. Now the selection operator chooses some of the
chromosomes for reproduction based on a probability distribution defined by the
user. The fitter a chromosome is, the more likely it is to be selected by suitable
functions.
For example, if the parent chromosomes
[11010111001000] and [01011101010010]
are crossed over after the fourth bit, then
[01010111001000] and [11011101010010]
will be their offspring. The mutation operator randomly flips individual bits in the
new chromosomes (turning a 0 into a 1 and vice versa). Typically mutation happens
with a very low probability, such as 0.001 [5]. Some algorithms implement the
mutation operator before the selection and crossover operators; this is a matter of
preference. At first glance, the mutation operator may seem unnecessary. In fact, it
plays an important role, even if it is secondary to those of selection and crossover [5].
Selection and crossover maintain the genetic information of fitter chromosomes, but
these chromosomes are only fitter relative to the current generation. This can cause
the algorithm to converge too quickly and lose potentially useful genetic material
(1s or 0s at particular locations). In other words, the algorithm can get stuck at a
local optimum before finding the global optimum [5]. The mutation operator helps
protect against this problem by maintaining diversity in the population, but it can
also make the algorithm converge more slowly.
Genetic algorithms are iterated until the fitness value of the best-so-far chromosome stabilizes and does not change for many generations. This means the
algorithm has converged to a solution(s). The whole process of iterations is called
a run. At the end of each run there is usually at least one chromosome that is
a highly fit solution to the original problem. Depending on how the algorithm is
written, this could be the most fit of all the best-so-far chromosomes, or the most
fit of the final generation.

3. Genetic Algorithms in Scientific Models
The performance of a genetic algorithm depends highly on the method used to
encode candidate solutions into chromosomes and the particular criterion for success, or what the fitness function is actually measuring. Other important details
are the probability of crossover, the probability of mutation, the size of the population, and the number of iterations. These values can be adjusted after assessing
the algorithms performance on a few trial runs.
Genetic algorithms are used in a variety of applications. Some prominent examples are automatic programming and machine learning. They are also well suited to
modeling phenomena in economics, ecology, the human immune system, population
genetics, and social systems.
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3.1. Selecting the most efficient genetic algorithm sets for generating
topology. The method of direct encoding is illustrated in work done by Geoffrey
Miller, Peter Todd, and Shailesh Hegde (1989), who restricted their initial project
to feedforward networks with a fixed number of units for which the GA was to
evolve the connection topology [8]. In the illustration of Miller, Todd, and Hegde’s
representation scheme, each entry in the matrix represents the type of connection
on the link between the ”from unit” (column) and the ”to unit” (row). The rows
of the matrix are strung together to make the bit-string encoding of the network,
given at the bottom of the figure. The connection topology was represented by an
N x N matrix (5 x 5) in which each entry encodes the type of connection from the
”from unit” to the ”to unit.” The entries in the connectivity matrix were either
”0” (meaning no connection) or ”L” (meaning a ”learnable” connectioni.e., one for
which the weight can be changed through learning). It also shows how the connectivity matrix was transformed into a chromosome for the GA (”O” corresponds to
0 and ”L” to 1) and how the bit string was decoded into a network. These are all
relatively easy problems for multi-layer neural networks to learn to solve problems.
The networks had different numbers of units for different tasks (ranging from 5
units for the task to 20 units for the encoder/decoder task); the goal was to see
if the GA could discover a good connection topology for each task. For each run
the population size was 50, the crossover rate was 0.6, and the mutation rate was
0.005. In all three tasks, the GA was easily able to find networks that readily
learned to map inputs to outputs over the training set with little error. For several
examples of more sophisticated approaches to evolving network architectures using
direct encoding, see Whitley and Schaffer 1992.

4. When Should a Genetic Algorithm Be Used?
The GA literature describes a large number of successful applications, but there
are also many cases in which GAs perform poorly. Given a particular potential
application, how do we know if a GA is good method to use? There is no rigorous
answer: if the task does not require a global optimum to be found and quickly
finding a sufficiently good solution is enough, a GA will have a good chance of
being competitive with other methods [8]. If a space is not large, then it can be
searched exhaustively, and one can be sure that the best possible solution has been
found, whereas a GA might converge on a local optimum rather than on the globally
best solution. If the space is smooth, a gradient-ascent algorithm such as steepestascent hill climbing will be much more efficient than a GA in exploiting the space’s
smoothness. If the space is well understood (as is the space for the well-known
Traveling Salesman problem, for example), search methods using domain-specific
heuristics can often be designed to outperform any general-purpose method such as
a GA. A GA’s performance will depend very much on details such as the method
for encoding candidate solutions, the operators, the parameter settings, and the
particular criterion for success [8].
Exploration can be defined as the search for new, useful adaptations and exploitation can be defined as the use and propagation of these adaptations. Genetic
algorithm adaptation as a tension between ”exploration” and ”exploitation” terms.
In any system required to face environments with some degree of unpredictability, an optimal balance between exploration and exploitation must be found. The
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system has to keep trying out new possibilities, but it also has to continually incorporate and use past experience as a guide for future behavior. GA is proposed
as an ”adaptive plan”[8]. Hence, GA should be used for accomplishing a proper
balance between exploration and exploitation in an adaptive system.

Conclusions and Future Directions
Genetic algorithms are a way to find solutions to problems that other methods
can not solve. Genetic algorithms can simultaneously test many points from all over
the solution space, optimize with either discrete or continuous parameters, pro- vide
several optimum parameters instead of a single solution, and work with many different kinds of data [5]. Genetic algorithms have many advantages over traditional
methods. We can summarize the advantages: Firstly, Genetic algorithms do not
require extra information that is unrelated to the values of the possible solutions
themselves. Secondly, the only mechanism that guides their search is the numerical
fitness value of the candidate solutions, based on the creator’s definition of fitness.
The last one is the applicable in many more situations than traditional algorithms,
and they can be adjusted in each situation based on whether accuracy or efficiency
is more important.
There is an important gnome that I want to recall near the end of his search, Goldberg declares, ”Nature is concerned with that which works. Nature propagates that
which survives. She has little time for erudite contemplation, and we have joined
her in her expedient pursuit of betterment”. In this study, I have summarized the
works are proofed before and I have seen that genetic algorithms can be a powerful tool for solving problems and for simulating natural systems in a wide variety
of scientific fields. From the case studies in the literature about problem-solving,
scientific modeling, and theory I can draw the following conclusions:
 GAs are promising methods for solving difficult technological problems, and for
machine learning.
 GAs are also promising approaches for modeling the natural systems that inspired their design.
In examining the the studies are made before of these algorithms, I have also seen
that many unanswered questions remain. Some of them are:
 GA theory is not just academic; theoretical advances must be made so that we
can know how best to use GAs and how to characterize the types of problems for
which they are suited. There is a very good chance that proving things about these
simple models will lead to new ways to think mathematically about natural evolution.
Evolutionary computation is far from being an established science with a body of
knowledge that has been collected for centuries. It has been around for little more
than 30 years, and only in the last decade have a reasonably large number of people
been working on it. Hence, the unanswered questions can be easily answered in the
studies of ”work in progress.”
Acknowledgements. The author gratefully acknowledges the conference commitee’s helpful comments pertaining to the draft of this paper which have helped
improve this paper significantly.

SHORT TITLE

141

References
[1] T. Back, Evolutionary Algorithms in Theory and Practice 0195099710, Oxford University
Press, New York (1996).
[2] M. F., Bramlette, Initialization, mutation and selection methods in genetic algorithms for
function optimization (1991). In R.K. Belew andL. B. Booker, eds., Proceedings of the Fourth
International Conference on Genetic Algorithms, Morgan Kaufmann.
[3] L. Davis, Handbook of Genetic Algorithms, Van Nostrand Reinhold, New York, (1991).
[4] D.E. Goldberg, Genetic Algorithms in Search, Optimization and Machine Learning, AddisonWesley, Reading, MA, (1989).
[5] C. Jenna, An Introduction to Genetic Algorithms, 1-40 (2014).
[6] J. McCall, Genetic algorithms for modelling and optimisation, Journal of Computational and
Applied Mathematics 184, 205-222 (2005).
[7] Z. Michaelewicz, Genetic Algorithms + Data structures = Evolution Programs, third ed.,
Springer, Berlin, (1999).
[8] M. Mitchell, An Introduction to Genetic Algorithms. Cambridge: MIT Press, 1-162 (1996) .
[9] M. Mitchell, Genetic Algorithms: An Overview. Complexity, 1(1), 31-39 (1995).
[10] M.D. Vose, The Simple Genetic Algorithm, MIT Press, Cambridge, MA, (1999).
Amasya University, Department of Mathematics, 05100, Amasya, Turkey
Current address: Amasya University, Department of Mathematics, 05100, Amasya, Turkey
E-mail address: g.senel@amasya.edu.tr

IFSCOM2019
6th ifs and contemporary mathematics conference
June, 07-10, 2019, Mersin, Turkey

pp: 142-147
ISBN:978-605-68670-2-6

QUANTUM CODES FROM CODES OVER THE RING
F2m + αF2m + βF2m + γF2m
MURAT GÜZELTEPE
DEPARTMENT OF MATHEMATICS, SAKARYA UNIVERSITY, TR54187 SAKARYA,
TURKEY

Abstract. In this study, we obtain quantum codes from classical codes over
F2m + αF2m + βF2m + γF2m .

1. Introduction
There are relationships between classical codes and quantum codes. For example, using classical self-orthogonal codes, quantum codes were obtained [1]. Thms.
1-3 given in [1] have been used by many researchers to construct quantum codes
via classical codes. To characterize self-orthogonal or self-dual classical codes many
researchers focussed on different finite fields and finite rings. Especially, regarding
a Gray image of linear or cyclic codes over F4 + uF4 , some quantum codes were
given in [2]. Another method to obtain quantum error-correcting codes from cyclic
codes over F2 + vF2 was presented in [3].
Linear and cyclic codes over various rings were defined by some researchers. For
examples, codes over the ring Z2m + αZ2m + βZ2m + γZ2m in [4], cyclic codes over
F2 + uF2 + vF2 + uvF2 in [5].
In this study, we obtain quantum codes from codes over the ring F2m + αF2m +
βF2m + γF2m . In what follows, we consider the following:
The finite field F2m is a field extension of F2 such that
F2m = Z2 [x]/(p(x))
where p(x) is an irreducible monic polynomial in Z2 [x] of degree
 m. The Gray map φ

m−1
from F2m to Fm
is
defined
as
φ
a
+
a
x
+
·
·
·
+
a
x
= a0 , a1 , . . . , am−1 .
0
1
m−1
2
For example, let p(x) = x3 + x + 1 then

F23 = a0 + a1 x + a2 x2 : a0 , a1 , a2 ∈ F2



and hence we get φ (0) = 0, 0, 0 , φ (1) = 1, 0, 0 , φ (1 + x) = 1, 1, 0 ,
etc. This Gray map can naturally be extended to Fn2m by applying it coordinatewise.
The Hamming weight of a vector u ∈ Fm
2 is defined as the number of nonzero
components and the Hamming weight of a vector u ∈ F2m is naturally defined as
the number of nonzero components of φ(u) and denoted by wt(φ(u)).
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Definition 1.1. [6] The Hamilton Quaternion Algebra over the set of the real numbers (R), denoted by H(R), is the associative unital algebra given by the following
representation:
i)H(R) is the free R module over the symbols 1, i, j, k, that is, H(R) = {a0 +a1 i+
a2 j + a3 k : a0 , a1 , a2 , a3 ∈ R};
ii)1 is the multiplicative unit;
iii) i2 = j 2 = k 2 = −1;
iv) ij = −ji = k, ki = −ik = j, jk = −kj = i .
From here onwards, R2m denotes the ring
Z2m + αZ2m + βZ2m + γZ2m .
2. The ring R2m
R2m = F2m + αF2m + βF2m + γF2m is a commutative ring. The size of this ring is
24m , that is, |R2m | = 24m . The ring R2m is a local ring. But it is not a principal ideal
ring or finite chain. The ring R2 has only one maximal ideal which is not principal.
The maximal ideal is hαi⊕hβi = {0, 1 + i, 1 + j, 1 + k, i + j, i + k, j + k, 1 + i + j + k}.
The ideals of the ring R2 can be introduced by
h0i = {0} ⊂ h1 + i + j + ki = {0, 1 + i + j + k} ⊂ hαi
= {0, 1 + i, j + k, 1 + i + j + k} , hβi , hγi ⊂ hαi ⊕ hβi
= hαi ⊕ hγi = hβi ⊕ hγi ⊂ h1i = R2 .
Note that R2 /hαi ⊕ hβi is isomorphic to F2 and hα + βi = hγi.
The followings were defined in [4]:
• The conjugate of an element q = a + bα + cβ + dγ in R2m is q = a + bα +
cβ + dγ.
• αα = ββ = γγ = 2.
• The norm of q = a + bα + cβ + dγ is
N (q) = qq = a2 + 2b2 + 2c2 + 2d2 + 2ab + 2ac + 2ad P
+ 2bc + 2bd + 2cd.
The norm of a vector u = ut ∈ R2nm was given by
N (ut ).
It should be noted that if u ∈ R2m − (hαi ⊕ hβi), v ∈ hαi ⊕ hβi then N (u) ∈
F2m − {0}, N (v) = 0.
3. A Gray map
Let ψ2m : F2m + αF2m + βF2m + γF2m → F42m by

ψ2m (a + bα + cβ + dγ) = b, c, d, a + b + c + d.
The map ψ2m can naturally be extended to R2nm by applying it coordinatewise.
P
2
The Euclidean weight of a vector u = (ut ) ∈ Fn2m is given by w(u) =
(ut ) . For
example, for m = 2, p(x) = x2 + x + 1, then
F4 + αF4 + βF4 + γF4 = {a + bα + cβ + dγ : a, b, c, d ∈ F4 },


ψ4 1 + xα + x2 γ = x, 0, x2 , 0 = u,
3
X

,

t=0

2

(ut ) = x2 + 02 + x2

2

+ 02 = x2 + x4 = x2 + x = 1
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ψ(1) = (1, 0), wt((1, 0)) = 1.
On the other hand the norm of 1 + xα + x2 γ = 1 + x(1 + i) + x2 (1 + k) = 1 + x +
x2 + xi + x2 k = xi + x2 k is calculated as
N (xi + x2 k) = x2 + x4 = 1.
Note 1 + x + x2 = 0 and x3 = 1 in F4 .
Theorem 3.1. If u is a vector in R2nm then N (u) = w(ψ2m (u)) implies that
wt(N (u)) = wt(w(ψ2m (u))).
Proof. Let u = q = a0 + a1 α + a2 β + a3 γ ∈ R2m , where a0 , a1 , a2 , a3 ∈ F2m . Then
the norm of N (u = q) = qq = a20 +2a21 +2a22 +2a23 +2ab+2ac+2ad+2bc+2bd+2bc.
On the other hand, ψ2m (a0 + a1 α + a2 β + a3 γ) = (a1 , a2 , a3 , a0 + a1 + a2 + a3 ) =
(u0 , u1 , u2 , u3 ) = u. Hence we get
3
X

2

(ut ) = a21 + a22 + a23 + (a0 + a1 + a2 + a3 )2 = N (u).

t=0

If u is taken (q1 , q2 , . . . , qn ) ∈ R2nm , it is obtained that N (u) = w(ψ2m (u)) by
applying the same method to each component.

The proof of the next theorem is clear from the Gray map and Thm. 1.
Theorem 3.2. The function ψ2m is linear and bijective.
4. Linear codes over R2m
We start to determine the ideals of the ring R2m . As for the ideal structure we
can find the ideals of R2m to be listed as
h0i = {0}
hα + β + γi = (α + β + γ)R2m , |hα + β + γi| = 2m
hαi = (α)R2m , |hαi| = 22m
hβi = (β)R2m , |hβi| = 22m
hαi + hβi = (α)R2m + (β)R2m , |hαi + hβi| = 23m .
Note that
R2m /(hαi + hβi)
is isomorphic to the field F2m with the characteristic 2 and
hαi =
6 hβi , hα + βi = hγi .
The ideal hαi + hβi is a maximal ideal of R2m and R2m has only one maximal ideal.
So, R2m is a local ring. It is well known from algebra that if a ring R is a local ring
with maximal ideal M then an element in R − M is a unit in R. Hence, we can
determine the units of R2m as

R2∗m = R2m − (hαi + hβi) , |R2∗m | = 23m (2m − 1) .
Definition 4.1. A linear code C of length n over the ring R2m is an R2m −submodule
of R2nm .
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To classify the generators for linear codes over R2m we must determine linear
independence condition of them to establish possible type for linear codes over R2m .
There are six type generators for linear codes over R2m such that we determine them
as [a], [b], [c], [d], [e], [f ]. Here,
n

[a] ∈ R2nm \(hαi + hβi)
n
n
n
n
[b] ∈ (hαi + hβi) , [b] ∈
/ (hαi) , (hβi) , (hγi)
n
n
[c] ∈ (hαi) \(hα + β + γi)
n
n
[d] ∈ (hβi) \(hα + β + γi)
n
n
[e] ∈ (hγi) \(hα + β + γi)
n
[f ] ∈ (hα + β + γi) .
Theorem 4.2. If C is a linear code over R2m then the size of the code C is
(2)4mk1 (2)3mk2 (2)2mk3 (2)2mk4 (2)2mk5 (2)mk6 .
The proof is straightforward from above generators.
Theorem 4.3. If Cis a linear code over R2m of length n, size 2k and minimum
Euclidean distance d, then ψ(C) is a [4n, k, d]−linear code over F2m and φ(ψ(C))
is a binary [4mn, k, d]−linear code over F2 .
Recall that the maps ψ2m and φ are linear and bijective. So, the proof is straightforward.
Before we give a relationship between self-dual codes over R2m and self-dual
codes over F2m and F2 , we must give the inner product in R2nm .

n
P
We define a similar inner product in [4] such hu, vi = φ
ut vt , where
t=1

u = (u1 , u2 , . . . , un ), v = (v1 , v2 , . . . , vn ) ∈ R2nm . Recall that the ring R2m is commutative. So, hu, vi = hv, ui.
Theorem 4.4. If Cis a self-dual code of length n over R2m , then ψ2m (C) is a
self-dual code of length 4n over F2m and φ(ψ2m (C)) is a self-dual code of length
4mn over F2 .
Theorem 4.5. If C is a binary self-dual code with parameters [n, n2 , d] then there
exists a binary self-dual code with parameters [4mn, 2mn, ≥ 2d]. Hence there exists
a quantum code with parameters [[4mn, 0, ≥ 2d]].
Example 4.6. Let C be the well known binary code [2, 1, 2] with the generator
0
matrix G = (1, 1). If we take the generator matrix G = (1, 1 + α + β + γ) for a
0
code C , then we get a quantum code with parameters [[8, 0, 4]].

Example 4.7. Let m = 2, n = 2. Let F4 = 0, 1, w, w2 , where w2 + w + 1 =
0
0, w3 = 1. Let the generator matrix G of a code C over R4 be



1 0
1+α
w(α + β)
G=
1+α 
 0 1 w(α + β)
1 0
i
w(i + j)
=
.
0 1 w(i + j)
i
Then the matrix A is
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A=






1
i
j
k
i+j
1+k
1+k
i+j

w(i + j + k) w2 i
w(1 + j + k) w2
w(1 + i + k) w2 k
w(1 + i + j) w2 j
w(i + j + k)
i
w(1 + j + k)
1
w(1 + i + k)
j
w(1 + i + j)
k

w(i + j)
w(1 + k)
w(1 + k)
w(i + j)
w2
w2 i
w2 j
w2 k







.






0

Hence the generator matrix G is






0
G = ψ (A) = 






0
1
0
0
1
0
0
1

0
0
1
0
1
0
0
1

0
0
0
0
0
1
1
0

1
0
0
1
0
1
1
0

w
0
w
w
w
0
w
w

w
w
0
w
w
w
0
w

00

w
w
w
0
w
w
w
0

0
w
w
w
0
w
w
w

w2
0
0
0
1
0
0
0

0
0
0
w2
0
0
1
0

0
0
w2
0
0
0
0
1

0
w2
0
0
0
1
0
0

w
0
0
w
0
w2
0
0

w
0
0
w
0
0
w2
0

0
w
w
0
0
0
0
w2

0
w
w
0
w2
0
0
0

0

The standard form matrix G of G is






00
G =






1
0
0
0
0
0
0
0

0
1
0
0
0
0
0
0

0
0
1
0
0
0
0
0

0
0
0
1
0
0
0
0

0
0
0
0
1
0
0
0

0
0
0
0
0
1
0
0

0
0
0
0
0
0
1
0

0
0
0
0
0
0
0
1

w
w
w
0
1
0
0
0

w
w2
0
w
w2
1
0
w

w
1
0
w
0
0
1
w2

w2
1
w2
w
w2
w
w
0

0
w2
w
1
w
0
0
0

0
w2
1
1
w
0
0
0

w2
w2
w
w2
0
1
w
w

w2
w2
1
0
0
w2
0
w







.






Consequently, we obtain the matrix φ(B) as














φ (B) = 














1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 1, 0, 0, 0, 0, 1, 1, 1, 1
0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 1, 0, 1, 0
0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1
0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 1, 0, 1, 1, 0, 1, 0, 1, 0, 1, 0
0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 0, 1, 1, 0, 0, 1, 1, 0
0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 1, 1, 0, 1
0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 1, 0, 1, 0, 1, 1, 0, 0
0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 0, 1, 0, 1, 1, 0, 0, 0
0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 0, 1, 1, 0, 1, 0, 1, 0, 0, 0, 0
0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 1, 0, 1, 1, 1, 1, 0, 0, 0, 0
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 1, 1
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 1, 0, 0, 0, 0, 0, 1, 1, 0
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 1, 1, 0, 0
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1















.




















.
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QUANTUM CODES FROM CODES OVER THE RING Fq + αFq
MURAT GÜZELTEPE
DEPARTMENT OF MATHEMATICS, SAKARYA UNIVERSITY, TR54187 SAKARYA,
TURKEY

Abstract. In this contribution, linear, cyclic, self-dual and self-orthogonal
codes over Fq +αFq , where α = 1+i, i2 = −1 are studied. Especially, extremal
self-dual codes over Fq are focused on. A method given in here is easy and
paves the way for the constructing self-dual codes over Fq . A distance-invariant
Gray map from Fq + αFq to Fq is defined. Using this Gray map and these
classical codes over Fq + αFq , quantum codes are constructed.

1. Introduction
Many authors have studied many kind of codes over different finite rings and
fields up to now. There are many papers related codes over various fields and
rings. For some example, linear codes over the ring F2 + uF2 + vF2 + uvF2 were
investigated in [1]. Cyclic codes and (1 + v)-Constacyclic codes over the same ring
were presented in [2], [3], respectively.
Also, different metrics in coding theory have been studied by the authors. Some
of well known metrics are Hamming, Lee and Euclidean metrics. The Mannheim
metric and the Hurwitz metric were introduced in [6], [7], respectively. In this
present paper, we define a Gray map from the ring Fq + αFq and using this Gray
map, establish linear, cyclic and self-dual codes over Fq . We consider the Hamming,
Lee, Euclidean and Mannheim metric.
In [10] and [11], it is shown that we can consider a metric for quantum codes
with respect to not only Hamming metric but also different metrics.
2. Preliminaries
In this section, we first give the definitions used throughout this paper. Let
u = (u0 , u1 , . . . , un−1 ) be a vector in the vector space Fnp over the finite field Fp .
Then the Hamming weight, Lee weight and Euclidean weight are defined as follows:
i.: The Hamming weight of u denoted by wtH (u) is is the number of nonzero
components of u.
ii.: The Lee weight of u denoted by wtL (u) is
n−1
X

min {|uj | , |p − uj |}.

j=0
148
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iii.: The Euclidean weight of u denoted by wtE (u) is
n−1
X

n
o
2
min u2j , (p − uj ) .

j=0

Let Fq be a field extension of Fp such that Fq = Fp [x]/(h (x)), where h(x) is an
irreducible polynomial of degree m in Fp [x] and q = pm . Let
 w be the root of the
polynomial h(x). Then we can denote the field Fq as Fq = 0, 1, w, w2 , . . . , wm−1 .
Let wj = a0 + a1 w + . . . + am−1 wm−1 be an element of Fq , where a0 , a1 , . . . , am−1 ∈
j
Fp . It is well known that the map φ : Fq → Fm
p , f (w ) = (a0 , . . . , am−1 ) is
bijective and preserve the minimum weight. Using the function φ, we define Lee
and Euclidean weight in Fq such that wtL (wj ) = wtL (φ(wj )) and wtE (wj ) =
wtE (φ(wj )). Note that it is also obtained wtH (wj ) = wtH (φ(wj )). The map φ is
naturally extended to φ : Fnq → Fmn
by applying it coordinatewise.
p
There after we take q = pm , p ≡ 1 (mod 4) is a prime number or p = 2, and Rq
denotes the ring Fq + αFq . It is obvious that Rq = {a + ib : a, b ∈ Fq }, and the size
of Rq is |Rq | = q 2 .
The commutative ring Rq is a semi-local ring which has two maximal ideals given
by
I1 = hαi , I2 = hα? i .
Here, α? denotes the conjugate of α. But for p = 2, I1 = I2 since α = α? . So, R2m is
a local ring. Observe that Rq /I1 and Rq /I2 are isomorphic to Fq and I1 ∩ I2 = {0}.
The units of the ring Rq are R∗ = R − (I1 ∪ I2 ).
Let α = x + iy, αα? = p, be a prime in Gaussian integers Z[i]. Let ψ : Rq → F2q
by ψ (a + bα) = (p − by, a + bx). This map can be extended to ψ : Rqn → F2n
q by
applying it coordinatwise. From now on, α = x + iy will denote a prime Gaussian
integers such that p = αα? .
Theorem 2.1. The map ψ is linear and bijective.
Proposition 1. Let the norm of an element a + αb of Rq denoted by N (a + αb)
be (a + αb)(a + α? b).
• Let u be a vector in Rpn = (Fp + αFp )n . Then N (u) ≡ wtE (ψ(u)) (mod p),
• Let u be a vector in Rqn = (Fq + αFq )n . Then N (u) ≡ wtE (ψ(u)) (mod
h(x)).
Recall that h(x) is an irreducible polynomial in Fp [x] and Fq = Fp [x]/(h (x)).
Proof. The case i. Let uj = aj + αbj , 0 ≤ j ≤ n − 1 and let u = (u0 , u1 , . . . , un−1 )
be a vector in Rpn . Then
ψ(u) = (p − b0 y, a0 + b0 x, . . . , p − bn−1 y, an−1 + bn−1 x) .
Hence we get
wtE (ψ (u)) =

n−1
P

o
n
o n−1
n
P
2
2
2
2
min (p − aj − bj x) , (aj + bj x)
min (p − bj y) , (bj y) +

j=0

≡

n−1
P

j=0

N (aj + αbj ) (mod p)

j=0

= N (u) .
The case ii. A similar proof can easily be obtained by difference modulo h(x).
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From now on, we will write (mod h(x)) for the two cases. But it will denote
(mod p) if m = 1 and will denote (mod h(x)) if m > 1.
3. Linear and cyclic codes over Rq
We defined the ideals of the ring Rq in previous section.
Definition 3.1. A linear code C of length n over the ring Rq is an Rq −submodule
of Rqn .
To classify the generators for linear codes over Rq we get linear independence
condition of them to establish possible type for linear codes over Rq . There are
three type generators for linear codes over Rq such that we determine them as
[a], [b], [c]. Here,
[a] ∈ Rqn , [a] ∈
/ I1 n ∪ I2 n
n
[b] ∈ I1 , [c] ∈ I2 n
Theorem 3.2. Let C1 , C2 , C3 are linear codes over Fq such that C1 = [n, k1 , d1 ], C2 =
[n, k2 , d2 ], C3 = [n, k3 , d3 ]. Let uj1 n , uj2 n , uj3 n are elements of the linear codes
C1 , C2 , C3 , respectively, where 1 ≤ j1 ≤ |C1 | , 1 ≤ j2 ≤ |C2 | , 1 ≤ j3 ≤ |C3 |. Assume that uj1 n , uj2 n , uj3 n are linearly independent. Let C be a linear code over Rq .
Then C is expressed as
C = (Rq \I1 ∪ I2 ) C1 ⊕ I1 C2 ⊕ I2 C3
with the size |C| = q

2mk1 mk2 mk3

q

q

.

Theorem 3.3. If C is a linear code over Rq of length n, size q k and minimum
Euclidean distance d, then ψ(C) is a [2n, k, d]−linear code over Fq and φ(ψ(C))
is a [2mn, k, d]−linear code over Fp , where m denotes the degree of the irreducible
polynomial h(x).
Let C be a cyclic code in (Rq [x])/hxn − 1i. We will define two maps in order to
characterize the cyclic codes. Define
µ1 : Rq → α? Fq , µ (a + bα) = (a + bα) α? (mod p) .
It can be shown that µ1 is a ring homomorphism and it can be extended to a
homomorphism η1 : C → α? (Fq [x]/hxn − 1i)
defined by

η1 c0 + c1 x + · · · + cn−1 xn−1 = µ1 (c0 ) + µ1 (c1 )x + · · · + µ1 (cn−1 )xn−1 .
Consider the ring Rq? = {a + bα? : a, b ∈ Fq }. It is clear that Rq? = Rq . Define
µ2 : Rq? → αFq , µ2 (a + bα? ) = (a + bα? ) α (mod p) .
It can also be shown that µ2 is a ring homomorphism and it can be extended to a
homomorphism
η2 : C → α(Fq [x]/hxn − 1i)
defined by

η2 c0 + c1 x + · · · + cn−1 xn−1 = µ2 (c0 ) + µ2 (c2 )x + · · · + µ2 (cn−1 )xn−1 .
Here, we get
ker (η1 ) = α (p1 (x)) ,
ker (η2 ) = α? (p2 (x)) .
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The fact Rq = {aα + bα? : a, b ∈ Fq } and above maps will shed some light on
cyclic codes over Rq . To complete the generators of a cyclic code over Rq , it must
be put the images of η1 and η2 across in Rq [x]/hxn − 1i. The images of η1 and
η2 are also cyclic codes in α(Fq [x]/hxn − 1i) and α? (Fq [x]/hxn − 1i), respectively.
According to the function η1 , we get C = hf1 (x) + αg1 (x), αp1 (x)i for some g1 (x) ∈
Fq [x]/hxn − 1i. On the other hand, according to the function η2 , we get C =
hf2 (x) + α? g2 (x), α? p2 (x)i for some g2 (x) ∈ Fq [x]/hxn − 1i. Note in here that,
p1 |xn − 1 , p2 |xn − 1 , f1 |xn − 1 , f2 |xn − 1 ,
p1 |g1 , p2 |g2 .
Also,
p1 | g1

xn − 1
xn − 1
and p2 | g2
f1
f2

since



 n


x −1
xn − 1
xn − 1
η1
(f1 + αg1 ) = η1 αg1
= 0 ⇒ αg1
∈ ker (η1 ) = hαp1 (x)i
f1
f1
f1
and





xn − 1
xn − 1
xn − 1
(f2 + α? g2 ) = η2 α? g2
= 0 ⇒ α? g2
∈ ker (η2 ) = hα? p2 (x)i .
f2
f2
f2
Considering above conditions we get


η2

C = hf (x) + αg1 (x) + α? g2 (x), αp1 (x), α? p2 (x)i .
Proposition 2. Let C = hf (x) + αg1 (x) + α? g2 (x), αp1 (x), α? p2 (x)i. In addition
to the above conditions, it is obtained
 n
 n

 n

 n
x −1
x −1
x −1
x −1
, p2 |
.
p1 |
f
g2
f
g1
Proposition 3. Let q = pm . Then a cyclic code C over Rq is expressed as
C = hf (x) + αg (x) , p (x)i ,
where α = 1 + i, f (x)| xn − 1, p (x)| xn − 1, p (x)| g (x) , p| g



xn −1
f


.

4. Self-orthogonal and self-dual codes over Rq
The inner product that it is necessary so as to define the dual of a code over
Fq + αFq is the natural Hermitian product, that is,
?
hu, vi = u0 v0? + u1 v1? + · · · + un−1 vn−1
,

where u = (u0 , u1 , . . . , un−1 ) , v = (v0 , v1 , . . . , vn−1 ) are the vectors in the vector
space Rqn .
Definition 4.1. Let C be a linear code over Rq . If C ⊂ C ⊥ then it is said that the
code C is self-orthogonal. If C = C ⊥ then it is said that the code C is self-dual,
where C ⊥ defined by

C ⊥ = u ∈ Rqn : hu, vi = 0 for all v ∈ C
denotes the dual code of C.
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Theorem 4.2. If C is a self-dual code of length n over Rq , then ψ(C) is a self-dual
code of length 2n over Fq .
Proof. Let C be a self-dual code over Rq and let u, v be vectors in C. Let u =
0
0
(u0 , u1 , . . . , un ), v = (v0 , v1 , . . . , vn ) ∈ C, shortly uj = aj + bj α, vj = aj + bj α. So,
we have
 0

P
0
hu, vi = 0 (mod h(x)) = (aj + bj α) aj + bj α?
 0j 0

P
= (aj + bj (x + yi)) aj + bj (x − yi)
j
 0

 0

P
0
0
0
=
aj aj + x aj bj + bj aj + yi bj aj − aj bj .
j

On the light of this fact we get


 0

P
0
0
hψ (u) , ψ (v)i = (p − bj y) p − bj y + (aj + bj x) aj + bj x
j

 0
P 0 2
0
0
0
≡ bj bj y + aj aj + x aj bj + bj aj + bj bj x2
j

 0
P
0
0
≡ aj aj + x aj bj + bj aj
j

≡ 0 (mod h (x)) .
Thus we obtain that ψ(C) is a self-orthogonal code over Fq . We know |ψ(C)| =
|C| = q n , that is, the dimension of ψ(C) is n. This shows that ψ(C) is a self-dual
code of length 2n over Fq .

Theorem 4.3. Let
C = (Rq \I1 ∪ I2 ) C1 ⊕ I1 C2 ⊕ I2 C3
be a linear code over Rq under the conditions Thm. 2. If C1 , C2 , C3 are selforthogonal codes then C and ψ(C) are self-orthogonal under the condition
⊥
Cj ⊆ Cj−r
, j = 3, 2, 1, r = 0, 1, 2, r < j.

Theorem 4.4. If C1 is a self-dual code over Fq with parameters [2n, n, d]. Then
0
0
there exists a self-dual code over Fq with parameters [4n, 2n, d ], where d ≤ d ≤
N (α)d.




1 0 2 0
u11 u12
then A =
.
Example 4.5. If p = 5, and G =
0 1 0 2
u21 u22
Step 1: either u11 or u22 should be in the set {2, 2i, 3, 3i} since N (2) = N (2i) =
N (3) = N (3i) ≡ −1 (mod 5). Let u11 be an element in {2, 2i, 3, 3i}.
Step 2: Then u22 must be an element in {2, 2i, 3, 3i}. Moreover, either u12 is an
element in I1 and u21 is an element in I2 or u12 is an element in I2 and u21 is an
element in I1 .
In this situation, we get, for example,


2
4 + 3i
A=
1 + 3i
2
and hence
0

G =



1
0

0
1

2
1 + 3i

4 + 3i
2


.
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0

The code C generated by the matrix G is a self-dual code over R5 . More0
over, regarding Thm. 4, the code ψ(C ) is a self-dual code over F5 . Furthermore,
0
the code ψ(C ) is extremal with respect to Hamming metric, Lee metric and Euclidean metric. The parameters of this code with respect to the Hamming, Lee and
Euclidean metric is [8, 4, 4], [8, 4, 6], [8, 4, 10], respectively.
0
Note that ψ(G ) can be calculated as follows. Observe that 1, i are the basis for
Rq . So, we have
5. Quantum codes
In this section, we will construct quantum codes over Fq .
Definition 5.1. [12] A q−ary quantum code Q with parameters [[n, k, d]]q is a q k
n
subspace of the Hilbert space Cq , where C denotes the set of complex numbers.


The code Q can correct bit flip and phase flips errors up to d−1
. The code Q
2
may consist of two classical code C1 , C2 such that C2 ⊆ C1 .
Theorem 5.2. [13] If C1 and C2 are [n, k1 ]q and [n, k2 ]q classical linear codes over
Fq , respectively, such that C2 ⊆ C1 , and the minimum distance of both C1 and C2⊥
are d, then there exists a quantum code Q denoted by [[n, k1 − k2, d]]q which can
correct arbitrary, (bit and phase flip errors), errors up to t = d−1
.
2
Although we give above theorem as a theorem, it is now given as a definition.
Definition 5.3. [12] If C1 and C2 are [n, k1 , d1 ]q and [n, k2 , d2 ]q classical linear
codes over Fq , respectively, such that C2⊥ ⊆ C1 , then there exists a [[n, k1 + k2 −
n, d]]q stabilizer quantum code with minimum distance

d = min wtH (u) : u ∈ (C1 − C2⊥ ) ∪ (C2 − C1⊥ ) ≥ min {d1 , d2 } .
Definition 5.4. [12] If C ⊥ ⊂ C is a linear code over Fq with parameters [n, k, d]q ,
then there exist a quantum code [[n, 2k − n, dQ ≥ d]]q .
Note that if dQ = d then it is said that this quantum code is pure otherwise
impure.
Definition 5.5. [12] If C is a self-orthogonal code over Fq with parameters [n, k, d]q ,
then there exist a quantum code [[n, n − 2k, dQ ≥ d]]q .
Theorem 5.6. If C1 and C2 are [n, k1 , d1 ]Rq and [n, k2 , d2 ]Rq classical linear codes
over Rq , respectively, such that C2 ⊆ C1 , and the minimum distance of both C1
and C2⊥ are d, then there exists a quantum code Q denoted by [[2n, 2(k1 − k2 ), d]]Rq


which can correct arbitrary, (bit and phase flip errors), errors up to t = d−1
.
2
Considering Def. 5-6 and the function ψ, it is easily seen that proofs of the
following theorems are clear.
Theorem 5.7. If C is a self orthogonal code over Rq with parameters [n, k, d]Rq
then there exists a quantum code Q with parameters [[2n, 2n − 4k, ≤ d]]Fq .
Theorem 5.8. If C is a self-dual code over Rq with parameters [n, n2 , d]Rq then
there exists a quantum code Q with parameters [[2n, 0, d]Fq .
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AN APPLICATION OF GENETIC ALGORITHMS FOR A
TOPOLOGY ASSIGNMENT
G. ŞENEL

Abstract. A genetic algorithm is a empirical search method used in synthetic intelligence and computing. It is used for finding optimized solutions
to search problems based on the theory of natural selection. The choice of a
good topology is essential for any deep learning project that demands knowledge from previous experiences. The use of genetic algorithm (GA) in deep
learning hyperparameter optimization has been addressed by many researchers
[5]. That is proved that a GA is used to evolve topologies of large-scale Deep
neural networks (DNN). In this work, the use of genetic algorithms in deep
neural networks topology assignment is studied by applications. Moreover,
it is showed that the GA-based search methods are able to find competitive
models compared to the random and grid search methods.

1. Introduction
The genetic algorithm is a method for solving both constrained and unconstrained optimization problems that is based on natural selection, the process that
drives biological evolution. The genetic algorithm repeatedly modifies a population of individual solutions. At each step, the genetic algorithm selects individuals
at random from the current population to be parents and uses them to produce
the children for the next generation. Over successive generations, the population
”evolves” toward an optimal solution [9].
Genetic algorithms in particular became popular through the work of John Holland
in the early 1970s, and particularly his book Adaptation in Natural and Artificial
Systems (1975). His work originated with studies of cellular automata, conducted
by Holland and his students at the University of Michigan. Holland introduced
a formalized framework for predicting the quality of the next generation, known
as Holland’s Schema Theorem. Research in GAs remained largely theoretical until the mid-1980s, when The First International Conference on Genetic Algorithms
was held in Pittsburgh, Pennsylvania [10]. Genetic Algorithm can applicable in several areas such as: Natural Sciences, Mathematics and Computer Science; Earth
Sciences; Finance, Economics and Social Sciences; Industry, Management and Engineering and Biological Sciences and Bioinformatics. Also, we can apply the genetic
2000 Mathematics Subject Classification. 17D92, 57Q05, 65G20, 68Q25, 68P05.
Key words and phrases. Genetic, Data set, Deep neural networks (DNN), Artificial neural
networks (ANN), Topology.
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algorithm to solve a variety of optimization problems that are not well suited for
standard optimization algorithms, including problems in which the objective function is discontinuous, nondifferentiable, stochastic, or highly nonlinear. This short
course is designed to introduce a number of popular optimization methods used in
design, emphasize the importance of optimization in topological structures, introduce the working principles of GAs, present GA application from a wide variety of
data set in topological problems which is continuation of [5].

2. How the Genetic Algorithm Works?
In a genetic algorithm, a population of candidate solutions (called individuals,
creatures, or phenotypes) to an optimization problem is evolved toward better solutions. Each candidate solution has a set of properties (its chromosomes or genotype)
which can be mutated and altered; traditionally, solutions are represented in binary
as strings of 0s and 1s, but other encodings are also possible. [10]. At each step, the
genetic algorithm selects individuals at random from the current population to be
parents and uses them to produce the children for the next generation. The genetic
algorithm uses three main types of rules at each step to create the next generation
from the current population:
 Selection rules select the individuals, called parents, that contribute to the
population at the next generation.
 Crossover rules combine two parents to form children for the next generation.
 Mutation rules apply random changes to individual parents to form children[10].
The genetic algorithm differs from a classical, derivative-based, optimization algorithm in two main ways, as summarized in the following:
1 - Classical Algorithm, generates a single point at each iteration. The sequence
of points approaches an optimal solution. On the other hand, GA generates a population of points at each iteration. The best point in the population approaches an
optimal solution.
2 - Classical Algorithm, selects the next point in the sequence by a deterministic
computation. On the other hand, GA selects the next population by computation
which uses random number generators.
The following outline summarizes how the genetic algorithm works:
First: The algorithm begins by creating a random initial population.
Second: The algorithm then creates a sequence of new populations. At each
step, the algorithm uses the individuals in the current generation to create the next
population. To create the new population, the algorithm performs the following
steps:
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Scores each member of the current population by computing its fitness value.
These values are called the raw fitness scores.
Scales the raw fitness scores to convert them into a more usable range of values.
These scaled values are called expectation values.
Selects members, called parents, based on their expectation.
Some of the individuals in the current population that have lower fitness are
chosen as elite. These elite individuals are passed to the next population.
Produces children from the parents. Children are produced either by making
random changes to a single parentmutationor by combining the vector entries of a
pair of parentscrossover.
Replaces the current population with the children to form the next generation.
Third: The algorithm stops when one of the stopping criteria is met [9].
3. An Application of Genetic Algorithms for A Topology Assignment
In the experiments presented in this paper, four topology search methods (described later in this section) were evaluated. The previously reported MNIST
and CIFAR-10 datasets were used to support this study and are available at DOI
10.1109/MSP.2012.2211477 [2] and in [1]. For the MNIST dataset, 1024 samples
were randomly extracted for training, while 256 samples (distinct from the training
set) were chosen to test the neural networks. With the CIFAR-10 dataset, 2000
samples for training and 500 samples for test were used [5]. Model performance was
measured as the test accuracy, i.e., the number of test patterns correctly classified
divided by the total number of test patterns, as follows:
nC
(3.1)
acc(%) =
× 100,
nC + nW
where nC is the number of test patterns correctly classified and nW is the number
of wrong classifications.
TABLE 1: Search space restrictions [5].
Descriptions
Value(s)
# convolutional layers
0-3
Convolutional filters
{2, 4, 8, 16, 32}
Kernel size
{3, 5, 7, 9, 11}
Stride
{1, 2, 3, 4}
Pooling
{2, 3, 4}
Activation functions
{Linear, Sigmoid, TanH, ReLU}
# fully connected layers
0-2
Neurons
{8, 16, 32, 64}
Dropout
{0.0, 0.2, 0.4, 0.6}
Activation functions
{Linear, Sigmoid, TanH, ReLU}
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3.2. Grid Search. The objective of grid search is the exhaustive exploration of a
solution space. However, this is impractical in deep learning topology optimization,
given the high number of hyperparameters to be configured. Therefore, to provide
a fair comparison setup, a more restrictive subset of the search space presented in
Table 1 was chosen [5].

3.3. General Algorithm. The GA-based search was conducted using the parameters
presented in Table 3. By defining a population size of 200 and 20 generations, a
maximum of 4000 solutions is to be evaluated. Crossover and mutation probabilities were set to 70% and 20%, respectively. An elitism parameter was configured
so that the 10% fittest solutions are automatically propagated to the next generation. The remaining solutions will be obtained through recombination of the
current population. The standard roulette wheel was used as the selection method
so that each solution has a selection probability proportional to its fitness [5].
3.3.1. Chromosome. Each solution, si , i = 1, ..., 200, is represented by two stacks
of layer descriptors, one for convolutional layers and the other for fully connected
layers. Therefore, each chromosome is composed of two vectors of strings, each
string being the descriptor of a layer as
TABLE 2: Search space restrictions for grid search [5].
Descriptions
# convolutional layers
Convolutional filters
Kernel size
Stride
Pooling
Activation functions
# fully connected layers
Neurons
Dropout
Activation functions

Value(s)
0-3
{16, 32}
{3, 5}
1
2
ReLU
0-2
{32, 64}
0.4
{Sigmoid, TanH, ReLU}

TABLE 3: GA parameters [5].
Descriptions
Value(s)
Population size
200
Generations
20
Crossover probability
0.7
Mutation probability
0.2
Elitism
0.1
Selection method
Roulette
These solutions compose the initial population P, presented as follows:
(3.2)

P = {s1 , s2 , . . . , s200 }.
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3.3.3. Selection. Solutions are selected for recombination based on their fitness
by using the roulette wheel selection method. To provide better solutions with
higher chances of being selected, a probability qi is assigned to each solution si
according to the following equation [3]:
(3.3)

f (si )
, i = 1, 2, . . . , 200,
qi = P200
k=1 f (sk )

where f (si ) is the fitness (i.e., test accuracy) of the ith solution. The cumulative
probability q̂i for solution si is defined as [3]
(3.4)

q̂i =

i
X

qk , i = 1, 2, . . . , 200.

k=1

After randomly generating a floating point p ∈ [0, 1], solution si is chosen if
q̂i−1 < p < q̂i , given q̂0 = 0.

FIGURE 4: Predictor input examples. In (a), the descriptor CR;32;11;1;2 is
represented. In (b), the descriptor FT;16;0.2 is represented [5].
The fitness predictor was setup with a fixed topology of 3 fully connected layers,
with 64 neurons each, and a dropout rate of 0.4. The inputs of the predictor are formatted as a vector of integers containing the descriptors of the model layers. Each
convolutional layer is represented by a 9-element vector, containing the number of
filters, kernel size, stride, pooling, normalization, and activation function. Each
fully connected layer is represented by a 6-element vector, containing the number
of neurons, activation function, and the dropout rate. The final input vector contains 39 integers, composed of 3 convolutional descriptors and 2 fully connected
descriptors. Empty layers are represented by a series of zeros in the corresponding
positions. Figure 4 presents examples of the predictor inputs [5].
This study indicates that the performance of the network in the objective problem
must be affected by the ensemble of network layers and layer blocks, as the hyperparameters of layers can directly impact the contribution of a given layer in the
network topology. For more details, see [5].
Conclusion
In this paper, a method for topology selection using genetic algorithms was presented. The evolutionary-based techniques were able to achieve competitive results
with minimal human intervention and using less computational resources, when
compared to random and grid search. This scientific research is a summary of the
work [5] and supports the theory with examples, tables and figures.
Data Availability: MNIST and CIFAR-10 datasets were utilized to help this
examination and are accessible at https://doi.org/10.1109/MSP.2012.2211477 [2]
and in [1].
The valuable material of this paper incorporates two C++ ventures (GA-DNNMNIST and GA-DNN-CIFAR10), every one containing the source records utilized
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in dataset preparing, profound neural system preparing, and GA activities.
Acknowledgements. The author gratefully acknowledges the conference commitee’s helpful comments pertaining to the draft of this paper which have helped
improve this paper significantly.
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MANY VALUED TOPOLOGICAL STRUCTURES IN THE FUZZY
SOFT UNIVERSE
VILDAN ÇETKIN
This paper is dedicated to Prof.Dr.Halis Aygün.

Abstract. We intend to introduce the concept of parameterized topology (or
so-called fuzzy soft topology) in the framework of many-valued mathematical
structures and investigate the elementary tools such as closure (interior) operator, neighborhood of a point, filters, uniformity and so on, in this basis. We
also focus on to construct the related categories of such structures and take
into consider their categorical relations. We observe the existence of the initial
and the final objects in some categories.

1. Introduction
It turned out that the real life phenomena is too complex and difficult to characterize by using classical methods. To overcome this problem, Zadeh [14] introduced
fuzzy set theory which based n the membership function. In 1999, Molodtsov [12]
defined the theory of soft set which is a conventional way of investigating the problems involves vaguness and uncertainty. Later Maji, Roy and Biswas [11] combined
these sets and defined the fuzzy soft sets. In a natural way as after birth of the
fuzzy sets, the birth of the fuzzy soft sets gave an inspiration to the topologists. So
the topologists paid attention on investigating the topological structures of fuzzy
soft sets [2, 3, 4, 6, 7, 8, 13]. In the present study, we observed the fuzzy soft topology and some elementary topological properties based on the strictly two-sided
commutative quantales.
2. Preliminaries
Throughout this paper, let X be a nonempty set. Let L = (L, ≤, ∨, ∧) be a complete
lattice with the least element 0L and the greatest element 1L . For α ∈ L, α(x) = α
for all x ∈ X. The second lattice belonging to the context of our work is denoted
by M whose top element is 1M , bottom element is 0M and M0 = M − {0M } and
M1 = M − {1M }.
2000 Mathematics Subject Classification. Primary 54A40, 03E72; Secondary 54A05, 54A20.
Key words and phrases. Fuzzy soft set, fuzzy soft topology, closure operator, neighborhood
and convergence.
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A complete lattice L = (L, ≤, ∧, ∨) is called completely distributive, if for any
family {{ai,j : j ∈ Ji } : i ∈ I} in L the following identity holds:
(CD)

_

^ _
ai,j ) =
(
i∈I j∈Ji

ϕ∈

Q

i∈I

(

^

ai,ϕ(i) ).

Ji i∈I

For a complete lattice M and α, β ∈ M, the wedge-below relation C is defined
on M as follows:
W
β C α ⇔ if K ⊆ M and α ≤ K then ∃γ ∈ K, β ≤ γ.
As shown by Raney a lattice M is completely distributive if and only if the
wedge-below
relation has the following property,
W
α = {β ∈ M | β C α}, for each α ∈ M.
Definition 2.1. A triple M = (M, ≤, ) is called a strictly two-sided, commutative
quantale (stsc-quantale, for short) iff it satisfies the following properties:
(M1) (M, ) is a commutative semigroup.
(M2) x 1M = x, for all x ∈ M.
(M3) is distributive over arbitrary joins:
_
_
x ( yi ) =
(x yi ), ∀x ∈ M, ∀{yi }i∈I ⊆ M.
i∈I

i∈I

V
An stsc-quantale M = (M, ≤, ) is a −distributive quantale if
over non-empty meets:
^
^
x ( yi ) =
(x yi ), ∀x ∈ M, ∀{yi }i∈I ⊆ M.
i∈I

is distributive

i∈I

Example 2.2. (1) A complete lattice satisfying the infinite distributive law is an
stsc-quantale. In particular, the unit interval ([0, 1], ≤, ∧, 0, 1) is an ∧−distributive
quantale.
(2) Every left-continuous t-norm T on [0, 1], ([0, 1], ≤, T ) is
V an stsc-quantale.
(3) Every continuous t-norm T on [0, 1], ([0, 1], ≤, T ) is an −distributive quantale.
(4) Every GL-monoid is an stsc-quantale.
Let (M, ≤, ) be an stsc-quantale. For each x, y ∈ M, we define
_
x 7→ y = {z ∈ M |x z ≤ y}.
Then it satisfies Galois correspondence; i.e.
x

z ≤ y ⇐⇒ z ≤ x 7→ y, ∀x, y, z ∈ L.

Definition 2.3. Let (M, ≤, ) be an stsc-quantale. A mapping ? : M → M is
called an order-reversing involution, if it satisfies the following conditions:
(1) x?? = x, for each x ∈ M ,
(2) If x ≤ y, then y ? ≤ x? , for each x, y ∈ M .
An stsc-quantale is called a Girard monoid if (x 7→ 0L ) 7→ 0M = x, ∀x ∈ M.
Hence in case M is a Girard monoid, residuation 7→ induces an order-reversing
involution ? : M → M. In this work, we always assume that (M, ≤, , ⊕, ?) is a
Girard monoid with an order-reversing involution ? , and the operation ⊕ defined
by:
x ⊕ y = (x? y ? )? , x? = x 7→ 0M
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unless otherwise specified. The details for the lattices see [9].
Let LX denote the set of all L-fuzzy sets on X, and let E and K be the arbitrary
nonempty sets viewed on the sets of parameters.
Definition 2.4. [11] f is called an L-fuzzy soft set on X, where f is a mapping
from E into LX , i.e., fe := f (e) is an L-fuzzy set on X, for each e ∈ E.
The family of all L-fuzzy soft sets on X is denoted by (LX )E .
Definition 2.5. [11] Let f and g be two L-fuzzy soft sets on X, then
(1) f v g if fe ≤ ge , for each e ∈ E. f and g are called equal if f v g and g v f .
(2) h = f t g, where he = fe ∨ ge , for each e ∈ E.
(3) h = f u g, where he = fe ∧ ge , for each e ∈ E.
(4) the complement of an L-fuzzy soft set f is denoted by f 0 , where f 0 : E → LX
is a mapping given by fe0 = (fe )0 , for each e ∈ E.
(5) f is called a null L-fuzzy soft set and denoted by 0X , if fe (x) = 0, for each
e ∈ E, x ∈ X.
(6) f is called an absolute L-fuzzy soft set and denoted by 1X , if fe (x) = 1, for
each e ∈ E, x ∈ X.
Definition 2.6. [10] Let ϕ : X1 → X2 and ψ : E1 → E2 be two functions. Then
the pair ϕψ is called a fuzzy soft mapping from X1 to X2 .
(1) The image ofWf underWthe fuzzy soft mapping ϕψ , defined by
−1
(y), a ∈ ψ −1 (k),
ϕ(x)=y
ψ(a)=k fa (x), x ∈ ϕ
ϕψ (f )k (y) =
0, otherwise
for all k ∈ E2 , y ∈ X2 .
(2) The pre-image of g under the fuzzy soft mapping ϕψ , defined by
ϕ−1
ψ (g)e (x) = gψ(e) (ϕ(x)), for each e ∈ E1 , x ∈ X1 .
Definition 2.7. [5] Let x ∈ X. A fuzzy soft point xα is defined as follows: for all
e ∈ E and y (
∈ X,
α(e), if y = x,
xα
e (y) =
0L ,
otherwise
where α : E → c(L) is a function. A fuzzy soft point xα is said to belongs to a
fuzzy soft set f and denoted by xα ∈ f if α(e) ≤ fe (x), for each e ∈ E. We say xα is
quasi-coincident (for short, q-coincident) with f , denoted by xα qf if α(e) 6≤ fe0 (x)
for each e ∈ E. A family of fuzzy soft points on X is denoted by F SP t(X).
3. Many valued fuzzy soft topology
X E

Definition 3.1. A mapping τ : K −→ M (L ) is called an LM -valued fuzzy
(E, K)-soft topology on X if it satisfies the following conditions for each k ∈ K.
(O1) τk (0X ) = τk (1X ) = 1.
(O2) τk (fGu g) ≥ τ^
τk (g), for each f, g ∈ (LX )E .
k (f )
(O3) τk ( fi ) ≥
τk (fi ), for each fi ∈ (LX )E , i ∈ ∆.
i∈Γ

i∈Γ

Then the pair (X, τ ) is called an LM -valued fuzzy (E, K)-soft topological space.
The value τk (f ) is interpreted as the degree of openness of an L-fuzzy soft set f
with respect to parameter k ∈ K.
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Example 3.2. Let E be a parameter set, I = [0, 1], = ∧ and K = N be the set
X E
of natural numbers.
Define τ : K → I (I ) as follows: for each k ∈ K,

1, if f = 0X , 1X ,
τk (f ) =
1
k , otherwise
It is easy to testify that τ is an (I, I)-fuzzy (E, K)-soft topology on X.
Example 3.3. [3] Let L = {0, a, b, 1} be a diamond-type lattice with the order
reversing involution 0 : L → L defined by 00 = 1, 10 = 0, a0 = a and b0 = b.
Then (L, ≤,0 ) is a completely distributive DeMorgan algebra. Let X = {x, y},
E = K = {1, 2} and f, g be two L-fuzzy soft sets defined as follows: f1 (x) =
f2 (y) = g1 (y) = g2 (x) = a and f1 (y) = f2 (x) = g1 (x) = g2 (y) = b. Define a
X E
mapping τ 
: K → L(L ) as follows:
1, if h ∈ {e
0, e
1}, ∀e ∈ E



a, if h = f, e = 1 or h = g, e = 2
τe (h) =

b, if h = g, e = 1 or h = f, e = 2



0, otherwise.
Definition 3.4. [2] ϕψ,η : (X1 , τ 1 ) → (X2 , τ 2 ) is called a continuous map if
2
τk1 (ϕ−1
ψ (g)) ≥ τη(k) (g)

for all g ∈ (LX2 )E2 , k ∈ K1 .
The category of fuzzy soft topological spaces and its continuous maps is denoted
by FSTOP(L, M )
X E

Definition 3.5. A mapping β : K → M (L ) is called an LM -valued fuzzy (E, K)soft base on X if it satisfies the following conditions for each k ∈ K,
(B1) βk (0X ) = βk (1X ) = 1M .
(B2) βk (f u g) ≥ βk (f ) βk (g), ∀f, g ∈ (LX )E .
Theorem 3.6. Let β be an LM -valued fuzzy (E, K)-soft base on X. Define a map
X E
τβ : K → M (L ) as follows: for any k ∈ K,


_ K
G 
(τβ )k (f ) =
βk (fj ) | f =
fj .


j∈Λ

j∈Λ

Then τβ is the coarsest fuzzy soft topology on X for which (τβ )k (f ) ≥ βk (f ), for
all k ∈ K, f ∈ (LX )E .
Proof. (O1) It is trivial from the definition of τβ .
F
(O2) Let k ∈ K be given. For all families {fj | f = j∈Λ fj } and {gr | g =
F
r∈Γ gr }, there exists a family {fj u gr } such that

f ug =


G

j∈Λ

It implies the followings:

fj  u

!
G
r∈Γ

gr

=

G
j∈Λ,r∈Γ

(fj u gr ) .
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(τβ )k (f u g) ≥

βk (fj u gr )

j∈Λ,r∈Γ
K

≥

(βk (fj )

j∈Λ,k∈Γ
K

≥ (
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βk (fj ))

βk (gr ))
K
(
βk (gr ))

j∈Λ

r∈Γ

≥ (τβ )k (f ) ∧ (τβ )k (g).
(O3)
Let
k
∈
K
and
theG
collection of all index sets Ri such that {fir | fi =
G ℘i beG
G
fir . For each i ∈ Γ and each Ψ ∈ Πi∈Γ ℘i with
fir } with f =
fi =
i∈Γ

r∈Ri

i∈Γ r∈Ri

^ ^
βk (fir )).
(

(τβ )k (f ) ≥

Ψ(i) = ri , we have

i∈Γ r∈Ri

Put ai,Ψi =

^

(βk (fir )). Then we have the following:

r∈Ri

!
_

^

Ψ∈Π
i∈Γ ℘i

i∈Γ

(τβ )k (f ) ≥

=

^

_


i∈Γ

ai,Ψ(i)


ai,Mi 

Mi ∈℘i


=

_

^

Mi ∈℘i

m∈Mi


i∈Γ

=

!

^
^

(βk ((f )im )) 

(τβ )k (fi ).

i∈Γ

Thus, τβ is an LM -valued
fuzzy (E, K)-soft topology on X. Let τ w β, then for
G
every k ∈ K and f =
fj , we have
j∈Λ

τk (f ) ≥

^
j∈Λ

τk (fj ) ≥

^

βk (fj ).

j∈Λ

Then we obtain the desired claim.

Lemma 3.7. Let τ be an LM -valued fuzzy (E1 , K1 )-soft topology on X and β be an
LM -valued fuzzy (E2 , K2 )-soft base on Y. Then a fuzzy soft mapping ϕψ,η : (X, τ ) →
Y E2
Y is continuous if and only if τk (ϕ−1
ψ (g)) ≥ βη(k) (g), for each k ∈ K1 , g ∈ (L ) .
Theorem 3.8. Let {(Xi , τ i }i∈Γ be a family of LM -valued fuzzy (Ei , Ki )-soft topological spaces for each i ∈ Γ, ϕi : X → Xi , ψi : E → Ei and ηi : K → Ki be crisp
X E
functions. Define β : K → M (L ) on X by:


n

_ K
βk (f ) =
(τ ij )kij (fij ) | f = unj=1 (ϕψ )−1
,
ij (fij )


j=1
W
where
is taken over all finite subsets M = {i1 , i2 , ..., in } ⊂ Γ.
Then,
(1) β is an LM -valued fuzzy (E, K)-soft base on X.
(2) The LM -valued fuzzy (E, K)-soft topology τβ generated by β is the coarsest
topology on X for which all (ϕψ,η )i , i ∈ Γ are continuous maps.
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(3) A map ϕψ,η : (Y, δ) → (X, τβ ) is continuous iff for each i ∈ Γ, (ϕψ,η )i ◦ϕψ,η :
(Y, δ) → (Xi , τ i ) is continuous.
Theorem 3.9. For a given source {(ϕψ,η )i : X → (Xi , τ i ) | i ∈ ∆} there exists a
unique initial lift.
Theorem 3.10. The category FSTOP is a topological category over SET3 with
respect to the forgetful functor V : FSTOP → SET3 which is defined by V (X, τ ) =
(X, E, K) and V (ϕψ,η ) = (ϕ, ψ, η).
4. Interior and Closure Operators
Definition 4.1. [4] I : K × (LX )E × M0 → (LX )E is called an (L, M )-fuzzy
(E, K)-soft interior operator on X if the following conditions are valid, for each
k ∈ K, α ∈ M0 (where M0 = M − {0M }) and f, g ∈ (LX )E .
(I1) I(k, 1X , α) = 1X .
(I2) I(k, f, α) v f .
(I3) If f v g and α ≤ β, then I(k, f, β) v I(k, g, α).
(I4) I(k, f u g, α) = I(k, f, α) u I(k, g, α).
The pair (X, I) is called an (L, M )-fuzzy (E, K)-soft interior space.An (L, M )fuzzy (E, K)-soft interior space (X, I) is called topological if
(I5) I(k, I(k, f, α), α) = I(k, f, α), for each k ∈ K, α ∈ M0 , f ∈ (LX )E .
Definition 4.2. [4] ϕψ,η : (X1 , I 1 ) → (X2 , I 2 ) is called an I-map if
−1
2
1
ϕ−1
ψ (I (η(k), g, α)) v I (k, ϕψ (g), α),

for all k ∈ K1 , g ∈ (LX2 )E2 , α ∈ M0 .
Example 4.3. [4] For g ∈ (LX )E such that g 6= 0X , 1X , we define an (L, M )-fuzzy
X E
X E
(E, K)-soft interior
 operator I : {k1 , k2 } × (L ) × (0, 1] → (L ) as follows:
 1X , iff = 1X , k ∈ {k1 , k2 }, α ∈ I0 ,
g 0 , if1X 6= f w g 0 , k = k1 , 0 < α ≤ 21
I(k, f, α) =

0X , otherwise
Definition 4.4. [4] A map C : K × (LX )E × M0 −→ (LX )E is called an LM -valued
fuzzy (E, K)-soft closure operator on X if C satisfies the following conditions, for
each k ∈ K, α ∈ M0 ,
(C1) C(k, 0X , α) = 0X .
(C2) C(k, f, α) w f .
(C3) If f v g, then C(k, f, α) v C(k, g, α).
(C4) If α ≤ β, then C(k, f, α) v C(k, f, β).
(C5) C(k, f t g, α) = C(k, f, α) t C(k, g, α).
The pair (X, C) is called an LM -valued fuzzy (E, K)-soft closure space. A closure
space (X, C) is called topological if C(k, C(k, f, α), α) = C(k, f, α), for each k ∈ K,
α ∈ M0 , f ∈ (LX )E .
Definition 4.5. [4] A map ϕψ,η : (X1 , C 1 ) → (X2 , C 2 ) is called a C-map if ϕψ (C 1 (k, f, α)) v
C 2 (η(k), ϕψ (f ), α) , for each k ∈ K1 , f ∈ (LX1 )E1 , α ∈ M0 .
The category of LM -valued fuzzy (E, K)-soft closure spaces and C-maps between
them is denoted by FSC(L, M ).
Theorem 4.6. Let (X, τ ) be an LM -valued fuzzy (E, K)-soft topological space.
Define a mapping Cτ : K × (LX )E × M0 → (LX )E as follows:
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Cτ (k, f, α) = u g ∈ (LX )E | g w f, τk (g 0 ) ≥ α .
Then
W (X, Cτ ) is a topological LM -valued fuzzy (E, K)-soft closure space and if
α = {β ∈ M0 | Cτ (k, f, β) = f }, then Cτ (k, f, α) = f .
Theorem 4.7. Let C be an LM -valued fuzzy (E, K)-soft closure operator on X.
(LX )E
Define a mapping
W τC : K → M 0 on X0 by
(τC )k (f ) = {α ∈ M0 | C(k, f , α) = f } , for all k ∈ K.
Then we have the following properties:
(1) τC is an LM -valued fuzzy (E, K)-soft topology on X.
(2) C = CτC if and only if C satisfies the following conditions:
(a) It is topological.
W
(b) If for each k ∈ K, α = {β ∈ M0 | C(k, f, β) = f }, then C(k, f, α) = f .
Proof. (1) (O1) Since for each α ∈ M0 , C(k, 00X , α) = 00X and C(k, 10X , α) = 10X ,
then (τC )k (0X ) = 1M and (τC )k (1X ) = 1M .
(O2) Suppose there exist f, g ∈ (LX )E and k ∈ K such that
(τC )k (f u g) 6≥ (τC )k (f ) (τC )k (g).
By the definition there exist α, β ∈ M0 with C(k, f 0 , α) = f 0 , C(k, g 0 , β) = g 0
such that (τC )k (f u g) 6≥ α β. Since by (C5),
0

C(k, (f u g) , α
0

= C(k, f , α

β) = C(k, f 0 t g 0 , α
β) t C(k, g 0 , α

β)

β)

v C(k, f 0 , α) t C(k, g 0 , β) = f 0 t g 0 .
From (C2), C(k, (f u g)0 , α β) w (f u g)0 = f 0 t g 0 .
Hence, C(k, (f u g)0 , α β) = W
f 0 t g0 .
Then we have (τC )k (f u g) = {α ∈ M0 | C(k, (f u g)0 , α) = (f u g)0 } ≥ α β.
This yields a contradiction.
n
0 o
F
F
(O3) Let us define, for each k ∈ K, Sk := α ∈ M0 | C(k, ( i∈∆ fi )0 , α) =
i∈∆ fi
and RkV
:= {α ∈ M0 | C(k,V
fi0 , α)W
= fi0 , ∀i ∈ ∆}.
Let i∈∆ (τC )k (fi ) = i∈∆ {α ∈ M0 | C(k, fi0 , α) = fi0 } = t and since M is
completely
then
W distributive,
V
t ≤ m∈F i∈∆ {m(i) ∈ M0 | C (k, fi0 , m(i)) = fi0 } = t1
(F isWthe set of the respective choice functions).
W It then follows that
t1 ≤ {α ∈ M0 | C(k, fi0 , α) = fi0 , ∀i ∈ ∆} = Rk .
0
If α ∈ Rk , then C(k,
= fi0 , for each i ∈ ∆, k ∈ K.
F fi , α)
F
0
, α) v C(k, fi0 , α) =
Therefore, C(k, ( i∈∆ fi ) F
fi0 , for each i ∈ ∆. Then, C(k, ( i∈∆ fi )0 , α) v
F
ui∈∆ fi0 and by (C2), C(k, ( i∈∆ fi )0 , α) = ( i∈∆ fi )0 . Since α ∈ Sk , Rk ⊂ Sk .
Hence, F
 V
(τC )k
i∈∆ fi ≥
i∈∆ (τC )k (fi ).
(2) (⇒) Let C = τCτ .
(a) CτC (k, C(k, f, α), α) = u {g | g w C(k, f, α), (τC )k (g 0 ) ≥ α}
c

(τC )k (C(k, f, α)0 ) = (τC )k (u {h | h w f, (τC )k (h0 ) ≥ α})
G

= (τC )k
{h0 | h w f, (τC )k (h0 ) ≥ α}
^
≥
{(τC )k (h0 ) | h w f, (τC )k (h0 ) ≥ α} ≥ α.
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Therefore, C is topological. W
(b) Let for each k ∈ W
K, α = {β ∈ M0 | C(k, f, β) = f }.
Since /τC )k (f 0 ) =
{β ∈ M0 | C(k, f, β) = f } = α, the hypothesis provides
C(k, f, α) = CτC (k, f, α) = f .
(⇐) Let (a) and (b) be satisfied. We know that, by (C2), Ck, f, α w f , for each
k ∈ K. Since C is topological, (τC )k (C(k, f, α)0 ) ≥ α. Hence by the definition of
CτC , we have CτC (k, f, α) v C(k, f, α).
Now, we will show that CτC (k, f, α) w C(k, f, α), for each k ∈ K. For the proof of
this inequality, it is enough to show that C(k, f, α) v g, for each k ∈ K, g ∈ (LX )E
such that g w f with (τC )k (g 0 ) ≥ α. From the condition (b), C (k, g, (τc )k (g 0 )) = g.
Since (τC )k (g 0 ) ≥ α and by (C4), we have
g = C (k, g, (τC )k (g 0 )) w C(k, g, α) w C(k, f, α).

Theorem 4.8. (1) If ϕψ,η : (X1 , τ 1 ) → (X2 , τ 2 ) is continuous, then ϕψ,η :
(X1 , Cτ 1 ) → (X2 , Cτ 2 ) is a C-map.
(2) If ϕψ,η : (X1 , C 1 ) → (X2 , C 2 ) is a C-map, then ϕψ,η : (X1 , τC 1 ) → (X2 , τC 2 )
is continuous.
As a result the category FSTOP(L, M ) is isomorphic to FSC(L, M ).
Theorem 4.9. [4] Let {(Xi , C i )}i∈Γ be a family of LM -valued fuzzy (Ei , Ki )-soft
closure spaces. Define
a mapping C : K × (LX )E × M0 → (LX )E as follows:


p
p
G
G


C(k, f, α) = u
((ϕψ ))i−1
C ij (ηij (k), fij , α) | f v
(ϕψ )−1
fij
ij
j


j=1

j=1

for all finite subsets P = {i1 , ..., ip } of Γ. Then
(1) C is the coarsest LM -valued fuzzy (E, K)-soft closure operator on X for
which all (ϕψ,η )i , i ∈ Γ, are C-maps.
(2) If (Xi , C i ) is a family of topological LM -fuzzy (Ei , Ki )-soft closure spaces,
then (X, C) is a topological LM -fuzzy (E, K)-soft closure space.
(3) A fuzzy soft mapping ϕψ,η : (Y, C 0 ) → (X, C) is a C-map if and only if for
each i ∈ Γ, (ϕψ,η )i ◦ ϕψ,η : (Y, C 0 ) → (Xi , C i ) is a C-map.
Theorem 4.10. [4] For a given source {(ϕψ,η )i : X → (Xi , C i ) | i ∈ ∆} there
exists a unique initial lift.
Theorem 4.11. [4] The category FSC(L, M ) is a topological category over SET3
with respect to the forgetful functor U : FSC(L, M ) → SET3 which is defined by
V (X, C) = (X, E, K) and V (ϕψ,η ) = (ϕ, ψ, η).
5. Neighborhood Systems and Filter Convergence
Definition 5.1. An LM -valued fuzzy (E, K)-soft q-coincident neighborhood (for
short, q-nbhd) system on X is a set Q = {Qxα | xα ∈ F SP t(X)} of maps Qxα :
K × (LX )E → M such that for each k ∈ K and f, g ∈ (LX )E ,
(FSQ1) Qxα (k, 1X ) = 1M , Qxα (k, 0X ) = 0M .
(FSQ2) If Qxα (k, f ) 6= 0M , then xα qf.
(FSQ3) Qxα (k, f u g) = Qxα (k, f ) Qxα (k, g).
The pair (X, Q) is called an LM -valued (E, K)-soft q-nbhd space, and it will be
called topological if it satisfies moreover, for all fuzzy soft point xα and f ∈ (LX )E ,
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_

^
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Qyγ (k, g).

xα qgvf y γ qg

Let (X1 , Q1 ) be an LM -valued fuzzy (E1 , K1 )-soft q-nbhd space and (X2 , Q2 )
be an LM -valued fuzzy (E2 , K2 )-soft q-nbhd space. Let ϕ : X1 → X2 , ψ : E1 → E2
and η : K1 → K2 be functions. Then the map ϕψ,η : (X1 , Q1 ) → (X2 , Q2 ) is called
continuous if for all k ∈ K1 , g ∈ (LX2 )E2 and xα ∈ F SP t(X1 ).
Q2ϕψ (xα ) (η(k), g) ≤ Q1xα (k, ϕ−1
ψ (g)).
Theorem 5.2. Let τ be an LM -valued fuzzy (E, K)-soft topology on X. Define
the mapping Qτxα : K × (LX )E → M as follows: for each k ∈ K, f ∈ (LX )E and
xα ∈ F SP t(X),
 _
τk (g), if xα qf ,

Qτxα (k, f ) = xα qgvf

0M ,
otherwise.
Then the set of Qτ = {Qτxα | xα ∈ F SP t(X)} is a topological LM -valued
fuzzy (E, K)-soft q-nbhd system on X, called induced topological LM -valued fuzzy
(E, K)-soft q-nbhd system from τ. Also, if α(e) ≤ β(e) for each e ∈ E, then
Qτxα (k, f ) ≤ Qτxβ (k, f ).
Proof. (FSQ1) and (FSQ2) are easy to check by the definition.
(FSQ3): First of all if f v h, then Qτxα (k, f ) ≤ Qτxα (k, h) is satisfied.
Thus we always have, Qτxα (k, f u g) ≤ Qτxα (k, f ) Qτxα (k, g).
Suppose that for µ ∈ c(M ), µ C (Qτxα (k, f ) Qτxα (k, g)). Then µ C Qτxα (k, f )
and µ C Qτxα (k, g). Thus, there exist u, v ∈ (LX )E such that xα qu v f, µ ≤ τk (u)
and xα qv v g, µ ≤ τk (v). Therefore, µ ≤ τk (u) τk (v) ≤ τk (u u v). Since α(e) is
coprime, it is clear that xα q(u u v) v (f u g). Hence, by the definition of Qτ , we
have
Qτxα (k, f u g) ≥ τk (u u v) ≥ µ.
From the arbitrariness of µ, we obtain that
Qτxα (k, f u g) ≥ Qτxα (k, f ) Qτxα (k, g).
Hence (FSQ3) is complete.
(FSQ4): Let k ∈ K and g ∈ (LX )E with xα qg v f, we have
^
τk (g) ≤
Qτyγ (k, g) ≤ Qτxα (k, g) ≤ Qτxα (k, f ).
y γ qg

Therefore,
Qτxα (k, f ) =

_

_

^

xα qgvf

y γ qg

τk (g) ≤

xα qgvf

This implies that Qτxα (k, f ) =

_

^

Qτyγ (k, g) ≤ Qτxα (k, f ).

Qτyγ (k, g).

xα qgvf y γ qg

Hence (FSQ4) is complete.
Let α(e) ≤ β(e) for each e ∈ E. Then we have
{g ∈ (LX )E | xα qg v f } ⊆ {h ∈ (LX )E | xβ qh v f }, for each k ∈ K, f ∈ (LX )E .
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This implies that Qτxα (k, f ) ≤ Qτxβ (k, f ).

^

Lemma 5.3. τk (f ) =

Qτxα (k, f ),

for each k ∈ K and f ∈ (LX )E .

xα qf

Theorem 5.4. If τ 1 and τ 2 are two LM -valued (E, K)-soft topologies on X which
determine the same topological LM -valued (E, K)-soft q-nbhd system, then τ 1 = τ 2 .
Theorem 5.5. Let Q = {Qxα | xα ∈ F SP t(X)} be an LM -valued fuzzy (E, K)X E
soft q-nbhd system on X. Define a map τ Q : K → M (L ) such that
^
τkQ (f ) =
Qxα (k, f ), for every k ∈ K and f ∈ (LX )E .
xα qf

Then the following properties are satisfied:
(1) The map τ Q defined above is an LM -valued fuzzy (E, K)-soft topology on X,
called the induced LM -valued fuzzy (E, K)-soft topology by Q.
(2) If Q1 and Q2 are two LM -valued fuzzy (E, K)-soft q-nbhd systems on X
which determine the same LM -valued fuzzy (E, K)-soft topology, then Q1 = Q2 .
(3) If Q = {Qxα | xα ∈ F SP t(X)} is an LM -valued (E, K)-soft q-nbhd system
Q
on X, then Qτxα = Qxα , for each xα ∈ F SP t(X).
Proof. (1) We need to show the map τ Q defined above satisfies the properties (O1)(O3) of Definition 3.1. Since (O1) is clear, let us show the other conditions.
X E
(O2) can be proved by
^ the following equations: for each f, g ∈ (L ) and k ∈ K,
Q
τk (f u g) =
Qxα (k, f u g)
xα q(f ug)

^

=

(Qxα (k, f )

α
x
 q(f ug)

^

≥ 

Qxα (k, g))



!
^

Qxα (k, f )

xα qf

Qxα (k, g)

xα qg

= τkQ (f ) τkQ (g).
Hence we have τkQ (f u g) ≥ τkQ (f ) τkQ (g).
(O3) can be proved by the following equations: for each k ∈ K and {fi }i∈Γ ⊆
(LX )E ,G
^
^ ^
^ ^
τkQ ( fi ) =
Qxα (k, ti∈Γ fi ) =
Qxα (k, ti∈Γ fi ) ≥
Qxα (k, fi ) =
i∈Γ

^

i∈Γ xα qfi

xα q(ti∈Γ fi )

i∈Γ xα qfi

τkQ (fi ).

i∈Γ

(2) Suppose that τ is the same (L, M )-fuzzy (E, K)-soft topology. Then for each
X E
k ∈ K, xα ∈ F SP t(X)
_ and
^f ∈ (L ) , we have
_
_
^
1
1
Qxα (k, f ) =
Qyγ (k, g) =
τk (g) =
Q2yγ (k, g) =
xα qgvf

y γ qg

xα qgvf

Q2xα (k, f ).

xα qgvf

y γ qg

Hence Q1 = Q2 as desired.
(3) Let Q = {Qxα | xα ∈ F SP t(X)} be an (L, M )-fuzzy (E, K)-soft q-nbhd
system on X. Then
desired
_we obtain the_
^equality from the following equations:
Q
Qτxα (k, f ) =
τkQ (g) =
Qyγ (k, g) = Qxα (k, f ). (By (FSQ4))
xα qgvf

xα qgvf y γ qg
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Theorem 5.6. Let (X1 , Q1 ) and (X2 , Q2 ) be an LM -valued fuzzy (E1 , K1 )-soft
q-nbhd space and LM -valued fuzzy (E2 , K2 )-soft q-nbhd space, respectively. If
1
2
ϕψ,η : (X1 , Q1 ) → (X2 , Q2 ) is continuous, then ϕψ,η : (X1 , τ Q ) → (X2 , τ Q )
is continuous.
X E

Definition 5.7. A map F : K → M (L ) (where Fk := F(k) : (LX )E → M is a
mapping for each k ∈ K) is called an LM -valued fuzzy (E, K)-soft filter on X if it
satisfies the following conditions for each k ∈ K,
(F1) Fk (0X ) = 0M and Fk (1X ) = 1M .
(F2) Fk (f u g) ≥ Fk (f ) Fk (g) for each f, g ∈ (LX )E .
(F3) If f v g, then Fk (f ) ≤ Fk (g).
Then the pair (X, F) is called an LM -valued fuzzy (E, K)-soft filter space.
If F 1 and F 2 are two LM -valued fuzzy (E, K)-soft filters on X, we say that F 1
is finer than F 2 (or F 2 is coarser than F 1 ), denoted by F 2 ≤ F 1 iff Fk2 (f ) ≤ Fk1 (f )
for each k ∈ K and f ∈ (LX )E .
Definition 5.8. [5] Let (X, τ ) be an LM -valued fuzzy (E, K)-soft topological space
and F be an LM -valued fuzzy (E, K)-soft filter on X. For xα ∈ F SP t(X):
(1) xα is called a limit point of F, denoted by F → xα if Qτxα ≤ F.
(2) xα is called a cluster point of F, denoted by F∞xα , if for every f ∈ (Qτxα )0
and g ∈ F 0 , we have f u g 6= ΦX .
We denote
limτ (F) =
cluτ (F) =

G
{xα ∈ F SP t(X) | F → xα },
G

{xα ∈ F SP t(X) | F∞xα }.

Theorem 5.9. Let (X, τ ) be an LM -valued fuzzy (E, K)-soft topological space and
F, G be two (L, M )-fuzzy (E, K)-soft filters on X such that F is coarser than G.
Then the following properties are satisfied:
(1) If F → xα , then F∞xα .
(2) limτ (F) v cluτ (F).
(3) If F∞xα w xβ , then F∞xβ .
(4) If F → xα w xβ , then F → xβ .
(5) F∞xα if and only if xα v cluτ (F).
(6) F → xα if and only if xα v limτ (F).
(7) If F → xα , then G → xα .
(8) limτ (F) v limτ (G).
(9) If G∞xα , then F∞xα .
(10) cluτ (G) v cluτ (F).
Proof. (1) Let f, g ∈ (LX )E with Qτxα (k, f ) > 0M and Fk (g) > 0M , for each
k ∈ K. Since F → xα , we know 0M < Qτxα (k, f ) ≤ Fk (f ). Hence, Fk (f u g) ≥
Fk (f ) Fk (g) > 0M . It implies f u g 6= ΦX . Therefore, F∞xα .
(2) It is straightforward from (1).
(3) Let F∞xα and xβ v xα be given. Show that, F∞xβ . Let f, g ∈ (LX )E
with Qτxβ (k, f ) 6= 0M and Fk (g) 6= 0M , for each k ∈ K. Since xβ v xα , we have
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Qτxβ (k, f ) ≤ Qτxα (k, f ). Then, Qτxα (k, f ) 6= 0M . Since F∞xα , we know f u g 6= 0X .
Hence, F∞xβ .
(4) Let F → xα and xβ v xα be given. Show that F → xβ . Since F → xα , we
know that Qτxα ≤ F. Hence we get, Qτxβ ≤ Qτxα ≤ F. Hence, F → xβ .
The other conditions are proved similarly.

Theorem 5.10. Let (X, τ ) be an LM -valued fuzzy (E, K)-soft topological space
and F be an LM -valued fuzzy (E, K)-soft filter on X. Then for xα ∈ F SP t(X),
F∞xα if and only if F has a finer LM -valued fuzzy (E, K)-soft filter G such that
G → xα .
Proof. (⇒) Since F∞xα , we have for each f, g ∈ (LX )E with Qτxα (k, f ) 6= 0M and
Fk (g) 6= 0M , f u g 6= 0X . So we can define G = Qτxα ∨ F such that G is finer than
F and since Qτxα (k, f ) ≤ Gk (f ), we obtain G → xα .
(⇐) Let Qτxα ≤ G and F ≤ G be given. Let f, g ∈ (LX )E such that Qτxα (k, f ) 6=
0M and Fk (g) 6= 0M , for all k ∈ K. Since Gk (g) ≥ Fk (g) 6= 0M and Gk (f ) ≥
Qτxα (k, f ) 6= 0M , this implies that Gk (g) 6= 0M and Gk (f ) 6= 0M . Since G is a
fuzzy soft filter, we know that Gk (f u g) ≥ Gk (f ) Gk (g) for all k ∈ K. Therefore,
f u g 6= 0X , i.e., F∞xα is obtained.
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PARAFREE PROPERTY OF FREE ABELIAN LIE ALGEBRAS
ZEHRA VELİOĞLU

Abstract. In this paper we investigate parafree property of free abelian Lie
algebras. We prove that free abelian Lie algebras are parafree. Using that
result we show that if M is a free metabelian Lie algebra, then the derived
subalgebra and terms of lower central series of M are parafree. Moreover, we
prove that abelian product of free abelian Lie algebras is parafree.

1. Introduction
Parafree Lie algebras is a spacial class of Lie algebra which have many common
properties as a free Lie algebra but they are not free. The definition of parafree Lie
algebras was first made by Baur [4,5]. He has translated the formal arguments used
for parafree groups to parafree Lie algebras and studied some interesting structures
of these algebras. Parafree groups were defined by G. Baumslag [2,3] and he has
obtained some important results about parafree groups. In [10], Veliolu and Ekici
have investigated some important fundamental properties of parafree Lie algebras.
All these works have given a start for studies in the theory of parafree Lie algebras.
Although there are still questions about these algebras that remained unanswered.
In this work we investigate parafree property of free abelian Lie algebras and we
prove that abelian product of free abelian Lie algebras is parafree.
2. Preliminaries

Definition 2.1. Let K be a field of characteristic zero and L be a Lie algebra over
K. The lower central series of L
L = γ 1 (L) ⊇ γ 2 (L) ⊇ ... ⊇ γ n (L) ⊇ ...
is defined inductively by
γ2 (L) = [L, L], γn+1 (L) = [γn (L), L], n ≥ 2.
If n is the smallest positive integer satisfying γn (L) = 0, then L is called nilpotent of class n.
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The second term γ2 (L) is called the derived subalgebra of L and it is denoted by
L0 . The derived subalgebra of L0 is denoted by L00 . L is called abelian (metabelian),
if L0 = {0} (resp. L00 = {0}).
Definition 2.2. Let X = {x1 , x2 , ..., xn } be a well ordered set and F be a free Lie
algebra freely generated by X over a field of characteristic zero. One can construct
a Hall set which is determined by the ordering given to the free generating set X.
(For more details see [6]).
H1 = X,
H2 = {(xy)/x, y ∈ X, x > y}
..
.
n
o
Sn−1
Hn = ((ab)c)/a, b, c, ab ∈ i=1 Hi , a > b, b ≤ c, ab > c .
S∞
Then H = n=1 Hn becomes a basis for the free Lie algebra F [7]. Smelkin [9]
has proved that the set
Cn = {x = [a, b]/a, b ∈ H, length(x) ≥ n, x ∈ H, m > length(b)}
is a set of free generators for γn (F ).
Note that by Jacobi identity, it is easy to see that [γk (F ), γl (F )] ⊆ γk+l (F ).
Hence any element in F of length≥ n is contained in γn (F ) and so Hn ⊆ γn (F ).
Definition 2.3. The Lie algebra L is called residually nilpotent if
∞
\

γn (L) = {0} .

n=1

Definition 2.4. We associate with the lower central series of L its lower central
sequence: L/γ2 (L) , L/γ 3 (L) , ...
We say that two Lie algebras L and H have the same lower central sequence if
L/γn (L) ∼
= H/γ n (H)
for every n ≥ 1.
Definition 2.5. The Lie algebra L is called parafree over a set X if,
i) L is residually nilpotent, and
ii) L has the same lower central sequence as a free Lie algebra generated by the
set X.
Proposition 2.6. Let P1 and P2 be two parafree Lie algebras. Then direct product
P1 ⊕ P2 of P1 and P2 is parafree.
Proof. The proof can be found in [10].



3. Free Abelian Lie Algebras
In this section we investigate parafree property of free abelian Lie algebras.
Proposition 3.1. Let L be any free abelian Lie algebra then L is parafree.
Proof. Let L be any free abelian Lie algebra then γ2 (L) = [L, L] = {0}. Therefore
we have
T∞
n=1 γn (L) = {0}.
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That means L is residually nilpotent. Since L is free abelian, there exists a free Lie
algebra F such that L ∼
= F/γ2 (F ). Consider
L/γn (L) ∼
= (F/γ2 (F ))/γn (F/γ2 (F )) ∼
= F/γn (F ).
Therefore L has the same lower central sequence as F . Hence L is parafree.



Corollary 3.2. Let M be a free metabelian Lie algebra. Then the derived subalgebra and the terms of lower central series of M are parafree.
Proof. Let M be a free metabelian Lie algebra then there exists a free Lie algebra
F such that M = F/F 00 . Then the derived subalgebra M 0 = [M, M ] of M is free
abelian [6]. Therefore by the Proposition 3.1., M 0 is parafree.
Now for every positive integer n, we want to investigate parafree property of
terms of lower central sequence γn (M ) of M .
γn (M ) = γn (F/F 00 ) ⊆ γ2 (F/F 00 ) = F 0 /F 00 .
Since γ2 (F 0 /F 00 ) = {0}, then F 0 /F 00 is free abelian and therefore γn (M ) is free
abelian. So by the Proposition 3.1., γn (M ) is parafree.

In [8], it has been studied the structure of the algebra γn (F )/[γn (F ), F 0 ]. Using
that results and the Proposition 3.1. we prove the next corollary.
Corollary 3.3. Let F be a free Lie algebra. If n = 2, 3, 4 and m ≥ 2 then the
algebra γn (F )/[γn (F ), F 0 ] is parafree.
Proof. Let n = 2, 3, 4 and m ≥ 2, then (see [8] )
(γn (F ) ∩ F 00 )/[γn (F ), F 0 ] = F 00 /[γn (F ), F 0 ].
By the isomorphism theorems, we have
γ2 (F 00 /[γn (F ), F 0 ]) ∼
= ((γ2 (F 00 ) + [γn (F ), F 0 ]))/[γn (F ), F 0 ]
γ2 (F 00 )/(γ2 (F 00 ) ∩ [γn (F ), F 0 ]) = γ2 (F 00 )/γ2 (F 00 ).
Therefore the algebra F 00 /[γn (F ), F 0 ] is free abelian. Hence the algebra (γn (F ) ∩
F 00 )/[γn (F ), F 0 ] is free abelian and by the Proposition 3.1., it is parafree. On the
other hand, (see [8])
γn (F )/[γn (F ), F 0 ] ∼
= ((γn (F ) ∩ F 00 )/[γn (F ), F 0 ]) ⊕ γn (F/F 00 ).
By the Corollary 3.2. the algebra γn (F/F 00 ) is parafree. By the Proposition
2.6. direct product of two parafree Lie algebras is parafree, hence the algebra
γn (F )/[γn (F ), F 0 ] is parafree.

4. Abelian Product of free Abelian Lie Algebras
In this section, we want to investigate parafree property of abelian product of
free abelian Lie algebras. More details about the structure of products of algebras
can be found in [1].
Q∗
L
Definition 4.1. Let α∈I Lα and
Lα be the free product and the direct sum
of Lie algebras {Lα |α ∈ I}, respectively. For e ∈ Lα and α ∈ I consider an
epimorphism as follows
Q∗
L
χ : α∈I Lα →
Lα ,
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χ(e) = e.
Q∗
The kernel of the epimorphism χ is called cartesian subalgebra of α∈I Lα .
Definition 4.2. Let L1 ∗ L2 be the free product of Lie algebras L1 and L2 and
D be the cartesian subalgebra of L1 ∗ L2 . The abelian product of L1 and L2 is
denoted as L1 ∗ab L2 and defined as
L1 ∗ab L2 = (L1 ∗ L2 )/((L1 ∗ L2 ) ∩ D).
Proposition 4.3. Abelian product of two free abelian Lie algebras is parafree.
Proof. Let L1 and L2 be two free abelian Lie algebras. Then by the Proposition
3.1. they are parafree. On the other hand since L1 and L2 are free abelian then
(L1 ∗ L2 ) ∩ D = D.
Therefore we have
L1 ∗ab L2 = (L1 ∗ L2 )/D ∼
= L1 ⊕ L2 .
So by the Proposition 2.6., L1 ∗ab L2 is parafree.
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INTUITIONISTIC NEUTROSOPHIC SUBGROUPS
HUSEYIN KAMACI

Abstract. In this paper, the group structure of intuitionistic neutrosophic
sets is investigated. The notions of intuitionistic neutrosophic subgroup and
intuitionistic neutrosophic normal subgroup are introduced. Basic theorems
and results related to these subgroups are presented.

1. Introduction
The uncertainty and fuzziness frequently encountered in the real world are difficulties that have been struggled to overcome for centuries. Up to the present,
many mathematical approaches have been proposed to handle these difficulties.
However, since these uncertainties have their own specific challenges, each of these
approaches may be inadequate in some cases. Recently, Zadeh’s fuzzy set approach [1], Atanassov’s intuitionistic fuzzy set approach [2] and Smarandache’s
neutrosophic set approach [3] have attracted the attention of many researchers who
endeavour to deal with the issues of uncertainty and fuzziness. These set approaches
were successfully applied to problems in many fields such as artificial intelligence,
decision-making, information systems, etc. In addition, many researchers investigated the relations between these sets and algebraic structures [4–8]
In 2009, Bhowmik and Pal [9] introduced intuitionistic neutrosophic set which
is created by embedding the idea of generalized intuitionistic fuzzy set described
in [10] into the neutrosophic set. In [9,11], some basic operations of these sets were
derived.
In this study, we define intuitionistic neutrosophic subgroup of a classical group
and discuss normality of it. Also, we address the theoretical aspects of intuitionistic
neutrosophic subgroups.
2. Preliminaries
In this section, we shortly review some notations and definitions which can be used
in the following discussion.
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Definition 2.1. ( [1]) Let X be a nonempty set (of objects). Then, a fuzzy set F
on the set X is given as
F = {(x, < µF (x) >) : x ∈ X}
where µF is called membership function of F and defined by µF : X → [0, 1]. For
each x ∈ X, µF (x) represents the degree of membership of x belonging to the fuzzy
set F.
Definition 2.2. ( [2]) Let X be a nonempty set (of objects). Then, an intuitionistic
fuzzy set I on the set X is defined as
I = {(x, < µI (x), νI (x) >) : x ∈ X}
where µI , νI : X → [0, 1] are the membership function and non-membership function of I, which satisfy the following condition
µI (x) + νI (x) ≤ 1.
for each x ∈ X. µI (x) and νI (x) denote the degrees of membership and nonmembership of x into the set I, respectively.
Definition 2.3. ( [10]) Let X be a nonempty set (of objects). Then, a generalized
intuitionistic fuzzy set G on the set X is defined as
G = {(x, < µG (x), νG (x) >) : x ∈ X}
where µG , νG : X → [0, 1] are the membership function and non-membership function of G, which satisfy the following condition
min{µG (x), νG (x)} ≤ 0.5
for each x ∈ X. µG (x) and νG (x) denote the degrees of membership and nonmembership of x into the set G, respectively.
Definition 2.4. ( [3]) Let X be a nonempty set (of objects). Then, a neutrosophic
set N on the set X is an object having the form
N = {(x, < TN (x), IN (x), FN (x) >) : x ∈ X}
where TN , IN , FN : X →]− 0, 1+ [ are said to be the truth-membership function,
indeterminacy-membership function and falsity-membership function of N , which
satisfy the following condition
−
0 ≤ TN (x) + IN (x) + FN (x) ≤ 3+
for each x ∈ X.
From philosophical point of view, the neutrosophic set takes the value from real
standard or non-standard subsets of ]− 0, 1+ [. But in real life application in scientific
and engineering problems it is difficult to use neutrosophic set with value from real
standard or non-standard subset of ]− 0, 1+ [. Hence, throughout this work, we
consider the neutrosophic set which takes the value from the subset of [0,1].
In 2009, Bhowmik and Pal [9] gave the concept of intuitionistic neutrosophic set,
which is created by embedding the idea of generalized intuitionistic fuzzy set into
the neutrosophic set, as follows:
e on the set X is defined
Definition 2.5. ( [9]) An intuitionistic neutrosophic set N
as follows:
e = {(x, < T e (x), I e (x), F e (x) >) : x ∈ X}
N
N
N
N
where for all x ∈ X
min{TNe (x), INe (x)} ≤ 0.5, min{TNe (x), FNe (x)} ≤ 0.5, min{INe (x), FNe (x)} ≤ 0.5
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with the condition 0 ≤ TNe (x) + INe (x) + FNe (x) ≤ 2.
Example 2.6. Let X = {x1 , x2 } be a set consisting of two houses. We consider
the following neutrosophic sets created with respect to the membership ”cheap”
e = {(x1 , < 0.7, 0.2, 0.4 >), (x2 , < 0.1, 0.8, 0.4 >)} and M
f =
for the houses. N
e and M
f are also intuitionistic
{(x1 , < 0.2, 0.2, 0.5 >), (x2 , < 1, 0.5, 0.5 >)}. Then, N
neutrosophic sets on X. On the other hand, we consider the neutrosophic set
P = {(x1 , < 0.9, 0.4, 0.9 >), (x2 , < 0.6, 0.4, 0.4 >)}. Then, P is not an intuitionistic
neutrosophic set on X since min{TP (x1 ), FP (x1 )}  0.5.
e and M
f be two intuitionistic neutrosophic sets on
Definition 2.7. ( [9]) Let N
e and M
f is defined by N
e∩
X. The intersection of intuitionistic neutrosophic sets N
f where truth-membership, indeterminacy-membership and falsity-membership
M,
functions are
TNe ∩M
e (x), TM
f(x) = min{TN
f(x)},
(x)
=
min{I
(x),
I
INe ∩M
e
f(x)},
f
N
M
(x)
=
max{F
(x),
F
FNe ∩M
e
f(x)}
f
N
M
for all x ∈ X.
e and M
f be two intuitionistic neutrosophic sets on
Definition 2.8. ( [9]) Let N
e and M
f is defined by N
e ∪
X. The union of intuitionistic neutrosophic sets N
f where truth-membership, indeterminacy-membership and falsity-membership
M,
functions are
TNe ∪M
e (x), TM
f(x)},
f(x) = max{TN
(x)
=
min{I
(x),
I
INe ∪M
e
f(x)},
f
N
M
(x)
=
min{F
(x),
F
FNe ∪M
e
f(x)}
f
N
M
for all x ∈ X.
e and M
f given
Example 2.9. Let us consider the intuitionistic neutrosophic sets N
e
f
in Example 2.6. Then, the intersection and union of N and M are the following
intuitionistic neutrosophic sets, respectively.
e ∩M
f = {(x1 , < 0.2, 0.2, 0.5 >), (x2 , < 0.1, 0.5, 0.5 >)},
N
e
f
N ∪ M = {(x1 , < 0.7, 0.2, 0.4 >), (x2 , < 1, 0.5, 0.4 >)}.
ei : i ∈ I = {1, 2, ..., n}} be a nonempty family of intuitionDefinition 2.10. Let {N
istic neutrosophic sets on X. The intersection of these intuitionistic neutrosophic
n
T
ei , where truth-membership, indeterminacy-membership and
sets is defined by
N
i=1

falsity-membership functions are
n
TT

ei
N

(x) = mini∈I {TNei (x)},

ei
N

(x) = mini∈I {INei (x)},

ei
N

(x) = maxi∈I {FNei (x)}

i=1
n
IT
i=1
n
FT
i=1

for all x ∈ X.
ei : i ∈ I = {1, 2, ..., n}} be a nonempty family of intuDefinition 2.11. Let {N
itionistic neutrosophic sets on X. The union of these intuitionistic neutrosophic
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n
S
ei , where truth-membership, indeterminacy-membership and
N
i=1

falsity-membership functions are
n
(x) = maxi∈I {TNei (x)},
TS
e
Ni

i=1
n
IS

ei
N

(x) = mini∈I {INei (x)},

i=1
n
FS

ei
N

(x) = mini∈I {FNei (x)}

i=1

for all x ∈ X.
3. Intuitionistic Neutrosophic Subgroups
In this section, we define the concepts of intuitionistic neutrosophic subgroupoid,
intuitionistic neutrosophic subgroup and intuitionistic neutrosophic normal subgroup of a group.
e on G is
Definition 3.1. Let G be a group. An intuitionistic neutrosophic set N
said to be an intuitionistic neutrosophic subgroupoid of G if the following conditions
are satisfied.
i. TNe (gh) ≥ min{TNe (g), TNe (h)}
ii. INe (gh) ≥ min{INe (g), INe (h)}
iii. FNe (gh) ≤ max{FNe (g), FNe (h)}
for all g, h ∈ G.
e is called an intuitionistic neutroThe intuitionistic neutrosophic subgroupoid N
sophic subgroup of G if the following conditions are satisfied.
iv. TNe (g −1 ) = TNe (g)
v. INe (g −1 ) = INe (g)
vi. FNe (g −1 ) = FNe (g)
for all g ∈ G.
The set of all intuitionistic neutrosophic subgroup of G is denoted by IN Sub(G).
Example 3.2. Consider the classical group (Z4 , +). Then, the intuitionistic neutrosophic set
e = {(0, < 0.9, 0.5, 0.1 >), (1, < 0.6, 0.3, 0.4 >), (2, < 0.8, 0.4, 0.2 >), (3, < 0.6, 0.3, 0.4 >)}
N

is an intuitionistic neutrosophic subgroup of Z4 . However, the intuitionistic neutrosophic set
f={(0, < 0.9, 0.5, 0.5 >), (1, < 0.6, 0.3, 0.4 >), (2, < 0.8, 0.4, 0.2 >), (3, < 0.6, 0.3, 0.4 >)}
M

is not an intuitionistic neutrosophic subgroup of Z4 . Because, FM
f(1+3) = FM
f(0) 
max{FM
(1),
F
(3)}.
f
f
M
e ∈ IN Sub(G). Then,
Proposition 1. Let N
i. TNe (e) ≥ TNe (g), INe (e) ≥ INe (g), FNe (e) ≤ FNe (g) for all g ∈ G.
ii. TNe (g k ) ≥ TNe (g), INe (g k ) ≥ INe (g), FNe (g k ) ≤ FNe (g) for all g ∈ G.
Proof. i. Since TNe (e) = TNe (gg −1 ) ≥ min{TNe (g), TNe (g −1 )} = min{TNe (g), TNe (g)}
from Definition 3.1, we obtain that TNe (e) ≥ TNe (g). For all g ∈ G, INe (g k ) ≥
INe (g), FNe (g k ) ≤ FNe (g) can also be demonstrated similarly. Thus, the proof is
completed.
ii. By Definition 3.1, we have TNe (g 2 ) ≥ min{TNe (g), TNe (g)} = TNe (g) for all g ∈ G.
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Then, we can write that TNe (g 3 ) ≥ min{TNe (g), TNe (g 2 )} ≥ min{TNe (g), TNe (g)} =
TNe (g) for all g ∈ G. By proceeding same reasoning, we obtain TNe (g k ) ≥ TNe (g) for
all g ∈ G. Similarly, we can prove that INe (g k ) ≥ INe (g), FNe (g k ) ≤ FNe (g) for all
g ∈ G. Then, the proof is completed.

e be an intuitionistic neutrosophic set on G. N
e is an intuTheorem 3.3. Let N
itionistic neutrosophic subgroup of G. ⇔ The following conditions are satisfied.
i. TNe (gh−1 ) ≥ min{TNe (g), TNe (h)}
ii. INe (gh−1 ) ≥ min{INe (g), INe (h)}
iii. FNe (gh−1 ) ≤ max{FNe (g), FNe (h)}
for all g, h ∈ G.
e be an intuitionistic neutrosophic set on G.
Proof. Let N
⇒: It is clear, hence omitted.
⇐: If we take g = e in the above axioms (i)-(iii) then we obtain
TNe (h−1 ) ≥ TNe (h), INe (h−1 ) ≥ INe (h), FNe (h−1 ) ≤ FNe (h).
Then, it is easily seen that
TNe (h) = TNe ((h−1 )−1 ) ≥ TNe (h−1 ), INe (h) = INe ((h−1 )−1 ) ≥ INe (h−1 ),
FNe (h) = FNe ((h−1 )−1 ) ≤ FNe (h−1 ).
Thus, we have
TNe (h−1 ) = TNe (h), INe (h−1 ) = INe (h), FNe (h−1 ) = FNe (h).
Furthermore, we obtain, for all g, h ∈ G
TNe (gh) = TNe (g(h−1 )−1 ) ≥ min{TNe (g), TNe (h−1 )} = min{TNe (g), TNe (h)},
INe (gh) = INe (g(h−1 )−1 ) ≥ min{INe (g), INe (h−1 )} = min{INe (g), INe (h)},
FNe (gh) = FNe (g(h−1 )−1 ) ≤ max{FNe (g), FNe (h−1 )} = min{FNe (g), FNe (h)}.
e is a intuitionistic neutrosophic subgroup of G.
Then, we say that N



ei , i ∈ I = {1, 2, ..., n} be intuitionTheorem 3.4. Let G be a group and let N
n
T
ei is an intuitionistic neutrosophic
istic neutrosophic subgroups of G. Then,
N
i=1

subgroup of G.
ei , i ∈ I = {1, 2, ..., n} be intuitionistic neutrosophic subgroups of G.
Proof. Let N
From Definition 2.7, we can write
n
T
ei = {(g, < T T
n
N

i=1

i=1

ei
N

n
(g), I T
i=1

ei
N

n
(g), F T

ei
N

(g) >) : g ∈ G}.

i=1

By using Definition 2.7 and Theorem 3.3, we obtain
n
TT

ei
N

(gh−1 ) = mini∈I {TNei (gh−1 )} = min{TNe1 (gh−1 ), TNe2 (gh−1 ), ..., TNen (gh−1 )}

i=1

≥ min{min{TNe1 (g), TNe1 (h)}, min{TNe2 (g), TNe2 (h)}, ..., min{TNen (g), TNen (h)}}
= min{min{TNe1 (g), TNe2 (g), ..., TNen (g)}, min{TNe1 (h), TNe2 (h), ..., TNen (h)}}
n
n
= min{T T
(g), T T
(h)},
e
e
Ni

i=1

Ni

i=1
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ei
N

(gh−1 ) = mini∈I {INei (gh−1 )} = min{INe1 (gh−1 ), INe2 (gh−1 ), ..., INen (gh−1 )}

i=1

≥ min{min{INe1 (g), INe1 (h)}, min{INe2 (g), INe2 (h)}, ..., min{INen (g), INen (h)}}
= min{min{INe1 (g), INe2 (g), ..., INen (g)}, min{INe1 (h), INe2 (h), ..., INen (h)}}
n
n
(h)},
(g), I T
= min{I T
e
e
Ni

Ni

i=1

i=1

and
n
FT

ei
N

(gh−1 )=maxi∈I {FNei (gh−1 )}=max{FNe1 (gh−1 ), FNe2 (gh−1 ), ..., FNen (gh−1 )}

i=1

≤ max{max{FNe1 (g), FNe1 (h)}, max{FNe2 (g), FNe2 (h)}, ..., max{FNen (g), FNen (h)}}
= max{max{FNe1 (g), FNe2 (g), ..., FNen (g)}, max{FNe1 (h), FNe2 (h), ..., FNen (h)}}
n
n
= max{F T
(g), F T
(h)}
e
e
Ni

i=1

Ni

i=1

for all g, h ∈ G.
n
T
ei is an intuitionistic neutrosophic subgroup of G.
Hence,
N



i=1

e be an intuitionistic neutrosophic
Definition 3.5. Let G be a group and let N
e is called an intuitionistic neutrosophic normal subgroup
subgroup of G. Then, N
of G if
TNe (gh) = TNe (hg), INe (gh) = INe (hg) and FNe (gh) = FNe (hg)
for all g, h ∈ G.
The set of all intuitionistic neutrosophic normal subgroup of G is denoted by
IN N Sub(G).
Example 3.6. We consider the symmetric group S3 ={e, (12),(13),(23),(123),(132)}.
e on S3 as follows:
Also, we take the intuitionistic neutrosophic set N
e = {(e, < 0.7, 0.5, 0.2 >), ((12), < 0.4, 0.3, 0.6 >), ((13), < 0.4, 0.3, 0.6 >),
N
((23), < 0.4, 0.3, 0.6 >), ((123), < 0.6, 0.5, 0.3 >), ((132), < 0.6, 0.5, 0.3 >)}.
e is an intuitionistic neutrosophic subgroup of S3 . Since T e (gh) = T e (hg),
Then, N
N
N
INe (gh) = INe (hg) and FNe (gh) = FNe (hg) for all g, h ∈ S3 , it is an intuitionistic
neutrosophic normal subgroup of S3 .
e be an intuitionistic neutrosophic subgroup
Lemma 3.7. Let G be a group and let N
e is an intuitionistic neutrosophic normal
of G. If G be an abelian group, then N
subgroup of G.
Proof. It is clear.



e of Z4 in
Example 3.8. Let’s consider the intuitionistic neutrosophic subgroup N
e is
Example 3.2. It is known that Z4 is an abelian group. It is also observed that N
an intuitionistic neutrosophic normal subgroup of Z4 .
e be an intuitionistic neutrosophic normal subgroup of G.
Proposition 2. Let N
Then, the following are equivalent.
(1) TNe (gh) = TNe (hg), INe (gh) = INe (hg), FNe (gh) = FNe (hg) for all g, h ∈ G.
(2) TNe (ghg −1 ) = TNe (h), INe (ghg −1 ) = INe (h), FNe (ghg −1 ) = FNe (h) for all
g, h ∈ G.
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Proof. (1)⇒ (2): Let
(3.1)

TNe (gh) = TNe (hg), INe (gh) = INe (hg), FNe (gh) = FNe (hg)

for all g, h ∈ G. If it is written hg −1 instead of h in (3.1), then it is seen that
(3.2)

TNe (ghg −1 ) = TNe (h), INe (ghg −1 ) = INe (h), FNe (ghg −1 ) = FNe (h)

for all g, h ∈ G.
(2)⇒ (1): Taking hg instead of h in (3.2), the condition (1) is shown easily.



ei , i ∈ I = {1, 2, ..., n} be intuitionistic
Theorem 3.9. Let G be a group and let N
n
T
ei is an intuitionistic neutrosophic
neutrosophic normal subgroups of G. Then,
N
i=1

normal subgroup of G.
ei , i ∈ I = {1, 2, ..., n} are the intuitionistic neutrosophic normal
Proof. Since N
subgroups of G, we have the following:
TNei (ghg −1 ) = TNei (h), INei (ghg −1 ) = INei (h), FNei (ghg −1 ) = FNei (h)
for all i ∈ I = {1, 2, ..., n}. So, by definition of the intersection
n
FT

ei
N

(ghg −1 )

=

maxi∈I {FNei (ghg −1 )}

=

max{FNe1 (ghg −1 ), FNe2 (ghg −1 ), ..., FNen (ghg −1 )}

=

max{FNe1 (h), FNe2 (h), ..., FNen (h)}

=

n
FT

i=1

ei
N

(h)

i=1

for all g, h ∈ G.
n
In a similar way, T T
i=1

satisfied. Thus,

ei
N

n
(ghg −1 ) = T T

ei
N

n
(h), and I T

i=1

i=1

ei
N

n
(ghg −1 ) = I T

ei
N

(h) are

i=1

n
T
ei is an intuitionistic neutrosophic normal subgroup of G.
N



i=1

Example 3.10. Let us consider the following intuitionistic neutrosophic normal
subgroups of Z4 .
e1 = {(0, < 0.8, 0.4, 0 >), (1, < 0.5, 0.2, 0.3 >), (2, < 0.7, 0.3, 0.1 >), (3, < 0.5, 0.2, 0.3 >)},
N
e2 = {(0, < 0.5, 0.9, 0.3 >), (1, < 0.4, 0.5, 0.6 >), (2, < 0.4, 0.6, 0.4 >), (3, < 0.4, 0.5, 0.6 >)},
N
e3 = {(0, < 0.7, 0.4, 0.2 >), (1, < 0.6, 0.3, 0.5 >), (2, < 0.7, 0.3, 0.5 >), (3, < 0.6, 0.3, 0.5 >)}.
N

Then, the intersection of these intuitionistic neutrosophic normal subgroups is
3
T
ei = {(0, < 0.5, 0.4, 0.3 >), (1, < 0.4, 0.2, 0.6 >), (2, < 0.4, 0.3, 0.5 >), (3, < 0.4, 0.2, 0.6 >)}
N
i=1

It is clear that

3
T
ei is also an intuitionistic neutrosophic normal subgroup of Z4 .
N
i=1

4. Conclusion
In this study, we proposed an algebraic structure on the intuitionistic neutrosophic set, which is a bridge among the intuitionistic neutrosophic set theory and
group theory. Besides, we produced significant findings for this algebraic structure.
We hope that the concepts and findings presented in this paper will lead to next
studies on the algebraic structures of intuitionistic neutrosophic sets.
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DYNAMICAL CASIMIR EFFECT IN THE
ROBERTSON-WALKER SPACETIME
NILUFER PARLAK, MUSTAFA SALTI, OKTAY AYDOGDU, AND KENAN SOGUT

Abstract. Recent developments resulting from the modern colliders present
the vacuum of the space is filled by the Higgs scalar field. Quantum Field Theory (QFT) determines infinite energy of the vacuum and suggests the vacuum
of the space as essential source of the energy. The measure of the energy in
a small amount of the vacuum can be modified by the substance surrounding
it and this can lead dynamical Casimir effect. The dynamical Casimir effect,
that total portion of the vacuum energy can be altered by placing two mirrors attracting each other, was interpreted by Schwinger to be the source of
quantum particle creation. In the present study, we investigate scalar particle creation
in Robertson-Walker Universe with a time-dependent scale factor
√
a(t) = Γ + Λt. The considered problem is the dynamical Casimir effect. Exact solutions of the system will be obtained. Then, particle creation rate will
be calculated by using Bogoulibov transformation technique.

1. Introduction
An attactive force occurs between two parallel conducting plates due to vacuum
fluctuations. This phenomena is first predicted by Casimir at the end of the 50’s [1].
The resultant forces and vacuum energies have static features. It is a very important
phenomenon that could affect everything from micro-electronics to unified theories.
It is supposed that the Universe has extra dimensions; 10- and 11-dimensional
unified field theories of the fundamental forces are predicted by theorists. These
dimensions are assumed to alter Newtonian gravitation at very ”small” micrometre
distances. For this reason determining the Casimir effect can provide to investigate
the validity of such kind of extraordinary opinions. Casimir effect can be considered
as the polarization of vacuum by boundary conditions. Alterations in the geometry
by time can cause quantum particle creation and such process is called dynamical
Casimir effect [2]. In the case of dynamic boundaries, this problem for conformally
invariant fields in two-dimensional spacetime can be matched to the corresponding
static problem and therefore provides an exact study. This effort is more complex
in higher dimensions[3].
Particles spontaneously created from the vacuum is now assumed to be the reason of density fluctuations produced in inflation. Early attemps to understand this
Key words and phrases. Cosmologic Models, Particle Creation, Casimir Effect.
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phenomena start with the study of Erwin Schrdinger in 1939 in which he has discussed the particle production by the space-time curvature[4]. Later, Parker has
studied the particle creation by an external gravitational field[5]. Among the more
recent studies, in 2001, Setare et.al. have been investigated the particle production
from vacuum by expanding or contracting spherical shell with Dirichlet boundary
conditions[6]. They have considered in another study also the case in which the
sphere radius performs oscillation with a small amplitude and derived number of
created particles to the first order of the perturbation theory[7].
In this study, we investigate particle creation process in radiation dominated
RobertsonWalker space-time[8].
2. Scalar Particle Creation
Solving particle creation problem has many important physical results; it may enlighten the source of the great entropy in the present Universe. It requires to define
vacuum ”in” and ”out” states, since the vacuum states are not unique in curved
space-time. In the present case, we study a radiation dominated model of Universe
given by the following metric:
ds2 = dt2 − a2 (t)(dx2 + dy 2 + dz 2 )
√
where the scale factor a(t) = Γ + Λt and Γ and Λ are constants.
Since the radius of curvature depends-on time, the case considered is a dynamical
Casimir effect with moving boundaries[3]. By defining the conformal-time dη =
dt
a(t) , the metric takes the following form
(2.1)

(2.2)

ds2 = a2 (η)[dη 2 − (dx2 + dy 2 + dz 2 )]

The Klein-Gordon equation in curved space-time is[9]
(2.3)

√
1
√ ∂µ ( −gg µν ∂ν φ) + (m2 + ξR)φ = 0
−g

1
is the dimensionless coupling constant and R scalar curvature
6
6(ä + a)
(2.4)
R=
a3
where dot (.) represents the ordinary partial derivatives with respect to conformaltime η.
√
1
√ ∂µ ( −gg µν ∂ν φ) + (m2 + ξR)φ = 0
(2.5)
−g
where ξ =

By using the line element given in eq.(2.2), equation (2.3) reduces
→
−
2ȧ
ä
(2.6)
φ̈ + φ̇ − ∇ 2 φ + a2 [m2 + 1 + ]φ = 0
a
a
→
− →
−
3
→
−
By defining the wave function in the form φ(η, x ) = ei k . x ϕ(η)a− 2 (η), one gets


−2
1 (1−→



+ Λ2k )
2
m
(2.7)
∂δ2 + 4
+
ϕ(δ) = 0

δ2
Λ2 
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where definition δ = eηΛ is made. The solutions of this equation are Bessel functions[10] and given by
√
m
(2.8)
ϕ(δ) = δZν ( δ)
Λ
with
q
→
−
Λ2 + 4 k − 5
(2.9)
ν=
2Λ
In order to discuss particle creation from vacuum we need to define positive and
negative frequency modes.
Asymptotic behavior of Hankel functions for u → ∞ [10],
r
r
π
π
)
)
2 i(u− νπ
2 −i(u− νπ
2 −
2 −
(1)
(2)
4 , Hν (u) ∼
4
e
e
(2.10)
Hν (u) ∼
πu
πu
and the behavior of the Bessel functions for u → 0 is
uν
(2.11)
Jν (u) ∼ ν
2 Γ(ν + 1)
Then, following the steps of Ref. [9, 11], we can write vacuum ”in” and ”out”
solutions as below form, respectively
(2.12)

(2.13)

ϕ+ (δ)δ→∞ =

A∞ (2) m
Hν ( δ)
δ
Λ
A0
m
Jν ( δ)
δ
Λ

ϕ+ (δ)δ→0 =

m
A0
J−ν ( δ)
δ
Λ
The positive-frequency mode at δ → ∞ can be written as a linear combination
of the positive and negative frequency modes at δ → 0 in the form:
(2.14)

(2.15)

ϕ− (δ)δ→0 =

+
−
ϕ+
∞ (δ) = αϕ0 (δ) + βϕ0 (δ)

where α and β are Bogoliubov coefficients that relate vacuum ”in” and ”out” modes.
The rate of their absolute square is found to be

(2.16)

|α|2
= e−2πν̃
|β|2

where ν = iν̃.
By using the normalization condition of the wave function (due to the BoseEinstein statistics)|α|2 − |β|2 = 1 and Eq. (2.16), the number density of the created
scalar particles can be computed as follow
(2.17)

n ' |β|2 =

1
[e−2πν̃

which has a thermal distribution form.

− 1]
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3. Conclusions
Vacuum fluctuations have detectable results which can be directly viewed in
experiments on a microscopic scale, for example the passage of an excited atom
to the its ground state by spontaneously emitting a photon is a result of vacuum
fluctuations. Interaction with the dynamical boundaries affect the vacuum to create
particles. In the present paper we deal with an another example of dynamical
boundaries and calculate the particle creation from the time-dependent external
gravitation fields. We study scalar fields that conformally coupled to a radiation
dominant spacetime. Since the scale of the space depends on the time, we call the
problem under consideration as the dynamical Casimir effect. We determine the
particle creation number by using Bogoliubov coefficients.
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APPROXIMATION OF THE COMMON SOLUTION SET OF
TWO-DIMENSIONAL LYAPUNOV EQUATIONS
ŞERİFE YILMAZ

Abstract. The existence of common quadratic Lyapunov function for a finite
number of stable matrices is very important problem of linear time-invariant
systems. This solution can be determined by solving a convex program. With
the exception of some special cases (second-order systems, for example), the
theoretical solution to the general n-dimensional problem has not been found
yet. Therefore numerical optimization methods are used to solve the problem.
In this study, we obtained a set of common solutions for a finite number of
two-dimensional matrices.

1. Introduction
Consider the following constant coefficient linear dynamical system
(1.1)

ẋ = Ax

where x = x(t) ∈ Rn and A is n×n dimensional real matrix. The matrix A is called
Hurwitz stable if all its eigenvalues lie in the open left half plane. Hurwitz stability
of the matrix A implies the asymptotic stability of zero solution of the system (1.1).
From now on, the term “stable” will be referred to “Hurwitz stability”.
The stability of A is equivalent to the following: For a given positive definite
symmetric matrix Q, there exists unique positive symmetric P solution to the
Lyapunov equation
(1.2)

AT P + P A = −Q

(see [1, 2]). The solution P is given by
Z ∞
P =
exp(tAT )Q exp(tA)dt.
0

If the matrix A switches between N matrices A1 , A2 , . . . , AN , that is, A ∈
{A1 , A2 , . . . , AN } then the system
(1.3)

ẋ = Ax

is called a linear switched system.
Date: xxxx a, 2019, accepted yyyy b, 2019.
2000 Mathematics Subject Classification. Primary 37B25 , 93D05; Secondary 93C05, 37N30.
Key words and phrases. Lyapunov equations, Hurwitz stability.
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If the following system of matrix inequalities
(1.4)

ATi P + P Ai < 0

(i = 1, 2, . . . , N ).

has a common P > 0 solution, then the switched system (1.3) is asymptotically
stable [4].
The linear switched systems have been investigated in a lot of works (see [4, 5,
6, 7, 8, 9, 10] and references therein). In [6, 7, 8, 9, 10, 11, 12], theoretical results
for the existence of a common solution to (1.4) are given. In [10, 11, 12, 13, 14]
numerical algorithms are considered for a common positive solution in the case of
existence.
In this study, the common solution set of two-dimensional Lyapunov equations
by numerical optimization of bivariate polynomials on a box is investigated. Using
the result in [6], the existence of a common solution of the two matrices can be
determined. In order to find the common solutions, we acquire two symmetric
parameter dependent matrices via Lyapunov equation. The parameters are varied
on a two-dimensional box. We investigate the parameters that would make these
matrices positive definite. This box is divided into subbox so that the parameter
dependent matrices are positive definite. The parameters which give the common
solution of the equation (1.4) determined by this way.
2. Solution to the Lyapunov matrix equation
Let A ∈ Rn×n be a stable matrix. For positive definite matrix Q, the solution
P > 0 to Lyapunov equation (1.2) is also obtained by Kronecker sum operation.
Define


col1 (A)


..
n2
vec A := 
∈R
.
coln (A)
which is the column vector obtained by stacking the column of the matrix A. We
restore A from vec A by A = vec−1 (vec A).
Definition 2.1. Let A = [aij ] ∈ Rn×m and B
A and B is the partitioned matrix

a11 B a12 B

..
..
A ⊗ B := 
.
.
an1 B an2 B

∈ Rl×k . The Kronecker product of
···
..
.
···


a1m B

..
.
.
anm B

Definition 2.2. For the given square matrices A ∈ Rn×n and B ∈ Rm×m the
Kronecker sum of A and B is
A ⊕ B := A ⊗ Im + In ⊗ B
where Im and In are identity matrices.
The following result concerns the solutions to Lyapunov equation (1.2).
Theorem 2.3 ([3]). Let A be a stable matrix. For Q = QT > 0, the unique solution
P = P T > 0 to the Lyapunov equation (1.2) is


P = −vec−1 (AT ⊕ AT )−1 vec Q .

COMMON SOLUTION OF TWO-DIMENSIONAL LYAPUNOV EQUATIONS

191

Define the matrix segment
[A, B] = {λA + (1 − λ)B : λ ∈ [0, 1]}
where A, B ∈ Rn×n .
Theorem 2.4 ([6]). Let A1 , A2 ∈ R2×2 be stable matrices. A necessary and sufficient condition for the matrices A1 and A2 have common solution to its Lyapunov
equation (1.2) is that the matrices A1 A2 and A1 A−1
have no negative real eigen2
value. An equivalent condition that the segments [A1 , A2 ] and [A1 , A−1
2 ] are stable.
For the common solution set of two-dimensional Lyapunov equation of the matrices A1 and A2 , define the symmetric matrices






x1 x2
y1 y2
z1 z2
P (x) =
, Q1 (y) =
, Q2 (z) =
.
x2 x3
y2 y3
z2 z3
Let A1 and A2 be stable matrices. Assume that A1 A2 and A1 A−1
2 have no negative
real eigenvalue. Consider the following Lyapunov equations:
AT1 P (x) + P (x)A1
AT2 P (x) + P (x)A2

= −Q1 (y),
= −Q2 (z).

For Q1 (y) > 0, there exists an x ∈ R3 such that the matrix P (x) > 0 is a
unique solution to the first equation. From the solution of the first equation
x = (φ1 (y), φ2 (y), φ3 (y)) is obtained. Analogously, for Q2 (z) > 0 there exists an
x ∈ R3 such that the matrix P (x) > 0 is a unique solution to the second equation
and x = (η1 (z), η2 (z), η3 (z)) is obtained.
In view of the common solution we get

 

φ1 (y) φ2 (y)
η1 (z) η2 (z)
P (x) =
=
.
φ2 (y) φ3 (y)
η2 (z) η3 (z)
Hence, we reach the following linear system of equations:
φ1 (y) = η1 (z),

(2.1)

φ2 (y) = η2 (z),

φ3 (y) = η3 (z).

The linear system (2.1) has a uniqe solution for every z ∈ R3 such that Q2 (z) > 0
since the matrices A1 and A2 have common solution.
Based on these evaluations, the following calculations are performed. The Lyapunov equation for A1 :
AT1 P (x) + P (x)A1 = −Q1 (y),


 




α11 α21
x1 x2
x1 x2
α11 α12
y1 y2
+
=−
,
α12 α22
x2 x3
x2 x3
α21 α22
y2 y3




2α11 x1 + 2α21 x2
α11 x2 + α12 x1 + α21 x3 + α22 x2
y1 y2
=−
.
α11 x2 + α12 x1 + α21 x3 + α22 x2
2α12 x2 + 2α22 x3
y2 y3
From the equality of two same dimensional matrices, we restate the following equation via Kronecker sum:
(AT1 ⊕ AT1 )(x1 , x2 , x2 , x3 )T = −(y1 , y2 , y2 , y3 )T ,



2α11
α21
α21
0
x1
 α12 α11 + α22



0
α21 

  x2  = − 
 α12

0
α11 + α22 α21   x2 
0
α12
α12
2α22
x3



y1
y2 

y2 
y3
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From the stability of A1 , the coefficient matrix is non-singular [3]. This equations
system can be restated as
2α11 x1 + 2α21 x2
α12 x1 + (α11 + α22 )x2 + α21 x3
2α12 x2 + 2α22 x3

= −y1
= −y2
= −y3

and its solutions are dependent on y = (y1 , y2 , y3 ). In a similar manner, for A2 =
[βij ] and Q2 (z) we get
2β11 x1 + 2β21 x2
β12 x1 + (β11 + β22 )x2 + β21 x3
2β12 x2 + 2β22 x3

= −z1
= −z2
= −z3

and we get solutions which are dependent on z = (z1 , z2 , z3 ).
Given a z such that Q2 (z) > 0, the parameter y = (g1 (z), g2 (z), g3 (z)) is found
by solving the system
φ1 (y) = η1 (z),

φ2 (y) = η2 (z),

φ3 (y) = η3 (z).

Hence, the matrix Q1 (y) can be written


g1 (z) g2 (z)
Q1 (z) =
.
g2 (z) g3 (z)
A sufficient condition for positive definiteness of Q2 (z) is z1 > 0 and z3 > 0.
Hence, we can set z3 = 1 and it would be convenient


z1 z2
Q2 (z) =
.
z2 1
For the positive definiteness of Q2 (z) matrix, the pairs (z1 , z2 ) can be investigated
on the (0, 1] × [−1, 1] instead of the whole plane.
Algorithm
Given stable matrices A1 , A2 , A3 , define the box B = [ε, 1] × [−1, 1] for a sufficiently small positive number ε. Assume that these matrices have a common
solution pairwise (see Theorem 2.4). Let D be a subbox of B.
i) For A1 and A2 , find the matrix Q1 (z). Define the functions f1 (z) = g1 (z),
f2 (z) = det Q1 (z) and f3 (z) = z1 − z22 (from positive definiteness of Q1 (z)
and Q2 (z)).
ii) Calculate the minimum value of each function fi (i = 1, 2, 3) on the 
box
φ1 (z) φ2 (z)
D. If all of them are positive, then the matrix P =
is
φ2 (z) φ3 (z)
common solution for all z ∈ D. This subbox is collected in a set T1,2 (see
Figure 1) and examine the next subbox and go to step ii). Otherwise go to
step iii).
iii) Calculate the maximum value of each functions. If one of the function has
a negative maximum value, the box D should be eliminated. Otherwise,
the box D should be split into two subboxes and return to ii).
These steps are maintained until numerous number of subboxes are collected in the
set T1,2 (there are common solutions of the A1 and A2 matrices).
For the matrices A1 and A3 , take B = T1,2 and the above procedure is followed.
In last phase of the Algorithm, B = T1,3 is investigated and the subboxes set T2,3
is determined. The common solutions set contains T2,3 .
Here, it is important to find enough number of sub-boxes for each matrix pair.
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[b]0.3
Figure 2. For the couples A1 , A2 and A1 , A3 the resulting common solution set T1,3 .
[b]0.3
Figure 3. The common solution set T2,3 for the matrices A1 , A2
and A3 .
Figure 4. The phases of finding common solutions of A1 , A2 and
A3 matrices on the box B.
If the number of stable matrices is greater than 3, the result given in [6] can
be applied: The stable matrices {A1 , A2 , . . . , AN } with a21i 6= 0 has a common
solution if and only if there exists a common solution for every 3-tuple of Ai , Aj ,
Ak for all i, j, k ∈ {1, 2, . . . , N } (i 6= j 6= k).
Example 2.5. Consider the following stable matrices:





−4 −3
−3 −4
−1
A1 =
, A2 =
, A3 =
1
0
3
1
−3

2
−2


.

−1
−1
The matrices A1 A2 , A1 A−1
have no negative real
2 , A1 A3 , A1 A3 , A2 A3 , A2 A3
eigenvalue. That is, they have a common solution by pairwise separately.
For A1 and A2 , Q1 is obtained with regard to z as


5
z − 1z + 5
2z − z + 3
Q1 = 5 1 1 2 25 62 1 2 2 34 .
6 z1 − 2 z2 + 4
3 z1 − z2 + 2

From this, the common solution P can be written as
 5
z1 − 16 z2 + 14 91 z1 − 16 z2 +
(2.2)
P = 18
1
1
1
4
2
9 z1 − 6 z2 + 4
9 z1 − 3 z2 +

1
4
1
2


.

It is enough to find a z1 ∈ [ε, 1]and z2 ∈ [−1, 1] for sufficiently small ε > 0. Define
the functions which corresponds to positive definiteness of Q1 (z) and Q2 (z)
f1 (z) = 2z1 − z2 + 23 ,
f2 (z) = det Q1 (z)
3 2
2
= 23
36 z1 + 4 z2 −
f3 (z) = det Q2 (z)
= z1 − z22 .

11
6 z1 z2

+

23
12 z1

− 74 z2 +

11
16 ,

Here the box is B = [ε, 1] × [−1, 1]. By Algorithm, the subboxes set T1,2 where
the functions are positive is obtained after 100 steps (see Figure 1-A). The same
operations are repeated for A1 and A3 matrices in the obtained subboxes set. The
matrix couples A1 , A2 and A1 , A3 have a common solution at the resulting new
subboxes (see Figure 1-B). When the common solution of A2 and A3 is investigated
on the set in the last step the sub boxes in Figure 1-C are obtained.
For z1 = 0.9687500312, z2 = 0.90625, and z3 = 1 the common solution P is


0.3680555642 0.2065972257
P =
0.2065972257 0.3263889027
(here, (z1 , z2 ) ∈ T2,3 ).
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